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An approximate solution of the Dirac equation for a spin-1/2 particle under the influence of q-deformed hyperbolic
Pöschl–Teller potential combined with trigonometric Scarf II non-central potential is studied analytically. It is assumed
that the scalar potential equals the vector potential in order to obtain analytical solutions. Both radial and angular parts of
the Dirac equation are solved using the Nikiforov–Uvarov method. A relativistic energy spectrum and the relation between
quantum numbers can be obtained using this method. Several quantum wave functions corresponding to several states are
also presented in terms of the Jacobi Polynomials.
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1. Introduction
In quantum mechanics, it is well known that the

Schrödinger equation plays important roles for describing
the behaviors of a particle at the microscopic scale. How-
ever, when the relativistic effect becomes important, the
Schrödinger equation should be replaced with relativistic wave
equations, i.e., the Klein–Gordon equation for spin-0 parti-
cles and the Dirac equation for spin-1/2 particles, since the
Schrödinger equation is postulated for particles under a non-
relativisic condition.[1] In particular, the Dirac equation has
been applied to solve many problems in nuclear and high-
energy physics. In solving the Dirac equation, some authors
often assumed that the scalar potential is equal to the vector
potential. Fishbane et al. have shown that the confining poten-
tial in the Dirac equation involving the interaction of fermions
does not lead to Klein paradoxes if the strength of the vec-
tor potential is appropriately limited as compared to the scalar
potential.[2] In the phenomenology of quarkonium, an equal
mixture of vector potential and scalar confining potential leads
to the best fit for the spin–orbit splittings of the spectrum.[3]

Recently, a large number of theoretical works were
devoted to investigating analytical solutions of the Dirac
equation with various potentials, including the Yukawa
potential,[4,5] the Woods–Saxon potential,[6–8] the Hart-
mann potential,[9,10] the Rosen–Morse type potential,[11]

the Scarf-type potential, the Kratzer potential,[12] and
various modifications of the spherical harmonic oscilla-
tor potential.[13–19] The methods used in their studies
included the standard method,[20] supersymmetry quan-
tum mechanics,[13,20] the path integral method,[21,22] the
Nikiforov–Uvarov method,[23–25] and others.

The aim of this paper is to present the relativistic energy
spectrum and spinor wavefunction of a spin-1/2 particle under
bound state condition, by solving the Dirac equation with the
q-deformed modified Pöschl–Teller potential and trigonomet-
ric Scarf II non-central potential using the Nikiforov–Uvarov
(NU) method. Quantum deformation has a wide range of ap-
plications, including applications for nuclei,[26,27] quantum-
statistical theory, string/brane theory, and conformal field
theory.[28,29] It is assumed the role of the centrifugal term in
the radial part of the Dirac equation, i.e., l 6= 0. So, instead of
solving the Dirac equation exactly, the hyperbolic approxima-
tion scheme[30] is used in order to obtain the radial solutions.
It is also assumed in this paper that the scalar potential is equal
to the vector potential. The basic strategy to obtain the solu-
tions is reducing the Dirac equation to the hypergeometric-
type equation with suitable changes of variables. Then the
energy eigenvalue and the corresponding wavefunction can be
derived using the Nikiforov–Uvarov method.

This paper is organized as follows. The Nikiforov–
Uvarov method will be briefly reviewed in Section 2. In Sec-
tion 3, we review the q-deformed hyperbolic function, give
a brief introduction to the Dirac equation with equal scalar
and vector potentials, and apply the separation of variables
in spherical coordinates. In Section 4, we solve the radial
and angular parts of the Dirac equation with the q-deformed
modified Pöschl–Teller potential combined with trigonomet-
ric Scarf II non-central potential and obtain the relativistic
energy spectrum and normalized spinor wavefunction via the
Nikiforov–Uvarov method. In Section 5, we present graph-
ically some normalized spinor wavefunctions of the Dirac
equation, present several relativistic energy spectra, and dis-
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cuss some consequences of the results obtained. Finally, the
conclusions obtained are given in Section 6.

2. The Nikiforov–Uvarov method
The one-dimensional Dirac equation of any shape in-

variant potential can be reduced into a hypergeometric or
confluent hypergeometric type differential equation by suit-
able changes of variables. Nikiforov and Uvarov[31] intro-
duced their method starting from the hypergeometric differ-
ential equation which has the form

ψ
′′ (s)+

τ̃ (s)
σ (s)

ψ
′ (s)+

σ̃ (s)

σ (s)2 ψ (s) = 0, (1)

where σ(s) and σ̃ (s) are polynomials at most in the second
degree, and τ̃ (s) is a polynomial at most first order. The so-
lution of Eq. (1) can be obtained by using separation of the
variable of the form

ψ (s) = φ (s)y(s) . (2)

Substituting Eq. (2) into Eq. (1), one obtains a new equa-
tion of hypergeometric type

σ (s)y′′ (s)+ τ (s)y′ (s)+λy(s) = 0. (3)

Here φ (s) is defined as the logarithmic derivative

φ ′(s)
φ(s)

=
π(s)
σ(s)

. (4)

And y(s) is a hypergeometric-type function, whose polyno-
mial solutions are given by the Rodrigues relation

y(s) = yn (s) =
Bn

ρ(s)
dn

dsn [σ
n (s)ρ(s)] , (5)

where Bn is the normalization constant, and ρ(s) is a weight
function, which must satisfy

[σ (s)ρ (s)]′ = τ
′ (s)ρ(s). (6)

Function π(s) in Eq. (4) is defined as

π (s) =
(

σ ′− τ̃

2

)
±

√(
σ ′− τ̃

2

)2

− σ̃ + kσ , (7a)

and parameter λ in Eq. (3) is defined as

λ = k+π
′. (7b)

The k in Eq. (7a) can be found under the condition that the
expression under the square root sign is the square of a poly-
nomial. This is possible only if its discriminant is zero. The
eigenvalues corresponding to the eigenfunctions defined in
Eq. (5) are

λ = λn =−nτ
′− n(n−1)

2
σ
′′, (8)

where

τ = τ̃ +2π. (9)

The relativistic energy spectrum of the Dirac equation in hy-
pergeometric form can be formulated by equating this eigen-
value equation (Eq. (8)) with Eq. (7b). The extra condition for
Eq. (9) is that its derivative must be negative, i.e., τ ′< 0. Thus,
the quantum wavefunction can be obtained using Eq. (2) with
Eq. (5) and the solution of φ(s) in Eq. (4).

3. The Dirac equation with equal scalar and
vector q-deformed modified Pöschl–Teller po-
tential combined with trigonometric Scarf II
non-central potential
The Dirac equation with scalar potential S(𝑟) and vector

potential V (𝑟) (c = h̄ = 1) is

[𝛼 ·𝑃 +𝛽 (µ +S (𝑟))]𝜓 (𝑟) = [E−V (𝑟)]𝜓 (𝑟) , (10)

where

𝑃 =−i∇, 𝛼=

(
0 𝜎
𝜎 0

)
, 𝛽 =

(
𝐼 0
0 −𝐼

)
, (11)

in which 𝜎 is the vector Pauli spin matrix, and 𝐼 is the identity
matrix. In the Pauli–Dirac representation, let

𝜓 (𝑟) =

(
F (𝑟)
G(𝑟)

)
, (12)

we have

𝜎 ·𝑃G(𝑟) = [E−V (𝑟)−µ−S (𝑟)]F (𝑟) , (13a)

𝜎 ·𝑃F (𝑟) = [E−V (𝑟)+µ +S (𝑟)]G(𝑟) . (13b)

When the scalar potential is equal to the vector potential, equa-
tion (13) becomes

𝜎 ·𝑃G(𝑟) = [E−µ−2V (𝑟)]F (𝑟) , (14a)

G(𝑟) = (E +µ)−1𝜎 ·𝑃F (𝑟) . (14b)

Substituting Eq. (14b) into Eq. (14a) yields[
𝑃 2 +2(E +µ)V (𝑟)

]
F (𝑟) =

[
E2−µ

2]F(𝑟). (15)

In spherical coordinates, the q-deformed modified Pöschl–
Teller potential combined with the trigonometric Scarf II non-
central potential is defined as

V (r,θ) =
α2

2µ

[
κ (κ−1)
sinh2

q αr
− λ (λ +1)

cosh2
q αr

+
b2 +a(a+1)−b(2a−1)cosθ

α2r2 sin2
θ

]
, (16)

where b2 + a(a−1) ,b(2a−1) ,κ,and λ are positive real
numbers. Putting Eq. (16) into Eq. (15) and simplifying the
equation, we have[

∇2+α
2

(
A

sinh2
q αr

+
B

cosh2
q αr

+
C+Dcosθ

α2r2 sinθ

)]
F (𝑟)
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= −
(
E2−µ

2)F (𝑟) , (17)

with

A =−
(

E
µ
+1
)

κ (κ−1) ,

B =

(
E
µ
+1
)

λ (λ +1) ,

C =−
(

E
µ
+1
)[

b2 +a(a+1)
]
,

D =

(
E
µ
+1
)
[b(2a−1)] . (18)

Let

F (𝑟) =
u(r)

r
Θ (θ)Φ (ϕ) , (19)

separating the variables in Eq. (17), we obtain

d2u(r)

dr2 +α
2
[

A
sinh2

q αr
+

B
cosh2

q αr

− 1
α2

(
l (l +1)

r2 + ε
2
)]

u(r) = 0, (20a)

1
sinθ

d
dθ

(
sinθ

dΘ (θ)

dθ

)
+

(
C+Dcosθ −m2

sin2
θ

+ l (l +1)
)

Θ (θ) = 0, (20b)

d2Φ (ϕ)

dϕ
2 +m2

Φ (ϕ)= 0, (20c)

where ε2 =−
(
E2−µ2c4

)
. Equation (20c) is well known with

its solution

Φ (ϕ) =
1√
2π

e imϕ , m = 0,±1,±2, . . . (21)

The q-deformed hyperbolic functions, used as one of the
parameters in the modified Pöschl–Teller central potential, are
defined by[24]

sinhq x =
ex−qe−x

2
, coshq x =

ex +qe−x

2
,

tanhq x =
sinhq x
coshq x

, cschqx =
1

sinhq x
,

cosh2
q x− sinh2

q x = q.

4. Analytical solutions of radial and angular
parts of the Dirac equation

4.1. Solution of the radial part

The radial part of the Dirac equation with the q-deformed
modified Pöschl–Teller central potential contains the centrifu-
gal term l(l +1)/r2 since we assume l 6= 0. However, the
Pöschl–Teller potential is a kind of potential which cannot be
solved exactly when the centrifugal term is taken into account

unless l = 0 is assumed. The conventional approximation used
in this paper is

1
r2
∼= α

2
(

d0 +
1

sinh2
q αr

)
. (22)

Substituting Eq. (22) into Eq. (20a) and simplifying the equa-
tion, we have

d2u(r)

dr2 +α
2
[

A− l (l +1)
sinh2

q αr
+

B
cosh2

q αr

− l (l +1)d0−
ε2

α2

]
u(r) = 0. (23)

To transform Eq. (23) to a hypergeometric-type equation, a
new variable is introduced, i.e., z = cosh2

q αr. Putting this into
Eq. (23) yields a hypergeometric-type equation which can be
solved using the Nikiforov–Uvarov method,

d2u(z)

dz2 +
(z−q/2)
z(z−q)

du(z)
dz

+
[
(A− l(l +1))z+B(z−q)

−
(

l (l +1)d0 +(ε/α)2
)(

z2− zq
)]

/[4
(
z2− zq

)
]u(z) = 0.

(24)

The associated polynomials can be obtained by comparing
Eqs. (24) and (1), we obtain

τ̃ = z−q/2, (25a)

σ = z2− zq, (25b)

σ̃ =
1
4

[
(A− l (l +1))z+B(z−q)

−
(
l (l +1)d0 +(ε/α)2)(z2− zq

)]
. (25c)

By substituting Eq. (25) into Eq. (7a) and simplifying the
equation, we obtain

π (z) =
1
2

(
z− q

2

)
± 1

2
[
(

1+ l (l +1)d0+(ε/α)2 +4k
)

z2

−
(

1+ l (l +1)d0 +(ε/α)2 +4k+χ
2−ρ

2
)

qz

+q2
χ

2]1/2, (26)

with

χ =
√

B/q+1/4, (27a)

ρ =

√
l (l +1)−A

q
+

1
4
. (27b)

The quadratic expression under the square root of Eq. (26)
must be the completed square of a first degree polynomial, pro-
vided that the discriminant of this quadratic expression equals
zero (

1+ l (l +1)d0 +(ε/α)2 +4k+χ
2−ρ

2
)2

q2

−4
(

1+ l (l +1)d0+(ε/α)2 +4k
)

q2
χ

2 = 0. (28)
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The k in Eq. (26) is obtained by expanding and solving
quadratic equation (28), where two solutions of Eq. (28) for
k can be written as follows:

k± =
1
4

[
−
(
1+ l (l +1)d0 + ε

2/α
2)+(χ±ρ)2

]
. (29)

Substituting the k in Eq. (29) into Eq. (26), we obtain four
solutions to the first-order as follows:

π1 (z) =
1
2

[
z− q

2
± ((χ +ρ)z−qχ)

]
for

k+ =
[
−
(
1+ l (l +1)d0 + ε

2/α
2)+(χ +ρ)2

]
/4,

π2 (z) =
1
2

[
z− q

2
± ((χ−ρ)z−qχ)

]
for

k− =
[
−
(
1+ l (l +1)d0 + ε

2/α
2)+(χ−ρ)2

]
/4.

Since the appropriate solution of π(z) requires that the deriva-
tive of τ (Eq. (9)) is negative, we choose π2(z) with a negative
sign, i.e.,

π (z) =−1
2

[
(χ−ρ−1)z+q

(
χ− 1

2

)]
, (30)

with

k =
[
−
(
1+ l (l +1)d0 + ε

2/α
2)+(χ−ρ)2

]
/4.

Substituting Eq. (30) into Eqs. (7b) and (9) together with
Eq. (25a), then putting Eq. (9) into Eq. (8), we obtain two
equations for λ ,

λ =
−
(
1+ l (l +1)d0 + ε2/α2

)
+(χ−ρ)2−2(χ−ρ−1)

4
,

(31a)

λn = (χ−ρ−1)n−n2. (31b)

Since both λ and λn in Eq. (31) are equivalent, we can equate
Eqs. (31a) and (31b). Thus after mathematical manipulation,
we obtain the relativistic energy spectrum

E2−µ
2 =−α

2
[
(χ−ρ−2n−1)2− l (l +1)d0

]
, (32)

where we have replaced ε2 with −
(
E2−µ2

)
. By substituting

Eqs. (18) and (27) into Eq. (32), we obtain the complete form
of the relativistic energy spectrum as follows:

E2−µ
2

= −α
2
[(√(

E
µ
+1
)

λ (λ +1)
q

+
1
4

−

√(
E
µ
+1
)

κ (κ−1)
q

+
l (l +1)

q
+

1
4
−2n−1

)2

− l (l +1)d0

]
. (33)

Equation (33) is the bound state relativistic energy spectrum
for a spin-1/2 particle under the influence of the q-deformed
modified Pöschl–Teller potential, which is mathematically
equivalent to that obtained by Zhang et al.[10] using supersym-
metry quantum mechanics in the case of l = 0 and q = 1. The
energy can be obtained numerically or graphically.

To obtain the radial wavefunctions of the Dirac equation,
first we determine the weight function using Eq. (6) as follows:

ρ (z) = z−χ (z−q)ρ . (34)

Substituting Eq. (34) above into Eq. (5), we have

yn (z) = Bnzχ (z−q)−ρ dn

dzn
[
zn−χ (z−q)n+ρ

]
, (35)

where Bn is the normalization constant. Using Eq. (4), we have

φ (z) = z
1
4−

χ

2 (z−q)
1
4+

ρ

2 . (36)

Finally, we obtain the radial part of the wavefunction, u(r) =
φ (r)yn(r), with Eq. (35) defined in terms of Jacobi polynomi-
als Pρ,−χ

n (coshq 2αr)

u(r) = Cn

(
1− coshq 2αr

2

) ρ

2 +
1
4
(

1+ coshq 2αr
2

)− χ

2 +
1
4

×Pρ,−χ
n (coshq 2αr) , (37)

where Cn is the radial normalization constant. The radial
wavefunction presented in Eq. (37) is a result based on the
conventional approximation used for the centrifugal term, that
is, by replacing centrifugal term l(l + 1)/r2 with Eq. (22). In
the case of an exact solution, one can choose the value of l to
be zero, and equation (37) will transform into the exact form.
This form is mathematically equivalent as obtained by Zhang
et al.[10] using supersymmetry quantum mechanics.

4.2. Solution of the angular part

The angular part of the Dirac equation cannot be defined
in terms of spherical harmonics in this paper since the parti-
cle is under the influence of a non-central potential, i.e., the
trigonometric Scarf II potential, which is defined in Eq. (16).
Fortunately, the angular part of the Dirac equation can be
solved exactly using the Nikiforov–Uvarov method. To trans-
form Eq. (20b) into the hypergeometric form, first we simplify
the equation for θ by substituting

Θ (θ) = Q(θ)sin−1/2
θ (38)

into Eq. (20b), which yields

d2Q

dθ
2 +

[
1
2
−
(

1
4
+ l (l +1)

)
cos2

θ +Dcosθ

+C+ l (l +1)−m2
]

Q
sin2

θ
= 0. (39)
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To transform Eq. (39) into a hypergeometric-type equation, we
define a transformation variable s = cosθ . Substituting it into
Eq. (39), we have

d2Q

ds2 −
s

(1− s2)

dQ
ds

+
−(l (l +1)+1/4)s2 +Ds+ l (l +1)−m2 +C+1/2

(1− s2)2 Q

= 0. (40)

As we did before, the associated polynomials can be obtained
by comparing Eqs. (40) and (1)

τ̃ =−s, (41a)

σ = 1− s2, (41b)

σ̃ =−(l (l +1)+1/4)s2 +Ds+ l (l +1)

−m2 +C+1/2. (41c)

By substituting Eq. (41) into Eq. (7a) and simplifying the
equation, we obtain

π (s) =
−s
2
± [(l(l +1)+1/2− k)s2

−Ds+m2−C− l (l +1)−1/2+ k]1/2. (42)

The quadratic expression under the square root of Eq. (42)
must be the completed square of a first degree polynomial, pro-
vided that the discriminant of this quadratic expression equals
zero

(−D)2−4(l (l +1)+1/2− k)

×
(

m2−C− l (l +1)− 1
2
+ k
)
= 0. (43)

The k in Eq. (42) is obtained by expanding and solving
quadratic equation (43). Two solutions of Eq. (43) for k can be
written as follows:

k± =
1
4

[
(Ω ±ω)2

]
, (44)

where

Ω =
√

m2−C+D, (45a)

ω =
√

m2−C−D. (45b)

Substituting Eq. (44) into Eq. (42), we obtain four solutions to
the first-order as follows:

π1 (s) = (−1± (Ω +ω))
s
2
∓ (Ω −ω)

2

for k+ =
1
2
+ l (l +1)− 1

4
(Ω +ω) ,

π2 (s) = (−1± (Ω −ω))
s
2
∓ (Ω +ω)

2

for k− =
1
2
+ l (l +1)− 1

4
(Ω −ω) .

Since the appropriate solution of π(s) requires that the deriva-
tive of τ (Eq. (9)) is negative, we choose π1(s) with a negative
sign, i.e.,

π (s) =−(1+Ω +ω)
s
2
+

(Ω −ω)

2
,

with k =
1
2
+ l (l +1)− 1

4
(Ω +ω) . (46)

Substituting Eq. (46) into Eqs. (7b) and (9) together with
Eq. (41a), then putting Eq. (9) into Eq. (8), we have two equa-
tions for λ ,

λ = l (l +1)− 1
4
(Ω +ω)(Ω +ω +2) , (47a)

λñ = (Ω +ω +1) ñ+ ñ2. (47b)

By equating Eqs. (47a) and (47b), the relation between
quantum numbers corresponding to the angular part of the
Dirac equation can be obtained as follows:

l (l +1) =
(

ñ+
m̃
2

)(
ñ+

m̃
2
+1
)
, (48)

where m̃ = Ω +ω .
The weight function corresponding to the solution of the

angular part of the Dirac equation is

ρ (s) = (1− s)ω (1+ s)Ω
. (49)

Substituting Eqs. (41b) and (49) into Eq. (5) yields

yñ (s) = Bñ(1− s)−ω (1+ s)
−Ω

× d ñ

dsñ

[
(1− s)ñ+ω (1+ s)ñ+Ω

]
, (50)

where Bñ is the normalization constant. Using Eq. (4), we have

φ (s) = (1− s)
1
4+

ω
2 (1+ s)

1
4+

Ω
2
. (51)

Now, we obtain the angular part of the wavefunction Q(θ) =

φ (θ)yñ(θ , ). With Eq. (51) defined in terms of Jacobi polyno-
mials Pω,Ω

ñ (cosθ), together with Eq. (38), we have

Θ (θ) =Cñ

(
1− cosθ

2

)ω
2
(

1+ cosθ

2

)Ω
2

Pω,Ω
ñ (cosθ) , (52)

where Cñ is the angular normalization constant.
Finally, we have the complete spinor wavefunction of the

Dirac equation for a particle under the influence of the q-
deformed modified Pöschl–Teller potential and trigonometric
Scarf II non-central potential, i.e.,

𝜓 (𝑟) =
1√
2π

 1
c𝜎 ·𝑃

(E +µc2)

 unñ (r)
r

Θñm (θ) e imϕ , (53)

where u(r) and Θ(θ) have been given in Eqs. (37) and (52).

5. Results and discussion
In this section, we discuss several results obtained in the

previous section. By varying parameter α , ρ and χ defined in
Eq. (27) and defining coshq 2αr = p, some of the radial wave-
functions are listed in Table 1.
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Fig. 1. (color online) (a)–(c) Polar diagrams and (d)–(f) three-dimensional representations of the angular wave function for a state n = 4 with
varing ω and Ω . In panels (a) and (d), |Θ(θ)|2 = 1.97022(1.61865 + 16.834(−1 + cosθ) + 42.085(−1 + cosθ)2 + 36.6895(−1 + cosθ)3 +
10.2515(−1 + cosθ)4)2(1− cosθ)0.25(1 + cosθ)1.25; in panels (b) and (e), |Θ(θ)|2 = 1.97022(6.79834 + 39.2793(−1 + cosθ) + 67.9834(−1 +
cosθ)2 + 45.3223(−1 + cosθ)3 + 10.2515(−1 + cosθ)4)2(1 − cosθ)1.25(1 + cosθ)0.25; in panels (c) and (f), |Θ(θ)|2 = 1.33582(6.79834 +
45.3223(−1+ cosθ)+88.9014(−1+ cosθ)2 +66.2402(−1+ cosθ)3 +16.5601(−1+ cosθ)4)2(1− cosθ)1.25(1+ cosθ)1.25.

Table 1. Radial wave functions corresponding to several states of a particle under the influence of the q-deformed hyperbolic Pöschl–
Teller potential and trigonometric Scarf II potential.

No. n A ρ χ u(r)

1 0 0.02 0.25 0.75 0.061756(1− p)0.375 (1+ p)−0.125

2 0 0.02 0.75 0.25 0.091358(1− p)0.625 (1+ p)0.125

3 0 0.04 0.25 0.75 0.087336(1− p)0.375 (1+ p)−0.125

4 0 0.04 0.75 0.25 0.1292(1− p)0.375 (1+ p)−0.125

5 0 0.8 0.25 0.75 0.39058(1− p)0.625 (1+ p)0.125

6 0 0.8 0.75 0.25 0.57779(1− p)0.375 (1+ p)−0.125

7 1 0.02 0.25 0.75 0.087336(1− p)0.375 (1+ p)−0.125 (1+1.5p)

8 1 0.02 0.75 0.25 0.074593(1− p)0.625 (1+ p)0.125 (1+2.5p)

9 1 0.04 0.25 0.75 0.12351(1− p)0.375 (1+ p)−0.125 (1+1.5p)

10 1 0.04 0.75 0.25 0.105491(1− p)0.625 (1+ p)0.125 (1+2.5p)

11 1 0.8 0.25 0.75 0.552362(1− p)0.375 (1+ p)−0.125 (1+1.5p)

12 1 0.8 0.75 0.25 0.061756(1− p)0.625 (1+ p)0.125 (1+2.5p)

Table 2. Energy eigenvalues corresponding to several states of a particle
under the influence of q-deformed Pöschl–Teller potential and trigono-
metric Scarf II potential.

q nñm
Enñn

α = 0.2 fm−1 α = 0.11 fm−1 α = 0.02 fm−1

0.4

1 0 0 9.97334 9.99206 9.99974

1 1 0 9.94912 9.98464 9.99949

1 1 1 9.94052 9.98205 9.99941

1 2 0 9.91475 9.97429 9.99915

2 0 0 9.9362 9.98074 9.99936

2 1 0 9.89982 9.9698 9.999

2 1 1 9.88778 9.96619 9.99888

2 2 0 9.85305 9.95578 9.99854

1.2

1 0 0 9.97786 9.99206 9.99978

1 1 0 9.9662 9.98464 9.99966

1 1 1 9.96237 9.98205 9.99962

1 2 0 9.95135 9.97429 9.99951

2 0 0 9.94268 9.98074 9.99943

2 1 0 9.92434 9.9698 9.99925

2 1 1 9.91856 9.96619 9.99919

2 2 0 9.90244 9.95578 9.99903

The sign of deformed parameter q in the Pöschl–Teller
potential does not affect the radial part of the spinor wave-

function due to the square term of q contained in coshq 2αr,

coshq 2αr =
e2αr +q2 e−2αr

2
. (54)

Equations (33) and (48) constitute a complete relativistic
energy spectrum, which can be obtained numerically. Several
examples of energy eigenvalue are listed in Table 2 with pa-
rameters λ = 1, κ = 1.5, a= 0.75, b= 0.25, and µ = 10 fm−1,
the positive value is taken due to the spin symmetric limit.

For the angular solution of the spinor wavefunction, we
compare three spinor wavefunctions with the same quantum
number ñ = 4 but varying ω and Ω in Fig. 1. The plot is
displayed in two and three dimensions together with the wave-
function.

By inspecting Fig. 1, the variation of ω and Ω for the an-
gular part of the spinor wavefunction influences the shape of
the orbital probability distribution in space. From Eq. (45a),
ω and Ω are related with the strength of the Scarf II trigono-
metric potential. The asymmetry of ω and Ω in the angular
part of the spinor wavefunction results in the asymmetry of
the probability distribution in space. The asymmetry is clearly
displayed in the two-dimensional plot.
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6. Concluding remarks
In this paper, we study the Dirac equation for a spin-1/2

particle in the q-deformed hyperbolic Pöschl–Teller potential
combined with the trigonometric Scarf II non-central poten-
tial under the condition that the scalar potential equals to the
vector potential. The radial part of the spinor wavefunction is
obtained approximately from Eqs. (37) and (52). It is shown
that the sign of q does not affect the wavefunction. However,
the sign of parameter q affects the relativistic energy spec-
trum. The angular part of the spinor wavefunction can be
obtained exactly and an important discussion corresponding
to the asymmetry of the probability distribution has been pre-
sented in Section 5.
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