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Hybrid natural element method for large deformation
elastoplasticity problems∗
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We present the hybrid natural element method (HNEM) for two-dimensional elastoplastic large deformation prob-
lems. Sibson interpolation is adopted to construct the shape functions of nodal incremental displacements and incremental
stresses. The incremental form of Hellinger–Reissner variational principle for elastoplastic large deformation problems is
deduced to obtain the equation system. The total Lagrangian formulation is used to describe the discrete equation system.
Compared with the natural element method (NEM), the HNEM has higher computational precision and efficiency in solv-
ing elastoplastic large deformation problems. Some numerical examples are selected to demonstrate the advantage of the
HNEM for large deformation elastoplasticity problems.
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1. Introduction
In solving the large deformation problems, the finite el-

ement method (FEM) may encounter difficulties when adap-
tive meshing or rezoning techniques may be helpful, but they
are not widely used because of their complexity and imper-
fections. On the contrary, the meshless method is a numerical
method based on nodes, which does not need to generate mesh,
so adaptive meshing or rezoning techniques are not used in the
meshless method.[1] Therefore, the meshless method has some
advantages in handling large deformation problems.

Many meshless methods have been developed,
such as the element-free Galerkin method,[2–4] im-
proved element-free Galerkin method,[5–8] complex vari-
able meshless method,[9–11] complex variable element-free
Galerkin method,[12–16] interpolating element-free Galerkin
method,[17,18] radial basis function method,[19] finite point
method,[20,21] meshless local Petrov–Galerkin method,[22] re-
producing kernel particle method,[23–27] meshless manifold
method,[28,29] boundary element-free method,[30–38] and the
improved boundary element-free method.[39–42]

Braun and Sambridge presented another meshless
method, namely, the natural element method.[43] Many re-
searchers applied the NEM to solve mechanical problems.
Sukumar et al.[44] used the NEM to analyze two-dimensional
small displacement elastostatics. Bueche et al.[45] investi-
gated the performance of NEM in two-dimensional linear
elastodynamics. Cueto et al.[46] employed the NEM for
two-dimensional and three-dimensional piece-wise homoge-
neous domains. Martı́nez et al.[47] simulated flows involving
short fiber suspensions with the NEM. Calvo et al.[48] solved

large strain hyperelastic problems using the NEM. Danesh-
mand and Niroomandi discussed the vibration modes of fluid-
structure systems with the NEM.[49] Daneshmand et al.[50]

calculated two-dimensional flow under sluice gates using the
NEM. Shahrokhabadi et al.[51] developed the NEM to solve
seepage problems. Cho et al.[52] established the NEM of
Reissner–Mindlin plate for a locking-free numerical analysis
of plate-like thin elastic structures. Different from the NEM,
the HNEM adopts displacement approximation and stresses
approximation respectively to obtain the discrete equation sys-
tem with the Hellinger–Reissner variational principle. The
HNEM has been used to solve the elasticity problems and
elastoplastic problems.[53,54]

Various meshless methods have been developed for large
deformation analysis of non-linear materials and structures.
Chen et al.[55] analyzed non-linear elastic and inelastic struc-
tures based on reproducing kernel particle methods. Li et
al.[56] studied mesh-free simulations of shear banding in
large deformation. Ren et al.[57] modelled the superelas-
tic behaviour of shape memory alloys using the element-free
Galerkin method. Liew et al.[58] analyzed the pseudoelas-
tic behavior of an SMA beam by the element-free Galerkin
method. Liew et al.[59] developed an FSDT and a meshfree
method for corrugated plates. Naffa and Al-Gahtani discussed
the radial basis function method for large deflection of thin
plates.[60] Rossi and Alves investigated a modified element-
free Galerkin method and applied it to large deformation
processes.[61] Zhao and Liew applied the element-free kp-Ritz
method to functionally graded plates.[62] Doweidar et al.[63]

adopted the implicit and explicit natural element methods to
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analyze large strains of soft biological tissues. Li et al.[64–66]

proposed complex variable element-free Galerkin methods for
large deformation problems. Peng et al.[67] used the FSDT
and the moving least-squares approximation to analyze ribbed
rectangular plates.

Based on the Sibson interpolation, the HNEM for two-
dimensional elastoplastic large deformation problems is dis-
cussed in this paper. The incremental formulation of the
Hellinger–Reissner variational principle is deduced to obtain
the incremental equation system. The total Lagrangian formu-
lation is used to describe this equation system. The Mises yield
criterion is adopted as yield condition and the linear hardening
elastoplastic model is used as the flow rule. The corresponding
formulae are solved by the Newton–Raphson iteration method
with displacement convergence criterion. Some numerical
examples of large deformation elastoplasticity problems are
computed by the HNEM.

2. Basic equations of large deformation elasto-
plasticity problems

2.1. Incremental formulation of Hellinger–Reissner varia-
tional principle for large deformation elastoplasticity
problems

We adopt the total Lagrangian formulation to describe
the large deformation problems, i.e., the original configura-
tion is used as reference configuration. For a question do-
main 0Ω , suppose that displacement t

0ui, strain t
0εi j, and stress

t
0σi j at time t have been obtained, and body force t+∆t

0 f̄i on
0Ω , boundary force t+∆t

0 t̄i on 0Γσ , and boundary displacement
t+∆t

0 ūi on 0Γu at time t + ∆t are given. Then displacement
t+∆t

0 ui, strain t+∆t
0 εi j, and stress t+∆t

0 σi j at time t+∆t can be ob-
tained after incremental displacement 0ui, incremental strain

0εi j, and incremental stress 0σi j are computed from t to t +∆t.
The incremental formulation of the Hellinger–Reissner

variational principle can be expressed as[68]

∏HR =
∫

0Ω

[
−B+

(t
0σi j + 0σi j

)
0εi j
]0dΩ

−
∫

0Ω

t+∆t
0 f̄i0ui

0dΩ −
∫

0Γσ

t+∆t
0 t̄i0ui

0dΓ

−
∫

0Γu

t+∆t
0 t̄i (0ui− 0ūi)

0dΓ , (1)

where B is the incremental surplus energy density function

B =
1
2 0Ci jkl0σi j0σkl , (2)

with 0Ci jkl being the relationship between stress increment

0σi j and strain increment 0εi j,

0εi j = 0Ci jkl0σkl . (3)

It must be pointed out that the linear relationship supposed
here is true only for an infinitesimal increment.

The decomposition of incremental strain 0εi j can be writ-
ten as

0εi j = 0ei j + 0ηi j, (4)

where 0ei j and 0ηi j are the linear and quadratic terms of the
incremental strain 0εi j, respectively. Namely,

0ei j = 0e(L1)
i j + 0e(L2)

i j , (5)

0ηi j =
1
2 0uk,i0uk, j, (6)

where

0e(L1)
i j =

1
2
(0ui, j + 0u j,i) , (7)

0e(L2)
i j =

1
2
(t

0uk,i0uk, j +
t
0uk, j0uk,i

)
. (8)

Then equation (1) can be rewritten as

∏HR =
∫

0Ω

−1
2 0Ci jkl0σi j0σkl

0dΩ

+
∫

0Ω
0σi j0ei j

0dΩ +
∫

0Ω
0σi j0ηi j

0dΩ

+
∫

0Ω

t
0σi j0ei j

0dΩ +
∫

0Ω

t
0σi j0ηi j

0dΩ

−
∫

0Ω

t+∆t
0 f̄i0ui

0dΩ −
∫

0Γσ

t+∆t
0 t̄0ui

0dΓ

−
∫

0Γu

t+∆t
0 t̄ (0ui− 0ūi)

0dΓ . (9)

For further linearization, 0σi j0ηi j in the third integral
term in Eq. (9) needs to be omitted. Suppose the displace-
ment boundary condition was satisfied, then equation (9) can
be rewritten as

∏HR =
∫

0Ω

−1
2 0Ci jkl0σi j0σkl

0dΩ +
∫

0Ω
0σi j0ei j

0dΩ

+
∫

0Ω

t
0σi j0ei j

0dΩ +
∫

0Ω

t
0σi j0ηi j

0dΩ

−
∫

0Ω

t+∆t
0 f̄i0ui

0dΩ −
∫

0Γσ

t+∆t
0 t̄0ui

0dΓ . (10)

Thus, the incremental formulation of the Hellinger–Reissner
variational principle to deduce the HNME for large deforma-
tion elastoplasticity problems is found.

2.2. Two-dimensional elastoplastic constitution relation-
ship

For an isotropic hardening material, the incremental form
of the stress–strain relation in plane problems can be expressed
as

0ε = 0𝐶0𝜎 =

{
0𝐶

e
0𝜎, in elastic state,

0𝐶
ep

0𝜎, in plastic state.
(11)

We adopt the Mises yield criterion to judge whether an
arbitrary point of the material is in the plastic state. When
equivalent stress σl of a point is greater than yield stress σs of
the material, then this point is in plastic state; otherwise it is in
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elastic state. The equivalent stress σl of an arbitrary point can
be written as

σl =


√

σ2
11 +σ2

22−σ11σ22 +3σ2
12, plane stress,√

3
4
(σ11−σ22)

2 +3σ2
12, plane strain.

(12)

If the point is in elastic state, 0𝐶
e of this point is

(0𝐶
e)−1 =

Ē
(1− ν̄2)

 1 ν̄ 0
ν̄ 1 0

0 0
1− ν̄

2

 , (13)

where

Ē=

{
E, plane stress,

E
1−ν2 , plane strain,

(14)

ν̄=

{
ν , plane stress,

ν

1−ν
, plane strain. (15)

When the point is in the plastic state, for plane stress prob-
lems, 0𝐶

ep of this point is

(0𝐶
ep)−1=

E
Qσ


S2

22 +2Pσ −S11S22 +2νPσ −S11 +νS22

1+ν
σ12

−S11S22 +2νPσ S2
11 +2Pσ −S22 +νS11

1+ν
σ12

−S11 +νS22

1+ν
σ12 −S22 +νS11

1+ν
σ12

Rσ

2(1+ν)
+

2H ′

9E
(1−ν)σ2

l

 , (16)

and for plane strain problems, 0𝐶
ep of this point is

(0𝐶
ep)−1=

E
1+ν


1−ν

1−2ν
−ωS2

11
ν

1−2ν
−ωS11S22 −ωS11σ12

ν

1−2ν
−ωS11S22

1−ν

1−2ν
−ωS2

22 −ωS22σ12

−ωS11σ12 −ωS22σ12
1
2
−ωσ2

12

 , (17)

where E is Young’s modulus, ν is Poisson’s ratio, and H ′ is
the plastic modulus for material hardening, and

H ′ =
EE ′

E−E ′
, (18)

E ′ is known as the tangent modulus. S11 and S22 are the devi-
atoric stresses, and

S11 =

 σ11−
σ11 +σ22

3
, plane stress,

σ11−
σ11 +σ22

2
, plane strain,

(19)

S22 =

 σ22−
σ11 +σ22

3
, plane stress,

σ22−
σ11 +σ22

2
, plane strain.

(20)

In Eqs. (16) and (17),

Pσ =
2H ′

9E
σ

2
l +

σ2
12

1+ν
, (21)

Rσ = S2
11 +2νS11S22 +S2

22, (22)

Qσ = Rσ +2(1−ν
2)Pσ , (23)

ω =
9G

2σ2
l (H

′+3G)
, (24)

G =
E

2(1+ν)
. (25)

3. The HNEM for elastoplastic large deforma-
tion problems

3.1. Sibson interpolation

The Sibson interpolation is based on the well-known
Voronoi diagram and Delaunay tessellation. Suppose a set of
scattered nodes N = {N1,N2, . . . ,Nm} in 𝑅2, the nodal coor-
dinates are 𝑥i (i = 1,2, . . . ,m). The Voronoi diagram T (N)

of the set N is a subdivision of the domain into Voronoi cells
T (Ni), and the Voronoi cell T (Ni) is defined as

T (Ni) = {𝑥 ∈ R2 |d(𝑥,𝑥i)< d(𝑥,𝑥 j),∀ j 6= i}, (26)

where d(𝑥i,𝑥 j) is the distance between 𝑥i and 𝑥 j. The De-
launay triangulation is the dual of the Voronoi diagram, which
is constructed by connecting the nodes whose Voronoi cells
have common boundaries. The circumcircles of Delaunay tri-
angles, known as natural neighbour circumcircles, can be used
to find the natural neighbour nodes of 𝑥. In other words, if
𝑥 lies within the natural neighbour circumcircle of triangle
DT(Ni,N j,Nk), then Ni, N j, and Nk are the natural neighbour
nodes of 𝑥. The Voronoi diagram, the Delaunay triangulation,
and natural neighbour circumcircles of a set N are shown in
Fig. 1, in which we can find that nodes 1, 5, 6, 7 are the natu-
ral neighbor nodes of 𝑥.
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Fig. 1. Voronoi diagram T (N), Delaunay triangulation DT(N), and nat-
ural neighbour circumcircles.
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Fig. 2. Voronoi cell T (𝑥).

The Sibson interpolation shape function of 𝑥 with respect
to a natural neighbour 𝑥i is defined as

φi(𝑥) =
Ai(𝑥)

A(𝑥)
, (27)

A(𝑥) =
n

∑
j=1

A j(𝑥), (28)

where n is the number of natural neighbours of 𝑥, Ai(𝑥) is the
area of overlap of Voronoi cell T (𝑥i) and Voronoi cell T (𝑥),
and A(𝑥)is the area of Voronoi cell T (𝑥).

Referring to Fig. 2, the Sibson interpolation shape func-
tion φ5(𝑥) is

φ5(𝑥) =
Abc f

Aabcd
. (29)

The derivatives of the shape functions can be obtained by
differentiating Eq. (27)

φi, j(𝑥) =
Ai, j(𝑥)−φi(𝑥)A, j(𝑥)

A(𝑥)
, ( j = 1,2) . (30)

The displacement approximations 𝑢h(𝑥) of point 𝑥 can
be expressed as

𝑢h(𝑥) =
n

∑
i=1

φi(𝑥)𝑢i, (31)

where 𝑢i is the displacement vector of node i.
According to definition of the shape function (27), the

following remarkable properties is self-evident:

0≤ φi(x)≤ 1, (32)

φi(𝑥 j) = δi j (33)
n

∑
i=1

φi(𝑥) = 1, (34)

𝑥=
n

∑
i=1

φi(𝑥)𝑥i. (35)

Equation (33) shows that the shape functions possess
the Kronecker delta function property, therefore the essential
boundary conditions can be implemented directly as in the
FEM. Equations (34) and (35) define a partition of unity and
linear completeness, which imply that the shape functions can
reproduce the rigid body displacement and the constant strain.

3.2. The HNEM for two-dimensional elastoplastic large
deformation problems

Suppose there are n nodes in the two-dimensional solu-
tion domain 0Ω , from Sibson interpolation approximations
(Eq. (31)), the incremental displacement vector 0𝑢(𝑥) and the
incremental stress vector 0𝜎(𝑥) from t to t +∆t at any point 𝑥
in the domain 0Ω can be written as

0𝑢(𝑥) = 0𝛷(𝑥)0𝑞, (36)

0𝜎 (𝑥) = 0𝑃 (𝑥)0𝛽, (37)

where 0𝛷(𝑥) and 0𝑃 (𝑥) are the matrix form of shape func-
tions

0𝛷(𝑥) = (0𝛷1 (𝑥) ,0𝛷2 (𝑥) , . . . ,0𝛷n (𝑥)) , (38)

0𝛷i (𝑥) =

[
0φi (𝑥) 0

0 0φi (𝑥)

]
, (39)

0𝑃 (𝑥) = (0𝑃1 (𝑥) ,0𝑃2 (𝑥) , . . . ,0𝑃n (𝑥)) , (40)

0𝑃i (𝑥) =

 0φi (𝑥) 0 0
0 0φi (𝑥) 0
0 0 0φi (𝑥)

 , (41)

and φi is the shape function of 𝑥 with respect to node 𝑥i, which
can be constructed by Eq. (27), 0𝑞 and 0𝛽 are the nodal incre-
mental displacement vector and the nodal incremental stress
vector, respectively,

0𝑞
T =

(
0𝑢

T (𝑥1) ,0𝑢
T (𝑥2) , . . . ,0𝑢

T (𝑥n)
)
, (42)

0𝑢(𝑥i) =

[
0u1 (𝑥i)

0u2 (𝑥i)

]
, (43)
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0𝛽
T =

(
0𝜎

T (𝑥1) ,0𝜎
T (𝑥2) , . . . ,0𝜎

T (𝑥n)
)
, (44)

0𝜎 (𝑥i) =

 0σ11 (𝑥i)

0σ22 (𝑥i)

0σ12 (𝑥i)

 . (45)

The matrix form of Eq. (4) in the two-dimensional prob-
lems is

0𝜀(𝑥) = 0𝑒(𝑥)+ 0𝜂 (𝑥) , (46)

where

0𝑒(𝑥) = 0𝑒
(L1) (𝑥)+ 0𝑒

(L2) (𝑥) , (47)

0𝑒
(L1) (𝑥) =

 0u1,1

0u2,2

0u1,2 + 0u2,1

 , (48)

0𝑒
(L2) (𝑥) =


t
0u1,10u1,1 +

t
0u2,10u2,1

t
0u1,20u1,2 +

t
0u2,20u2,2

t
0u1,10u1,2 +

t
0u1,20u1,1

+ t
0u2,10u2,2 +

t
0u2,20u2,1

 , (49)

0𝜂 (𝑥) =

 0η11 (𝑥)

0η22 (𝑥)
20η12 (𝑥)


=

1
2

 (0u1,1)
2 +(0u2,1)

2

(0u1,2)
2 +(0u2,2)

2

2(0u1,10u1,2 + 0u2,10u2,2)

 . (50)

Thus, equation (10) can be expressed as

∏HR =
∫

0Ω

−1
2 0𝜎

T
0𝐶0𝜎

0dΩ +
∫

0Ω
0𝜎

T
0𝑒

0dΩ

+
∫

0Ω
0𝑒

Tt
0𝜎

0dΩ +
∫

0Ω
0𝜂

Tt
0𝜎

0dΩ

−
∫

0Ω

t+∆t
0 F̄T

0𝑢
0dΩ −

∫
0Γσ

t+∆t
0 T̄ T

0𝑢
0dΓ , (51)

where 0𝐶 can be obtained by Eqs. (13), (16), and (17).
Substitute Eqs. (36) and (37) into Eq. (51), we can obtain

ΠHR = −1
2 0𝛽

T𝐻0𝛽+ 0𝛽
T𝐺0𝑞+ 0𝑞

T𝑄′

+
1
2 0𝑞

T𝐾(NL)
0𝑞−𝑄T

0𝑞. (52)

Based on stationary value condition of multi-variation
variation principle, i.e.,

∂ΠHR (0𝛽,0𝑞)

∂ 0𝛽
= 0, (53)

and we can obtain

0𝛽 =𝐻−1𝐺0𝑞. (54)

Substituting Eq. (54) into Eq. (52), we obtain

ΠHR (0𝑞) =
1
2 0𝑞

T𝐾(L)
0𝑞+

1
2 0𝑞

T𝐾(NL)
0𝑞

+0𝑞
T𝑄′−𝑄T

0𝑞. (55)

According to the stationary condition of variation princi-
ple, i.e.,

∂ΠHR (0𝑞)

∂ 0𝑞
= 0, (56)

the following equations can be obtained:(
𝐾(L)+𝐾(NL)

)
0𝑞 =𝑄−𝑄′, (57)

where

𝐾(L) =𝐺T𝐻−1𝐺, (58)

𝐾(NL) =
∫

0Ω
0𝐵

(NL)Tt
0σ̂0𝐵

NL0dΩ , (59)

𝑄T =
∫

0Ω

t+∆t
0 F̄T

0𝛷
0dΩ +

∫
0Γσ

t+∆t
0 T̄ T

0𝛷
0dΓ , (60)

𝑄′ =
∫

0Ω
0𝐵

(L)Tt
0𝜎

0dΩ , (61)

𝐺=
∫

0Ω
0𝑃

T
0𝐵

(L)0dΩ , (62)

𝐻 =
∫

0Ω
0𝑃

T
0𝐶0𝑃

0dΩ , (63)

0𝐵
(NL) (𝑥) =


φ1,1 (𝑥) 0 φ2,1 (𝑥) 0 · · · φn,1 (𝑥) 0
φ1,2 (𝑥) 0 φ2,2 (𝑥) 0 · · · φn,2 (𝑥) 0

0 φ1,1 (𝑥) 0 φ2,1 (𝑥) · · · 0 φn,1 (𝑥)
0 φ1,2 (𝑥) 0 φ2,2 (𝑥) · · · 0 φn,2 (𝑥)

 , (64)

t
0σ̂ =


t
0σ11

t
0σ12 0 0

t
0σ12

t
0σ22 0 0

0 0 t
0σ11

t
0σ12

0 0 t
0σ12

t
0σ22

 , (65)

0𝐵
(L) (𝑥) = 0𝐵

(L1) (𝑥)+ 0𝐵
(L2) (𝑥) , (66)

0𝐵
(I) (𝑥) =

(
0𝐵

(I)
1 (𝑥) ,0𝐵

(I)
2 (𝑥) , . . . ,0𝐵

(I)
n (𝑥)

)
, (67)

0𝐵
(L1)
i (𝑥) =

 0φi,1 (𝑥) 0
0 0φi,2 (𝑥)

0φi,2 (𝑥) 0φi,1 (𝑥)

 , (68)

0𝐵
(L2)
i (𝑥) =

 L110φi,1 (𝑥) L210φi,1 (𝑥)
L120φi,2 (𝑥) L220φi,2 (𝑥)

L110φi,2 (𝑥)+L120φi,1 (𝑥) L210φi,2 (𝑥)+L220φi,1 (𝑥)

 , (69)
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L11 =
t
0u1,1 =

n

∑
i=1

0φi,1 (𝑥)
t
0u1 (𝑥i), (70)

L12 =
t
0u1,2 =

n

∑
i=1

0φi,2 (𝑥)
t
0u1 (𝑥i), (71)

L21 =
t
0u2,1 =

n

∑
i=1

0φi,1 (𝑥)
t
0u2 (𝑥i), (72)

L22 =
t
0u2,2 =

n

∑
i=1

0φi,2 (𝑥)
t
0u2 (𝑥i). (73)

The above is the HNEM for two-dimensional elasto-
plastic large deformation problems. The Newton–Raphson
method can be adopted to solve Eq. (57).

4. Numerical examples
In this section, several examples are presented to illustrate

the applicability of the HNEM for two-dimensional elastoplas-
tic large deformation problems. The results of these examples
are obtained by using the HNEM, NEM, and Abaqus. Delau-
nay triangles are used as integration cells, gauss integration
is adopted as integration scheme, and three Gauss points are
used in each integration cell. The loads in these examples do
not vary with the configuration of the object.

4.1. Cantilever beam with a concentrated force

Consider a cantilever beam subjected to a concentrated
force, the left side is clamped, as shown in Fig. 3. The con-
centrated force is p = 10 N, length of the beam is L = 10 m,
height is H = 1 m, and the unit thickness of the beam is
considered. Elasticity modulus and Poisson’s ratio are E =

1.2× 104 Pa and ν = 0.2, respectively. The yield stress is
σs = 480 Pa and E ′ = 0.2E. Regardless of the gravity, the
beam can be discussed as a plane stress problem.

x2

x1H o

L

p

Fig. 3. Cantilever beam with a concentrated force.

Fig. 4. Nodal distribution and Delaunay triangles of the cantilever
beam.

As shown in Fig. 4, 55 nodes and 80 Delaunay triangles
are distributed on the cantilever beam. One hundred steps are
adopted to apply the load. The nodal vertical displacements,
at the axis of the cantilever beam, are shown in Figs. 5 and
6. Under the same nodal layout, the results from the HNEM
agree better with those from the Abaqus than the ones from

the NEM, as shown in Fig. 5. Under a similar numerical pre-
cision, the CPU time used in the HNEM is less than that in the
NEM, as shown in Fig. 6.

0 2 4 6 8 10

-3.0

-2.0

-1.0

0

u
2
/
m

Abaqus
HNEM
NEM

x1/m

Fig. 5. Vertical displacements of the nodes at the axis of the cantilever
beam.

u
2
/
m

x1/m
0 2 4 6 8 10

-3.0

-2.0

-1.0

0

Abaqus                                          

HNEM (nodes=55, CPU time: 167 s)

NEM (nodes=105, CPU time: 276 s)

Fig. 6. Vertical displacements of the nodes at the axis of the cantilever
beam and the comparison of the CPU time between the HNEM and the
NEM.

4.2. Cylinder under a distributed inner pressure

A thick walled cylinder under a distributed inner pres-
sure is considered, as shown in Fig. 7. The inner pressure is
p = 1000 Pa, and the radiuses are a = 1 m and b = 5 m. The
elasticity modulus and Poisson ratio are E = 1.0×105 Pa and
ν = 0.25, respectively. The yield stress is σs = 150 Pa, and
E ′ = 0.2E. The cylinder can be discussed as a plane strain
problem without considering the body force.

a

b

p

Fig. 7. Cylinder under a distributed inner pressure.
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a

b

x2

x1

p

o

Fig. 8. A quarter of the cylinder with boundary conditions.

Fig. 9. Nodal distribution and Delaunay triangles of a quarter of the cylinder.

u
1
/
m

x1/m
1 2 3 4 5

0.01

0.02

0.03

0.04

0.05

0.06
 Abaqus
 HNEM
 NEM

Fig. 10. Horizontal displacements of nodes at x2 = 0 of the cylinder.

Consider the symmetry of the cylinder, only a quarter of
the cylinder needs to be calculated, as shown in Fig. 8. Fig-
ure 9 shows 144 nodes with corresponding Delaunay triangles
used for solution. The number of the whole load steps is set
as 100. The nodal horizontal displacements at x2 = 0 obtained
using the HNEM and NEM are shown in Fig. 10. It can be
seen that, under the condition of the same nodal layout, the
results attained by the HNEM are closer to that using Abaqus
than ones using the NEM.

4.3. Square plate with a central hole subjected to an axial
uniform tension

A square plate with a central hole subjected to an axial
uniform tension is shown in Fig. 11. The axial uniform ten-
sion is q = 1000 N/m, the length is L = 10 m, and the radius
of the hole is R = 1 m. The elasticity modulus and Poisson ra-
tio are E = 1.0×105 Pa and ν = 0.25, respectively. The yield
stress is σs = 400 Pa and E ′ = 0.2E. The unit thickness of the
plate is considered. Regardless of the body force, the plate can
be calculated as a plane stress problem.

q

L

Ro
L

Fig. 11. A square plate with a central hole subjected to an axial uniform
tension.

x2

x1

q

o





Fig. 12. A quarter of the square plate with boundary conditions.

As shown in Fig. 12, only a quarter of the square plate
needs to be considered. 99 nodes and the corresponding De-
launay triangles are distributed on a quarter of the square plate,
as shown in Fig. 13. 200 steps are adopted to apply the load.
With the same nodal distribution, the nodal horizontal dis-
placements of the plate at x2 = 5 m obtained from the HNEM
and the NEM are shown in Fig. 14. It can be observed that the
results from the HNEM are in better agreement with the ones
from the Abaqus than those from the NEM.
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Fig. 13. Nodal distribution and Delaunay triangles of a quarter of the
square plate.

u
1
/
m

x1/m
0 1 2 3 4 5

0

0.04

0.08

0.12

0.16

Abaqus
HNEM
NEM

Fig. 14. Nodal horizontal displacements of the plate at x2 = 5 m.

4.4. Clamped beam under a distributed load

The final example is a beam, which is fixed at both ends
and subjected to a distributed load, as shown in Fig. 15. The
length of the beam is L = 10 m, height is H = 1 m, and the
unit thickness of the beam is considered. The distributed load
is p = 50 N/m. The elasticity modulus is E = 1.2× 104 Pa,
Poisson’s ratio is ν = 0.2, the yield stress is σs = 480 Pa, and
E ′ = 0.2E. The beam can be discussed as a plane stress prob-
lem without considering the gravity.

x2

x1
H o

L

p

Fig. 15. Clamped beam under a distributed load.

Fig. 16. Nodal distribution and Delaunay triangles of the clamped
beam.

We adopt 55 nodes and 80 Delaunay triangles for this ex-
ample, as shown in Fig. 16. The number of load steps is 100.

The vertical displacements of nodes at the axis of the beam
obtained by the HNEM and NEM are shown in Figs. 17 and
18. From Fig. 17, we can see that, under the same nodal dis-
tribution, the results obtained by using the HNEM agree better
with the ones using the Abaqus than the ones using the NEM.
It can be observed from Fig. 18 that the CPU time spent in the
HNEM is less than that in the NEM under a similar numeri-
cal precision. This demonstrates that the HNEM has a higher
computational efficiency than the NEM.

u
2
/
m

x1/m
0 2 4 6 8 10

-1.2

-1.0

-0.8

-0.6

-0.4

-0.2

0  Abaqus
 HNEM
 NEM

Fig. 17. Vertical displacements of the nodes at the axis of the clamped
beam.

u
2
/
m

x1/m
0 2 4 6 8 10

-1.2

-1.0

-0.8

-0.6

-0.4

-0.2

0 Abaqus
HNEM(nodes=55, 
CPU time: 155 s)
NEM(nodes=85, 
CPU time: 270 s)

Fig. 18. Vertical displacements of the nodes at the axis of the clamped
beam and the comparison of the CPU time between the HNEM and the
NEM.

5. Conclusions
The HNEM for analyzing large deformation elastoplas-

ticity problems is discussed in this paper. The Sibson in-
terpolation shape functions are chosen as the trial and test
functions of nodal incremental displacements and incremental
stresses. The incremental formulation of Hellinger–Reissner
variational principle suitable for elastoplastic large deforma-
tion problems is deduced to obtain the incremental discrete
equations, and these equations are solved by the Newton–
Raphson iteration method. Some numerical examples of large
deformation elastoplasticity problems show that the results of
the HNEM have higher computational precision and efficiency
than the ones of the NEM.
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