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Inverse problem of pulsed eddy current field of ferromagnetic plates∗

Chen Xing-Le(陈兴乐)† and Lei Yin-Zhao(雷银照)

School of Automation Science and Electrical Engineering, Beihang University, Beijing 100191, China

(Received 20 September 2014; revised manuscript received 14 October 2014; published online 19 January 2015)

To determine the wall thickness, conductivity and permeability of a ferromagnetic plate, an inverse problem is estab-
lished with measured values and calculated values of time-domain induced voltage in pulsed eddy current testing on the
plate. From time-domain analytical expressions of the partial derivatives of induced voltage with respect to parameters,
it is deduced that the partial derivatives are approximately linearly dependent. Then the constraints of these parameters
are obtained by solving a partial linear differential equation. It is indicated that only the product of conductivity and wall
thickness, and the product of relative permeability and wall thickness can be determined accurately through the inverse
problem with time-domain induced voltage. In the practical testing, supposing the conductivity of the ferromagnetic plate
under test is a fixed value, and then the relative variation of wall thickness between two testing points can be calculated via
the ratio of the corresponding inversion results of the product of conductivity and wall thickness. Finally, this method for
wall thickness measurement is verified by the experiment results of a carbon steel plate.
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1. Introduction
In industry, corrosive media with high temperature and

high pressure usually stored and transported by ferromagnetic
containers and pipes, and wall-thinning corrosion of ferromag-
netic components is a widespread and unavoidable damage.
Therefore, a regular in-service nondestructive testing on the
remaining wall thickness is indispensable to ensure safe oper-
ation. Pulsed eddy current testing (PECT) is an effective elec-
tromagnetic nondestructive method for inspecting coated fer-
romagnetic containers and pipes.[1–4] A pulsed magnetic field
is excited by a pulsed current, instead of a sinusoidal excita-
tion current; and then, by detecting this transient electromag-
netic field, the wall-thinning corrosion of the component could
be detected. The study results in Ref. [5] point out that the
time-domain voltage induced by a pulsed excitation current is
greatly more sensitive to the wall thickness of ferromagnetic
components, compared with the frequency-domain voltage in-
duced by a sinusoidal current.

The determination of electromagnetic parameters and
wall thickness of the component under test is the key for sig-
nal processing in PECT. Much research in recent years has
focused on extracting features directly from the signal. Ref-
erence [2] extracts two time constants from the logarithmic
scaled induced voltage signal and try to determine both ma-
terial properties and absolute wall thickness of a steel plate
simultaneously. The decay rate estimated from the semi-
logarithmic scaled signal over a certain time is used to eval-
uate the wall thickness of insulated carbon steel pipes.[3] In
addition, the wall-thinning corrosion of insulated ferromag-

netic pipes may be assessed by the time-to-peak of the differ-
ential signal.[4] These methods have the advantages of simple
and fast signal processing; unfortunately, it is hard to get the
expressions of these signal features, hence the testing results
are easily influenced by a change in parameters such as the
conductivity and permeability of the ferromagnetic component
under test, and the lift-off of the probe. Based on time-domain
analytical solutions to PECT models, this paper tries to deter-
mine the parameters of ferromagnetic plates by establishing an
inverse problem with measured values and calculated values of
the time-domain signal.

For axisymmetric eddy current problems, a classical
method is proposed in Refs. [6] and [7] to achieve the closed-
form expressions of the magnetic vector potential by the sepa-
ration of variables. Rather than an integral form as in Ref. [6],
modified expressions for conducting plates in the form of a se-
ries are obtained by the TREE method (truncated region eigen-
function expansion).[8,9] However, the method in Ref. [6] is
no longer appropriate to solve non-axisymmetric eddy cur-
rent field problems such as cylindrical and tubular conduc-
tors. Fortunately, second-order vector potential (SOVP) has
been proved to be an effective tool to solve these models;
analytical solutions to the impedance of the probe coil posi-
tioned outside a conducting cylinder are obtained by the SOVP
formulation.[10,11]

For the linear transient eddy current electromagnetic
field, the well-posedness of the initial-boundary value prob-
lem is investigated.[12,13] Through the Laplace inverse trans-
formation, time-domain solutions to the pulsed eddy cur-
rent field can be calculated from their frequency-domain
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solutions.[14–18] For example, time-domain analytical solu-
tions to the pulsed magnetic field for planar slabs and en-
closures are obtained via the Laplace inverse transformation,
which is carried out through the residue theorem.[14] Further-
more, using the Heaviside expansion theorem, a method for
solving the time-domain pulsed eddy current field of a con-
ducting plate was proposed in Refs. [15], [16], and [18]. More-
over, through the SOVP formalism and Laplace inverse trans-
formation, the non-axisymmetric pulsed eddy current field in-
duced by a probe coil positioned perpendicularly outside a
conducting ferromagnetic pipe is solved analytically.[19]

The analytical solutions mentioned above have the advan-
tages of high speed, high precision, and derivable for calcu-
lating. Based on the time-domain analytical solutions to the
PECT model of ferromagnetic plates, this paper tries to deter-
mine the wall thickness, conductivity and permeability of the
ferromagnetic plate by establishing a least squares problem
between the measured values and calculated values of time-
domain induced voltage. This paper is organized as follows.
In Section 2, the time-domain solutions to the PECT model of
a ferromagnetic plate are introduced. Next, the least squares
problem is established, then, the dependence relation of par-
tial derivatives with respect to parameters is discussed and the
constraints of parameters are given in Section 3. Furthermore,
with and without constraints, the sensitivity to the wall thick-
ness of the time-domain induced voltage are compared in Sec-
tion 4. Finally, the method proposed in this paper for mea-
suring the relative wall thickness is verified by experimental
results in Section 5, and the conclusions are given in Section
6.

2. Time-domain solutions to the PECT model
2.1. The PECT model

The PECT model of a conducting, ferromagnetic plate is
studied in this paper as shown in Fig. 1. Respectively, the wall
thickness, conductivity, and permeability of the ferromagnetic
plate under test are denoted as d, σ , and µ , where µ = µ0µr

(µ0 is the permeability of the vacuum, and µ r is the relative
permeability of the plate). A cylindrical pick-up coil (sub-
script p) and drive coil (subscript d) of height h are positioned
perpendicularly above the plate. lo is the lift-off between the
probe and the upper surface of the plate. The geometric pa-
rameters of the air-cored probe coil are listed in Table 1. A
cylindrical coordinate system Oρϕz is established, and its z-
axis is coincident with the central axis of the probe. Following
the TREE method in Ref. [8], a magnetic insulation boundary
is imposed on the surface ρ = b to truncate the solution re-
gion of the PECT model as in Fig. 1, where b is set to be 5
to 10 times larger than the radius of the probe coil to have a
sufficient calculation accuracy.
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Fig. 1. The PECT model of two air-cored cylindrical coils positioned
perpendicularly above a conducting ferromagnetic plate.

Table 1. Geometric parameters of the probe coils.

Parameters Drive coil Pick-up coil
Number of turns N 174 1025

Height h/mm 25.0 25.0
Inner radius ri/mm 20.9 20.0
Outer radius ro/mm 22.2 20.8

In the PECT on a ferromagnetic plate, a pulsed eddy cur-
rent field is excited by a pulsed current in the drive coil, then,
the wall-thinning corrosion of the plate under test can be de-
tected through the induced voltage across the pick-up coil.

2.2. Expressions of time-domain induced voltage

With respect to the axisymmetric eddy current field as in
Fig. 1, the magnetic vector potential 𝐴 only has a circumferen-
tial component Aϕ , i.e., 𝐴 = Aϕ𝑒ϕ . Here, I(s) is the Laplace
transform of excitation current i(t) excited in the drive coil. Ig-
noring the displacement current, under zero initial conditions,
Aϕ in the frequency-domain satisfies[7]

∇2Aϕ +
(
k2−1/ρ

2)Aϕ = 0, (1)

where k2 = −µσs, in the conducting regions, and k2 = 0, in
the non-conducting regions. Following the previous work, the
complex frequency-domain expansions for the truncated eddy
current field shown in Fig. 1 have been obtained.[15,18] Then,
through the Laplace inverse transformation, the time-domain
induced voltage of the pick-up coil can be solved as[5,18]

u(t) = Lini′ (t)+Lesi′ (t)+uec (t)∗ i′ (t) , (2)

where i′ (t) is the time derivative of excitation current i(t),
and “∗” denotes the convolution algorithm, f1 (t) ∗ f2 (t) =∫ t

0 f1 (τ) f2 (t− τ) dτ . Respectively, Lini′ (t) and Lesi′ (t) de-
note the voltages induced by the incident field and the reflec-
tion field which are reflected from the upper surface of the
plate. Generally, these two parts of the signal could be ignored,
because they will immediately decay to zero as the pulsed ex-
citation current shuts off, and they are independent of the pa-
rameters of the ferromagnetic plate. uec(t) is the step response
of the voltage induced by the eddy current field, which can be
written as[5,15,18]

uec (t) =
32π

σdb2

+∞

∑
i=1

Cd (λi)Cp (λi)

λ 2
i J2

0 (bλi)

+∞

∑
k=1

ξ 2
k

Γki
e−t/τki , (3)
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where ξk denotes the k-th positive root of the transcendental
equation (

tanξ +
2ξ

µrλid

)(
cotξ − 2ξ

µrλid

)
= 0, (4)

where Γki = 4ξ 2
k +2µrλid +(µrλid)2 and the time constant

τki =
µσ

(2ξk/d)2 +λ 2
i

,

Cd(λi) and Cp(λi) given in Refs. [15] and [18] are called coil
coefficients of the drive and pick-up coils, respectively. They
have the same expression, which only depends on geometric
parameters and the lift-off of the probe coils, and is indepen-
dent of the parameters of the plate under test.

3. Solutions to the inverse problem
3.1. The least squares problem

The minor hysteresis curves of ferromagnetic materials
under pulsed excitation current are measured in Ref. [20], and
measurement results indicate that magnetization curves of fer-
romagnetic materials under a periodic pulsed excitation cur-
rent are a minor loop with a leaf shape. Here, the minor loop of
the ferromagnetic plate under pulsed magnetic field has been
linearized approximately, and the relative permeability of the
ferromagnetic plate is simplified to be an unknown parameter
µ r.[21] Generally speaking, the relative permeability will be in-
fluenced by factors such as microstructural properties, pulsed
excitation magnetic field, and pre magnetization. Hence, the
relative permeability µ r of the ferromagnetic plate under test
is a variable parameter and hard to be measured, here µ r is set
to be an unknown parameter which will be determined by the
inverse problem in this paper.

In the PECT model shown in Fig. 1, wall thickness d, con-
ductivity σ , and relative permeability µ r of the ferromagnetic
plate under test are unknown parameters to be determined,
hence set an unknown parameter vector 𝑥 = (d,σ ,µr)

T. The
purpose of PECT on ferromagnetic plates is to determine the
unknown parameter vector 𝑥 by the testing signal, and then the
wall-thinning corrosion of the plate can be evaluated by the in-
verse results of the wall thickness. We estimate the unknown
parameters by a least squares method from the time-domain
induced voltage with values (t1, u1) (t2, u2), . . . , (tm, um) col-
lected by a data acquisition card. The least squares problem
requires that min

𝑥∈𝑅3
f (𝑥)def

1
2

m

∑
j=1

(u j−u(𝑥, t j))
2,

s.t., xi > 0, i = 1,2,3,

(5)

where u(𝑥, t) is the theoretical value of induced volt-
age calculated by Eq. (2). Defining residues r j (𝑥) =

u j − u(𝑥, t j) j = 1,2, . . . ,m, and a residue vector 𝑟(𝑥) =

(r1(𝑥),r2(𝑥), . . . ,rm(𝑥))
T, the least squares problem can be

rewritten as  min
𝑥∈𝑅3

1
2
𝑟 (𝑥)T 𝑟 (𝑥) ,

s.t., xi > 0, i = 1,2,3.
(6)

The gradient of the objective function f (𝑥) is

∇ f (𝑥) = J(𝑥)T 𝑟 (𝑥) , (7)

where J(𝑥) is the Jacobian matrix of the residue vector r(𝑥)

J(𝑥) = ∇𝑟 (𝑥)

= −



∂u(𝑥, t1)
∂d

∂u(𝑥, t1)
∂σ

∂u(𝑥, t1)
∂ µr

∂u(𝑥, t2)
∂d

∂u(𝑥, t2)
∂σ

∂u(𝑥, t2)
∂ µr

...
...

...
∂u(𝑥, tm)

∂d
∂u(𝑥, tm)

∂σ

∂u(𝑥, tm)
∂ µr


. (8)

The necessary condition for a local minimum point 𝑥∗ of
the sum of residual squares f (𝑥) is

∇ f (𝑥∗) = J(𝑥∗)T 𝑟 (𝑥∗) = 0, (9)

and it leads to a non-linear equation system which must be
solved by an iterative method, e.g., by the Gauss–Newton
method. It is necessary to study the uniqueness and stabil-
ity of the solution of inverse problem (5) before we choose a
numerical algorithm. Equation (9) indicates that the Jacobian
matrix J(𝑥) is the key for studying the properties of the local
minimum point 𝑥∗.

3.2. Partial derivatives of induced voltage with respect to
parameters

Equation (8) indicates that solving the Jacobian matrix
J(𝑥) is equivalent to solving the partial derivatives of induced
voltage with respect to the parameters in 𝑥, i.e.,

∂u(𝑥, t)
∂d

,
∂u(𝑥, t)

∂σ
,

∂u(𝑥, t)
∂ µr

.

In Eq. (2), the voltage induced by the incident field and reflec-
tion field is independent of the parameters in 𝑥, hence(

∂u(𝑥, t)
∂d

,
∂u(𝑥, t)

∂σ
,

∂u(𝑥, t)
∂ µr

)
=

(
∂uec (𝑥, t)

∂d
,

∂uec (𝑥, t)
∂σ

,
∂uec (𝑥, t)

∂ µr

)
∗ i′ (t) , (10)

it indicates that solving the partial derivatives of induced volt-
age u(𝑥, t) with respect to the parameters can be transformed
into solving the partial derivatives of the voltage induced by
eddy current field uec(𝑥, t). From Eq. (3), the partial derivative
of the induced voltage uec(𝑥, t) with respect to the conductiv-
ity σ can be derived directly as

∂uec (𝑥, t)
∂σ

= −uec (𝑥, t)
σ

+
32π

σdb2

+∞

∑
i=1

Cd (λi)Cp (λi)

λ 2
i J2

0 (bλi)
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×
+∞

∑
k=1

(4ξ 2
k +λ 2

i d2)

µσ2d2
ξ 2

k
Γki

t e−t/τki . (11)

For solving the partial derivative with respect to wall thick-
ness, firstly, using the implicit function theorem the partial
derivatives of roots ξ k with respect to the wall thickness d
should be solved as

∂ξk

∂d
=

2µrλiξk

Γki
, (12)

and then, from Eq. (3), the partial derivative of the induced
voltage uec(𝑥, t) with respect to the wall thickness d can be
derived as

∂uec (𝑥, t)
∂d

= −uec (𝑥, t)
d

+
32π

σdb2

+∞

∑
i=1

Cd (λi)Cp (λi)

λ 2
i J2

0 (bλi)

×
+∞

∑
k=1

[
Λki

d
+Ykit

]
ξ 2

k

Γ 2
ki

e−t/τki , (13)

where

Λki =

(
2−2µrλid−

8ξ 2
k

Γki

)
µrλid,

Yki =
8ξ 2

k [4ξ 2
k +(µrλid)2]

µσd3 .

Similarly, the partial derivatives of roots ξ k with respect to the
relative permeability µ r can be solved as

∂ξk

∂ µr
=

2dλiξk

Γki
, (14)

and then the partial derivative of the induced voltage uec(𝑥, t)
with respect to the relative permeability µ r can be derived as

∂uec (𝑥, t)
∂ µr

=
32π

σdb2

+∞

∑
i=1

Cd (λi)Cp (λi)

λ 2
i J2

0 (bλi)

×
+∞

∑
k=1

[
Λki

µr
+Nkit

]
ξ 2

k

Γ 2
ki

e−t/τki , (15)

where

Nki =
[4ξ 2

k +(λid)2]Γki−16µrλidξ 2
k

µrµσd2 .

3.3. The dependence relation of the partial derivatives

Substituting the partial derivatives calculated by
Eqs. (11), (13), and (15) into Eq. (10), the Jacobian matrix
J(𝑥) of the inverse problem (5) can be obtained. The residue
function 𝑟(𝑥) can be approximated in the neighborhood of
the local minimum point 𝑥∗ by the linear part of its Taylor
expansion with respect to 𝑥, so the linearization of 𝑟(𝑥) can
be given by

𝑟 (𝑥) = 𝑟 (𝑥∗)+ J(𝑥∗)(𝑥−𝑥∗) , (16)

thus the non-linear least squares problem (5) is translated into
a linear least squares problem. From the optimality condition

of the linear least squares problem, if the columns of the coef-
ficient matrix J(𝑥∗) in Eq. (16) are linearly dependent, the lo-
cal minimum point of this inverse problem will not be unique.
Therefore, the dependence relation of the partial derivatives is
important for solving the inverse problem. Defining a function
κ(t) as

κ (t) =
∂uec (𝑥, t)

∂σ
σ +

∂uec (𝑥, t)
∂ µr

µr−
∂uec (𝑥, t)

∂d
d.

Substituting Eqs. (11), (13), and (15) into κ(t), many common
factors of the partial derivatives can be removed, and κ(t) has
a very simple expression as

κ (t) =
32π

σdb2

+∞

∑
i=1

Cd (λi)Cp (λi)

λ 2
i J2

0 (bλi)

+∞

∑
k=1

2λ 2
i

µσ

ξ 2
k

Γki
t e−t/τki . (17)

The study results in Ref. [5] point out that the effects of all ξ k

and τki can be estimated by the first positive root of Eq. (4)
as ξ1 ≈ π/2, and the diffusion time constant of the pulsed
eddy current in ferromagnetic plates as τe = µσd2/π2. Due to
the restriction of acquisition precision, only the voltage signal
within 3τe should be collected in the PECT, so here t ≤ 3τe,
and then the upper limit of Eq. (17) can be calculated approx-
imately as

κ (t)≤ 2
3µ2

r
× 32π

σdb2

+∞

∑
i=1

Cd (λi)Cp (λi)

λ 2
i J2

0 (bλi)
e−t/τe , (18)

where the coefficient
+∞

∑
i=1

Cd (λi)Cp (λi)

λ 2
i J2

0 (bλi)

only depends on the geometric parameters and lift-off of the
probe coils. The same as the induced voltage uec(𝑥, t) and its
partial derivatives

∂uec (𝑥, t)
∂d

d,
∂uec (𝑥, t)

∂σ
σ ,

∂uec (𝑥, t)
∂ µr

µr,

equation (18) has the coefficient

32π

σdb2

+∞

∑
i=1

Cd (λi)Cp (λi)

λ 2
i J2

0 (bλi)
,

which is calculated of the 100 order of magnitude. Therefore,
the upper limit of κ(t) is close to 0 as the relative permeability
of ferromagnetic materials commonly satisfies µ r� 1, hence
κ(t)≈ 0 holds.

A set of parameters of a steel plate under test is supposed
as d = 8 mm, σ = 6 MS/m, and µr = 200. In Table 1, the ge-
ometric parameters of the air-cored probe coils are listed, and
the lift-off of the probe lo is 10 mm. Respectively, the partial
derivatives calculated by Eqs. (11), (13), and (15) are plotted
in Fig. 2. The solid line in Fig. 2 denotes κ(t) calculated by
Eq. (17). Comparing these curves, it can be seen that κ(t)≈ 0
holds, i.e.,

∂uec (𝑥, t)
∂σ

σ +
∂uec (𝑥, t)

∂ µr
µr−

∂uec (𝑥, t)
∂d

d ≈ 0. (19)
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Fig. 2. Partial derivatives of the voltage induced by eddy current field
with respect to parameters.

3.4. Constraints of the parameters

As shown in Eq. (19), the results obtained above indicate
that the partial derivatives of the induced voltage signal with
respect to the parameters are approximately linearly depen-
dent, in the PECT on ferromagnetic plates. It leads to a very
large condition number for the Jacobian matrix J(𝑥), then the
solution of inverse problem (5) will have a large relative er-
ror, namely, a large error of the inversion results of parameters
would be caused by a small error in the testing signal. In or-
der to demonstrate this conclusion, substituting Eq. (19) into
Eq. (10), and supposing

∂u(𝑥, t)
∂σ

σ +
∂u(𝑥, t)

∂ µr
µr−

∂u(𝑥, t)
∂d

d = 0. (20)

Solutions to this homogeneous partial linear differential equa-
tion are equivalent to solutions of the so-called characteristic
system[22] 

dσ

σ
=−dd

d
,

dµr

µr
=−dd

d
.

(21)

This system can be solved by first integrals as{
σd =C1,

µrd =C2,
(22)

where C1 and C2 are arbitrary constants. Every first inte-
gral (22) of the system (21) is a solution to the homogeneous
linear partial differential equation (20), if these two integrals
are independent, then the general solution of Eq. (20) is

u(d,σ ,µr, t) = up (σd,µrd, t) . (23)

This indicates that induced voltage can be expressed as a func-
tion up of two arguments σd and µrd. Let 𝑥p = (σd,µrd)T,
then the induced voltage u(𝑥, t) can be expressed as up(𝑥p, t).
In the calculation model described in Section 3.3, the parame-
ters of the ferromagnetic plate under test are supposed as 𝑥1 =

(8 mm, 6 MS/m, 200)T, 𝑥2 = (6 mm, 8 MS/m, 267)T, and

𝑥3 = (10 mm, 4.8 MS/m, 160)T respectively. Obviously, these
sets of parameters correspond to the same 𝑥p = (4.8×104 S,
1.6 m)T. An exponential decaying pulsed current with an am-
plitude of 4.0 A and a fall time of 0.62 ms is excited in the
drive coil. Theoretical curves of the induced voltage calcu-
lated by Eq. (2) with different sets of parameters 𝑥1, 𝑥2, and
𝑥3 are plotted in Fig. 3. These theoretical curves of the in-
duced voltage are barely distinguishable, as the parameters of
the ferromagnetic plate under test satisfy the constraints (22).
Conversely, in the PECT on ferromagnetic plates, only the
product of conductivity and wall thickness σd, and the prod-
uct of relative permeability and wall thickness µ rd, i.e., 𝑥p,
can be determined by establishing the inverse problem (5) with
the measured values and calculated values of time-domain in-
duced voltage signal.

5 10 15 20 25 30 35 40

10-3

10-2

u
↼t
↽/

V

 x1

x2

x3

 

 

t/ms

Fig. 3. (color online) Theoretical calculation curves of the induced volt-
age with different sets of parameters (𝑥1 = (8 mm, 6 MS/m, 200)T,
𝑥2 = (6 mm, 8 MS/m, 267)T, and 𝑥3 = (10 mm, 4.8 MS/m, 160)T).

4. Determination of the wall thickness of ferro-
magnetic plates
From Fig. 3, it can be observed visually that the time-

domain induced voltage is significantly insensitive to wall
thickness d when the parameters in 𝑥 satisfy the constraints
(22). Next, with and without the constraints (22), the sensitiv-
ity of the time-domain induced voltage u(t) to wall thickness
d will be compared. In order to estimate the sensitivity quan-
titatively, we formulate the partial derivative ∂u(t)/∂d and
normalized derivative ζd (t) of induced voltage with respect
to wall thickness, where the normalized derivative is defined
as

ζd (t) =
∂u(t)

∂d
d

u(t)
=

∂u(t)/u(t)
∂d/d

, (24)

which denotes the relative variation of the induced voltage
caused by a relative change in wall thickness. Without the
constraints of parameters, the partial derivative can be given
by

∂u(t)
∂d

=
∂uec (𝑥, t)

∂d
∗ i′ (t) , (25)
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where ∂uec (𝑥, t)/∂d is calculated by Eq. (13). On the other
hand, with the constraints of parameters as shown in Eq. (22),
we have σ = C1/d and µr = C2/d, substituting them into
u(𝑥, t)

u(𝑥, t) = u(d,C1/d,C2/d, t) , (26)

supposing only the variable d is changing, other variables are
considered as constants, then the partial derivative with respect
to wall thickness d can be deduced as

∂u(t)
∂d

=

[
∂u
∂d

d−
(

∂u
∂σ

σ +
∂u
∂ µr

µr

)]/
d

= −κ (t)∗ i′ (t)
d

. (27)

Substituting Eq. (27) into Eq. (24), we have

ζd (t) =−
κ (t)∗ i′ (t)

uec (t)∗ i′ (t)
. (28)

Similarly, solving the partial derivatives with respect to con-
ductivity σ and relative permeability µ r under the constraints
(22), and then substituting them into Eq. (24), we have

ζxi (t) =
κ (t)∗ i′ (t)

uec (t)∗ i′ (t)
, i = 2,3. (29)

From Eqs. (28) and (29), it is obvious that when the parame-
ters in 𝑥 satisfy the constraints (22), the variation and relative
variation of the induced voltage caused by a relative change
in parameters can be calculated by κ(t). Hence, the sensi-
tivities of induced voltage to the parameters can be estimated
by κ(t). From Eqs. (17) and (3), the difference between κ(t)
and uec(t) is a coefficient 2λ 2

i t/(µσ). Similarly, here we only
study the induced voltage signal within 3τe so t ≤ 3τe, and
then 2λ 2

i t/(µσ) ≤ 6λ 2
i d2/π2 holds. The study in Ref. [5]

points out that as 1/λi closes to the diameter of the probe, the
corresponding terms of the series in Eq. (3) contribute mainly
to the summation. Therefore, supposing 1/λi equal to the di-
ameter of the probe coil to estimate the coefficient 2λ 2

i t/(µσ),
where the diameter is usually 5 to 10 times larger than the wall
thickness d, hence λ 2

i d2� 1, namely 6λ 2
i d2/π2� 1. Finally,

we have 2λ 2
i t/(µσ)� 1, hence κ(t)� uec(t) holds. From

Eqs. (28) and (29), the conclusion κ(t)� uec(t) indicates that
the sensitivities of the time-domain induced voltage to param-
eters in 𝑥 are significantly slight as the parameters satisfy the
constraints (22); this conclusion is in accord with the conclu-
sion observed in Fig. 3.

In the calculation model described in Section 3.4, the pa-
rameters of the plate under test are supposed as 𝑥 = (8 mm,
6 MS/m, 200)T. Respectively, with and without the constraints
(22), the variation curves of the time-domain induced voltage
caused by a 1 mm change in wall thickness are calculated by
Eqs. (25) and (27), and are plotted in Fig. 4(a); the normal-
ized variation curves caused by a 1% relative change in wall

thickness are calculated by substituting Eqs. (25) and (27) into
Eq. (24), and are plotted in Fig. 4(b). From Fig. 4, it is evi-
dent that when the parameters in 𝑥 satisfy the constraints (22),
the sensitivity of the induced voltage to wall thickness will be
significantly reduced. Furthermore, the variation and normal-
ized variation of the testing signal caused by a change in wall
thickness is so slight, and easily disturbed by noise. Here,
even though using a data acquisition card with an accuracy of
0.05 mV, it is incapable of detecting a 1 mm change (equiva-
lent to 12.5% relative change) in wall thickness by the time-
domain induced voltage.
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 with constraints 
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t/ms

Fig. 4. With and without the constraints, the variation curves of the
time-domain induced voltage caused by a 1 mm change in wall thick-
ness (a), and the normalized variation curves caused by a 1% relative
change in wall thickness (b).

In the practical PECT, an inevitable error between theo-
retical calculated values and experimental measured values of
the time-domain induced voltage is usually caused by many
factors, such as the resolution and accuracy of the data acqui-
sition board, electromagnetic and circuit noise, and the model
error caused by linearizing the minor magnetization curve of
the ferromagnetic plate. If we inverse three parameters in 𝑥

simultaneously, it is difficult to distinguish the wall thickness
which satisfies the constraints (22); and a small error in the in-
duced voltage signal will lead to a large relative error in inver-
sion results. Therefore, only the arguments σd and µrd can be
determined accurately through the time-domain induced volt-
age signal carrying an error.
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Supposing the conductivity σ of the ferromagnetic plate
is a known constant, and the wall thickness d and the relative
permeability µ r are unknown parameters to be determined,
now the sensitivity curves of the induced voltage to the wall
thickness d are the solid lines as shown in Fig. 4. Obviously,
the sensitivity of induced voltage to the parameters will be sig-
nificantly improved when setting a parameter in 𝑥 e.g., con-
ductivity σ to be a known constant. In the PECT on ferromag-
netic plates, supposing the conductivity σ of the ferromagnetic
plate under test is a fixed value, and then, the relative variation
of the wall thickness between two testing points can be ob-
tained via the ratio of the corresponding inversion results of
the product of conductivity and wall thickness.

5. Experiment results
In the PECT experiments, a 1.0 m×0.5 m×7.5 mm car-

bon steel plate was tested, and half of the plate was milled
to 5.5 mm in thickness. Then, comparison experiments could
be carried out at two testing points with the same material and
with wall thicknesses of 5.5 mm and 7.5 mm, respectively. The
air-cored probe coils were positioned perpendicularly above
the steel plate, with the lift-off lo of 20.0 mm between the
probe coils and the upper surface of the plate. Geometric pa-
rameters of the cylindrical coils are shown in Table 1. Using
an impedance analyzer, the drive coil’s inductance and resis-
tance in air were measured of 1.21 mH and 5.81 Ω, respec-
tively. In the drive coil, a direct current with an amplitude of
4.0 A was shut off at the time point t = 0, and an exponential
decaying pulsed current with an amplitude of 4.0 A and a fall
time of 0.62 ms was excited. Then, the induced voltage across
the pick-up coil was collected by a data acquisition card with a
resolution of 16-bits. The measured results of induced voltage
at two testing points with different wall thicknesses are plotted
in Fig. 5.

The conclusions obtained in Section 4 point out that only
two parameters in 𝑥 can be determined via the time-domain
induced voltage. Here, we set the product of conductivity and
wall thickness σd, and the product of relative permeability and
wall thickness µrd were unknown parameters to be determined
by the inverse problem (5). Using the experimental results of
the induced voltage in Fig. 5, the arguments σd at two test-
ing points with wall thicknesses of 5.5 mm and 7.5 mm were
determined as 3.18×104 S and 4.39×104 S, respectively, and
the corresponding µ rd were determined as 1.17 m and 1.27 m.
Substituting the inversion results into Eq. (2), the theoretical
curves of the induced voltage at two testing points were calcu-
lated and plotted in Fig. 5. The calculated results agree well
with the measured results; it is verified that the inversion re-
sults are the solutions to the inverse problem (5). The ratio of
the wall thickness between two testing points calculated via
inversion results is 3.18×104/4.39×104 = 72.4%; actually,

the ratio of the wall thickness between two testing points is
5.5/7.5= 73.3%. This result presents a 0.9% error in the mea-
surement, and indicates that it is feasible for the PECT method
proposed in this paper to measure the relative variation of the
wall thickness for ferromagnetic plates.

5 10 15 20 25 30

10-3

10-2

d=5.5 mm

d=7.5 mm

u
↼t
↽/

V

experimental results

 theoretical results

t/ms

Fig. 5. (color online) Experimental and theoretical calculation results of
the time-domain induced voltage at two testing points with wall thick-
nesses of 5.5 mm and 7.5 mm respectively.

6. Conclusions
In the PECT on ferromagnetic plates, respectively, the

partial derivatives of the time-domain induced voltage with re-
spect to the wall thickness, conductivity, and relative perme-
ability of the plate are solved analytically. From their expres-
sions and theoretical calculation curves, it is indicated that the
partial derivatives are approximately linearly dependent. On
this basis, the constraints of the parameters are given by solv-
ing a homogeneous partial linear differential equation, and we
point out that the induced voltage can be expressed as a func-
tion of two arguments. Next, the sensitivity of the induced
voltage to wall thickness with and without the constraints is
compared; theoretical analysis indicates that the relative varia-
tion of the induced voltage caused by a change in parameters is
significantly slight when the parameters satisfy the constraints;
through the inverse problem with the time-domain induced
voltage, only the product of conductivity and wall thickness,
and the product of relative permeability and wall thickness can
be determined accurately in the practical PECT. Finally, ex-
periment results verify the method that the relative variation
of the wall thickness between two testing points can be cal-
culated via the ratio of the corresponding inversion results of
the product of conductivity and wall thickness. This method
for wall thickness measurement is very useful for the PECT
on the wall-thinning corrosion of ferromagnetic metallic pipes
and containers.
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