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Controllability of fractional-order Chua’s circuit∗
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The ultimate proof of our understanding of nature and engineering systems is reflected in our ability to control them.
Since fractional calculus is more universal, we bring attention to the controllability of fractional order systems. First,
we extend the conventional controllability theorem to the fractional domain. Strictly mathematical analysis and proof
are presented. Because Chua’s circuit is a typical representative of nonlinear circuits, we study the controllability of the
fractional order Chua’s circuit in detail using the presented theorem. Numerical simulations and theoretical analysis are
both presented, which are in agreement with each other.
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1. Introduction
As we all know, observability, controllability, and stabil-

ity are important issues for most researchers. The controllabil-
ity of dynamical systems is widely investigated in the design
and analysis of a control system.[1–8] From a control engineer-
ing point of view, a dynamic system is controllable if it can be
driven from any initial state to any desired final state within
finite time with a suitable controller.[9] Additionally, the non-
linear circuit is also an important research field.

Fractional order models of real systems are often more
adequate than the usually used integer order models in sci-
ence and engineering because the fractional derivative is more
universal. Recently, interest in fractional calculus has expe-
rienced rapid growth and we can find many papers about its
theory and applications in mathematics, physics, mechanics,
information engineering, electronic engineering, and control
engineering.[10–17] As for the controllability of a fractional or-
der dynamical system, there are some published papers.[18–20]

However, we cannot find any contribution to the controllabil-
ity of fractional order circuits, to our best knowledge, although
it is also an important research field. Chua’s circuit is a typical
representative of nonlinear circuits, which is shown by lots of
previous investigations.[21–33]

Motivated by the above discussion, we firstly extend the
conventional controllability theorem to the fractional domain.
Strictly mathematical analysis and proof are both presented.
Furthermore, we study the controllability of a fractional order
Chua’s circuit in detail using the presented theorem.

This paper is organized as follows. Section 2 illustrates
basic concepts of fractional calculus. In Section 3, the neces-
sary and sufficient conditions of controllability are presented.

In addition, the controllability of a fractional order Chua’s cir-
cuit is analyzed in detail. The correctness of the theoretical
analysis is confirmed by the numerical simulations in Sec-
tion 4. Conclusions and discussion in Section 5 close the pa-
per.

2. Preliminaries
2.1. Basic concepts of fractional calculus

For fractional calculus, researchers have presented many
fractional multiple definitions, which include the Riemann–
Liouville, the Grunwald-Letnikov, and the Caputo definitions.

Definition 1 The Riemann–Liouville fractional deriva-
tive of function f (t) with respect to t is given by

dα f (t)
dtα

=
1

Γ(m−α)

dm

dtm

∫ t

0

f (τ)
(t− τ)α−m+1 dτ, (1)

where m is the first integer larger than α , i.e., m−1 < α < m,
and Γ is Euler’s Gamma function, which is defined as

Γ(z) =
∫

∞

0
e−ttz−1 dt, Re(z)> 0. (2)

Definition 2 The Caputo fractional derivative of a con-
tinuous function f : R+→ R is defined as follows:

dα f (t)
dtα

=


1

Γ(m−α)

∫ t

0

f m(t)
(t− τ)α−m+1 dτ,

m−1 < α < m,
dm

dtm f (t), α = m,

(3)

where m is the first integer larger than α .
The Laplace transform depression of Eq. (1) is

L
{

dα f (t)
dtα

}
= sα L{ f (t)}−

n−1

∑
k=0

sk
[

dα−1−k f (t)
dtα−1−k

]
t=0

. (4)
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When f i(t)|t=0 = 0, (i = 0,1, ...,n), we obtain

L
{

dα f (t)
dtα

}
= sα L{ f (t)}.

Additionally, the additivity is effective for fractional cal-
culus, which can be described as

aDα
t (λ f (t)+µg(t)) = λ aDα

t f (t)+µaDα
t g(t).

2.2. Fractional capacitor and inductance

Westerlund[34] presented the model of fractional capaci-
tor, which is

I(t) =C
dmV (t)

dtm ≡C0Dm
t V (t),

where C is the capacitance, V (t) is the voltage, and m is the
fractional order, which is a constant depending on the wastage
of the capacitor.

Similarly, he also presented fractional order inductance as

V (t) = L
dmI(t)

dtm ≡ L0Dm
t I(t),

where L is the inductance and m is related to the proximity
effect.

3. Controllability of fractional order Chua’s cir-
cuit

3.1. Theoretical analysis

A fractional order linear system usually can be described
as

Dα𝑋(t) =𝐴𝑋(t)+𝐵𝑢(t), (5)

where Dα is the Caputo fractional derivative operator, 0 <

α < 1; 𝑢(t) is the system input; the vector 𝑋(t) =

(x1(t), . . . ,xn(t))T is the state of each node; and matrices 𝐴

and 𝐵 are the system matrix and the input matrix, respectively.
The controllability matrix of the fractional order linear

time-invariant system is

Qc = [𝐵 𝐴𝐵 · · · 𝐴n−1𝐵].

We can judge the controllability of the fractional order
linear time-invariant system by the rank of the controllabil-
ity matrix. If rank(𝑄c) = n, the fractional order linear time-
invariant system is controllable, otherwise uncontrollable. We
give strictly mathematical proof in the following contents.

1) Sufficiency We assume that the final state is the orig-
inal point of the state space, and t0 = 0. Equation (5) can be
rewritten by the Laplacian transformation as

sα𝑋(s)− sα−1𝑋(0) =𝐴𝑋(s)+𝐵𝑈(s).

Thus, we obtain

𝑋(s) = (sα𝐼−𝐴)−1sα−1𝑋(0)+(sα𝐼−𝐴)−1𝐵𝑈(s).

Using the inverse Laplace transformation, we have

𝑋(tf) = L−1[𝑋(s)]

= Eα,1(𝐴tα)𝑋(0)

+
∫ t

0
(t− τ)α−1Eα,α [𝐴(t− τ)α ]𝐵𝑢(τ)dτ.

Because the system is completely controllable, we have

𝑋(tf) = Eα,1(𝐴tα
f )𝑋(0)

+
∫ tf

0
(tf− τ)α−1Eα,α [𝐴(tf− τ)α ]𝐵𝑢(τ)dτ

= 0,

or

Eα,1(𝐴tα
f )X(0) = −

∫ tf

0
(tf− τ)α−1Eα,α [𝐴(tf− τ)α ]

×𝐵𝑢(τ)dτ,

Eα,α(𝐴tα
f ) =

∞

∑
k=0

(𝐴tα
f )

k

Γ(αk+α)

∞

∑
k=0

𝐴ktαk
f

Γ(αk+α)

=
∞

∑
k=0

tαk
f

Γ(αk+α)
·𝐴k.

(6)

From the Cayley–Hamilton theorem, any square matrix should
meet its characteristic equation. Since 𝐴 is an n× n square
matrix, we have

P(s) = det(λ𝐼−𝐴) = sn +αn−1sn−1 + · · ·+α1s+α0.

Thus, we obtain

P(𝐴) =𝐴n +αn−1𝐴
n−1 + · · ·+α1𝐴+α0𝐼 = 0.

From the Cayley–Hamilton theorem, we can obtain

tα−1Eα,α(𝐴tα) =
∞

∑
A=0

tα(k+1)−1

Γ(αk+α)
·𝐴k =

n−1

∑
k=0

ηk(t) ·𝐴k. (7)

Equations (6) and (7) can be combined to yield the following
equation:

Eα,1(𝐴tα
f ) ·𝑋(0) =−

n−1

∑
k=0

𝐴k𝐵 ·
∫ tf

0
ηk(tf− τ)u(τ)dτ. (8)

Let
∫ tf

0 ηk(tf− τ)𝑢(τ)dτ = γk, we have

𝑞 = Eα,1(𝐴tα
f ) ·𝑋(0),

where 𝑞 is an n×1 vector. So we have

𝑞 =−
n−1

∑
k=0

𝐴k𝐵γk =−[𝐵 𝐴𝐵 · · · 𝐴n−1𝐵] ·


γ0
γ1
...

γn−1

 . (9)

If the system is fully controllable, for any initial
state 𝑋(0), the sufficient and necessary condition for
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Eq. (9) to have a unique solution is that the matrix
[𝐵 𝐴𝐵 𝐴2𝐵 · · · 𝐴n−1𝐵] has full rank, which means
its rank is n.

2) Necessity Now that the known condition is that the
system is fully controllable, we will prove rank(𝑄c) = n.
Here, we will use proof by contradiction.

First, we assume that rank(𝑄c) ≤ n; that is, each row of
𝑄c is linearly correlated. So, there is ∃𝛽 ∈ Rn, 𝛽 6= 0 meet-
ing 𝛽T𝑄c = 𝛽T[𝐵 𝐴𝐵 · · · 𝐴n−1𝐵] = 0, which means
𝛽T𝐴i𝐵 = 0, i = 0,1, . . . ,n− 1. From the Cayley–Hamilton
theorem, we have 𝛽T𝐴i𝐵 = 0, i = 0,1,2, . . . Thus, we obtain

β T𝐴i𝐵tαi+α−1

Γ(αi+α)
= 0, i = 0,1,2, . . .

And we have 𝛽TΦα,α(t)𝐵 = 0. That is 𝛽T ∫ t1
0 Φα,α(t)𝐵𝐵T

ΦT
α,α(t)dtβ = β TWc[0, t1]𝛽 = 0. Because 𝛽 6= 0, Wc[0, t1] is

singular. From the Gram controllability theorem, the system is
not controllable. Obviously, there is a contradiction between
the conclusion and the known condition. Therefore, the proof
is completed.

According to Refs. [35] and [36], we know that the
Kalman rank condition is equivalent between the fractional or-
der systems and the integer order systems. The controllable
condition is applicative for arbitrary order. Therefore, the suf-
ficient and necessary controllable condition of the fractional
order system is the rank of 𝑄c = [𝐵,𝐴𝐵, . . . ,𝐴n−1𝐵] is n (n
is the dimension of matrix 𝐴), that is rank(𝑄c) = n.

3.2. Controllability of Chua’s circuit

Chua’s circuit is a famous nonlinear circuit, which has
lots of fluent nonlinear dynamic phenomena. From Fig. 1, we
can obtain the system equation as

C10Dq1
t V1(t)+ INR(t) =

V2(t)−V1(t)
R2

,

C20Dq2
t V2(t)− I(t)− Iu(t) =

V1(t)−V2(t)
R2

,

L10Dq3
t I(t)+V2(t)+RLI(t) = 0.

(10)

Equation (10) can be rewritten as
0Dq1

t V1(t) =
1

C1R2
[V2(t)−V1(t)]−

f (V1(t))
C1

,

0Dq2
t V2(t) =

1
C2R2

[V1(t)−V2(t)]+
I(t)+ Iu(t)

C2
,

0Dq3
t I(t) =

1
L1

[−V2(t)−RLI(t)],

(11)

where there is a nonlinear resistance (NR), whose voltage cur-
rent characteristic f (V1(t)) is

INR(t) = f (V1(t))

= GbV1(t)+
1
2
(Ga−Gb)(|V1(t)+BP|− |V1(t)−BP|) .

(12)

  NR
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Fig. 1. (a) Diagram of fractional order Chua’s circuit. (b) Voltage current
characteristic of NR.

Let x = V1/BP, y = V2/BP, z = IL/BPG, α = C2/C1,
β = C2/(L1G2), γ = C2R/(LG), m1 = Gb/G, m0 = Ga/G,
τ = tG/C2, and u = Iu/BPG. Equations (11) and (12) can be
rewritten as

0Dq1
t x(t) = α (y(t)− x(t)− f (x)) ,

0Dq2
t y(t) = x(t)− y(t)+ z(t)+u(t),

0Dq3
t z(t) =−βy(t)− γz(t),

(13)

and

f (x) = m1x(t)+
1
2
(m0−m1)× (|x(t)+1|− |x(t)−1|). (14)

Equation (14) can be rewritten as

f (x) =


m1x(t)+(m0−m1) , x(t)≥ 1,

m0x(t), −1 < x(t)< 1,

m1x(t)− (m0−m1) , x(t)≤−1.

(15)

For simplification, we set x(t) = x1(t), y(t) = x2(t), z(t) =
x3(t). Equation (13) can then be written as

Dγ𝑋 =𝐴𝑋+𝐵𝑢+𝐶, (16)

where 𝐴, 𝐵, and 𝐶 are the system matrix, the input matrix,
and the constant matrix, respectively. More specially,

𝐴=

−α (1+m1) α 0
1 −1 1
0 −β −γ

 ,
𝐶 =

 α (m0−m1)
0
0

 for x(t)≥ 1;

A =

 α (m0−2m1−1) α 0
1 −1 1
0 −β −γ

 ,
030203-3
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C =

 0
0
0

 for −1 < x(t)< 1;

A =

−α (1+m1) α 0
1 −1 1
0 −β −γ

 ,
C =

−α (m0−m1)
0
0

 for x(t)≤−1; B =

 0
1
0

 .
Therefore, from the controllability theorem of a fractional

linear system, we can obtain the following results. 1) When
x(t) ≤ −1 or x(t) ≥ 1, if and only if α(m1 + 1) 6= γ + 2, the
fractional Chua’s circuit is controllable, otherwise the frac-
tional Chua’s circuit is uncontrollable. 2) When−1< x(t)< 1,
if and only if α(m0−2m1−1) 6= 2+ γ , the fractional Chua’s
circuit is controllable, otherwise the fractional Chua’s circuit
is uncontrollable.

4. Numerical simulation
In order to verify the controllability of the frac-

tional Chua’s circuit when α(m1 + 1) 6= γ + 2 and
α(m0−2m1−1) 6= 2+ γ , we set α = 10, β = 10, γ = 0.2,

q1 = 0.98, q2 = 0.8, q3 = 0.94, m0 =−1, and m1 =−0.9. The
initial values of the system (x(0),y(0),z(0)) is (−2,1,−1).
We set the input u(t) as 5, 25, and 45 to study the controlling
effect of the input u(t) on the system. The numerical simula-
tions with different controllers u(t) are presented in Fig. 2.

Figures 2(a)–2(c) are the time waveforms of state vari-
ables X , Y , and Z, respectively. Figure 2(d) is the phase orbit
of state variables X , Y, and Z. From Fig. 2(a), we know that
the state variable X can be driven from initial state −2 to dif-
ferent finial states 2, 8, and 12, respectively, by changing the
input u(t). For different inputs u(t), as shown in Fig. 2(b), the
state variable Y can also be driven from initial state 1 to differ-
ent finial states 0.1, 0.5, and 1.1, respectively. Similarly, the
state variable Z can be driven from initial state -1 to different
finial states −8, −30, and −55, respectively. More specially,
Figure 2(d) reveals the trajectories of state variables X , Y , and
Z under the variations of the input u(t).

From the above analyses, we can easily obtain different
final states by changing the controller u(t), which perfectly
shows the controllability of the fractional order Chua’s circuit
system.
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Fig. 2. (color online) The response of system state with different controllers u(t): (a)–(c) time waveforms of state variables X , Y , and Z; (d) phase orbit of
state variables X , Y, and Z.

5. Disscussion and conclusion

In this paper, we extend the conventional controllability

theorem to the fractional domain by using strictly mathemati-

cal analysis and proof. Since Chua’s circuit is a typical repre-

sentative of nonlinear circuits, we study the controllability of

the fractional order Chua’s circuit in detail using the presented
theorem. Numerical simulations and theoretical analysis are
both presented, which are in agreement with each other.

We have proved that the Kalman rank condition is equiva-
lent between the fractional order systems and the integer order
systems. In addition, the controllable condition is applicative
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for arbitrary order. This is the foundation of research on the
fractional order circuit with arbitrary structure. In the future,
we will study this question and further develop the controlla-
bility theory of the fractional order circuit.
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