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The Bicklund transformation related symmetry is nonlocal, which is hard to be applied in constructing solutions for
nonlinear equations. In this paper, the residual symmetry of the Boussinesq equation is localized to Lie point symmetry by
introducing multiple new variables. By applying the general Lie point method, two main results are obtained: a new type
of Bécklund transformation is derived, from which new solutions can be generated from old ones; the similarity reduction
solutions as well as corresponding reduction equations are found. The localization procedure provides an effective way to
investigate interaction solutions between nonlinear waves and solitons.
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1. Introduction

It is known that almost all of the fundamental equations
of natural science, including physics, chemistry, biology, as-
trophysics, etc., are nonlinear. Nonlinear equations are usu-
ally hard to solve explicitly, so perturbation, asymptotic, and
numerical methods are often used to obtain approximate solu-
tions of these equations. However, there is also a great deal of
current interest in obtaining exact analytic solutions of nonlin-
ear equations, among which the study on integrable system
plays an important role and various effective methods have
been developed to study its different properties.

Since the Lie group theory was introduced by Sophus Lie
to study differential equations,!!! the study of Lie group has
always been an important subject in mathematics and physics.
If the nonlinear equations have Lie point symmetry group,
one can lower dimensions of partial differential equations
(PDEs) by using both classical and non-classical Lie group
approaches.!?-81 This provides a method for obtaining exact
and special solutions of a given equation in terms of solutions
of lower-dimensional equations, in particular, ordinary dif-
ferential equations. Bécklund transformation (BT) is another
powerful method to search for new solutions of PDEs through
known ones. However, the interaction solution between dif-
ferent waves is hard to study by the original BT because it
is very difficult to solve when the seed solutions are taken as
nonconstant nonlinear waves such as the cnoidal waves and
Painlevé waves. In this paper, we no longer concentrate on the
traditional BT itself but switch to study its infinitesimal trans-
formation (i.e., its symmetry) and use this symmetry to con-
struct new exact solutions. However, the BT related symmetry
is nonlocal, ! which is hard to be used for reducing nonlinear
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equations. To overcome this difficulty, Lou and his colleagues
developed a new localization procedure. By this method, the
original system is enlarged by introducing new dependent vari-
ables such that the symmetry becomes localized in the new
enlarged system. [!0-12]

In this paper, we focus on the residual symmetries of the
well-known Boussinesq equation and its applications in ob-

taining new exact solutions. The Boussinesq equation
Usr ~+ Upxxx + 6u,2c 4+ 6uiy, =0 1)

arises in several physical applications, such as propagation of
long waves in shallow water,!'3-13! one-dimensional nonlinear
lattice waves,[10:17] yibrations in a nonlinear string, 18] and ion
sound waves in a plasma.!!*2% For this equation, a consider-
able number of explicit solutions, especially the multi-soliton
solutions and periodic solutions, have been obtained by var-
ious methods including inverse scattering transformation, the
symmetry method, the Hirota bilinear method, the Darboux
transformation (DT), the Béacklund transformation (BT), and
the tanh expansion method.

The paper is organized as follows. In Section 2, the resid-
ual symmetry of the Boussinesq equation is obtained by using
the Painlevé truncated expansion method, and then localized
by introducing multiple new variables. By the way, the fi-
nite group transformation theorem is obtained by using Lie’s
first principle. In Section 3, the general form of the Lie point
symmetry group for the enlarged Boussinesq system is ob-
tained and the similarity reductions for the prolonged system
is considered according to the standard Lie point symmetry
approach with some special explicit solutions. Section 4 is
devoted to a short summary and discussion.
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2. Localization of residual symmetry and the re-
lated Bécklund transformation

Since the Boussinesq equation has the Painlevé property,
i.e., it is Painlevé integrable, there exists a truncated transfor-
mation

u=7y u¢" %, )
i=0

for positive integer a. By balancing the nonlinear term and
dispersion term in Eq. (1), we have o = 2. Hence, the trun-
cated Painlevé expansion reads

U= ——+—+up. 3)

It can be easily verified that the residue u; of the truncated
Painlevé expansion (3) with respect to the singular manifold ¢
is a symmetry of Eq. (1) with the solution u,. To prove this
conclusion, we substitute Eq. (3) into Eq. (1) and obtain

6163, + 612125 + U e + Ut

+ 06Uttt + 1201t + Upcer + U1y 46Uz )

+ O (AU Oy + OttgUa — 1202111 O

— 1201 Qutne — At xxx P — OU L P + OUt 1 U1 xx

+ Uorer + OUT, + Uory — U1 P + 12001

—2u1, 0 — uy @y — Uy Py + OU U )

+97 (2u197 + 12001+ 6ugU1 e — 2040 P

+ 120501 97 — 24U Gttn, — 12100 G

— 4utor Or — 12u0x Pex + 611 UOxx — Bub0x P

+ 611 B2, — Butgax O — 2411 Uy P — 24110, Oy

+ 811§ Grre — 617 P + 1204107

+ 24u1 O — 2101 ) + O~ (6utoUox: — 36UoU1 Py

+6ug 7 — 18ugur Px — 3611 67 P+ 720001 Pre

+ 61y + 36ur1t0 §F — 3611 Uox Py + 18u0 P2

+ 181107 + 36u0xc 07 — 241,65 + 240 P i)

+ 07 (— 12U @y — 610,93 + T2u0u1 7 + 2411 )

— 48ugug: P — 1441093 )

+609 ~uo@7 (297 +uo) =0. @)
Vanishing the coefficients of ¢° and ¢ ~! in Eq. (4), we see that
u; satisfies the linearized Boussinesq equation with u; being
the solution. Then, our conclusion is proved.

In order to determine the residual symmetry o" = u; and

the Schwarzian form of Boussinesq equation, we proceed to

vanish the coefficients of ¢ =%, ¢, and ¢ —* in Eq. (4), then

we have
Uy = =207, 1 = 2@y, Q)

and

1
u = — 6¢x72 (_3¢xzx + 4¢x¢xxx + ¢t2)' (6)

Now, substituting ug, u1, and u; in Egs. (5) and (6) into Eq. (4),
meanwhile vanishing the coefficient of (])’3, we obtain the
Schwarzian form of Boussinesq equation

2
warts] (@) o

where {¢;x} = @ /O — 3/202./02. Equation (7) is invariant
under the Mo6bious transformation

ai¢ +b

—)7
¢ a+ by

aalaZ#blea (8)
which means equation (7) possesses three symmetries 0y =
dl, G¢ = d2¢, and

0y = dz¢”, )

with arbitrary constants dy, d», and d3. Apparently, the resid-
ual symmetry o = i is related to the Mobious transformation
symmetry (9) by the linearized equation (6).

It is clear that the residual symmetry

Oy = 2¢xx7 (10)

where ¢ satisfying Eq. (7) is nonlocal and this symmetry is
just the generator of the Béacklund transformation (3), which
has also been given in Ref. [21]. In order to study the transfor-
mation properties of the Boussinesq equation by this symme-
try, we have to localize it to Lie point symmetry by introducing
the following new variables:

8= 0x, (11)
h=g,, (12)
m= ¢. (13)

All the symmetries corresponding to different variables are re-
lated to each other by the linearized equations (1), (6), (7),
(11), (12), and (13), i.e.,

Opx— 0 =0, (14a)
Gg,x —Op = 0, (14b)
Oy —0Om =0, (14¢)

—30:0xx0p 1 — 20109 1+ Prrx + 207 Op vox + P Oy ¢
+30¢ 02 — 0y 107 +30,07 =0, (14d)
Ouit + Ourer + 12U Oy x + 603Uy + 60U, o = 0, (14€)
—0p x® — 209 1 0rx Pt + 200 Qrxrx O x

+07 Gp o + 90209 xx — 40 1 Pux P

—40:09 1xOrrxr — 40xPrx O xxx

+20:0110p x + 97091 = 0. (14f)

It can be easily verified that the solution of Eq. (14) has the
form of

G, = —h, (15a)
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o, = 0g, (15b)

oy = g*+ oh, (15¢)
¢2

0 =3 (15d)

Oy = ¢m, (15e)

if d3 =1/2 and d| = d, = 0 are fixed for c.

The result (15) indicates that the residual symmetry (10)
is localized in the properly prolonged systems (1), (7), (11),
(12), and (13) with the Lie point symmetry vector

2
V = —hdy+ghdy + (8> +h) ) +mdd,, + %a¢. (16)

In other words, symmetry related to the truncated Painlevé ex-
pansion is just a special Lie point symmetry of the prolonged
system.

Now, let us study the finite transformation group corre-
sponding to the Lie point symmetry (16), which can be stated
in the following theorem.

Theorem 1 If {u, g, h,m,§} is a solution of the prolonged
system (1), (7), (11), (12), and (13), then so is {ﬁ,g,fz,nﬁ,@}
with

o 2he 262g?

M_u+£¢—2_(e¢—2)2’ (17a)
4

g= (e¢52)2’ (17b)

s 4h 8eg?

"o 27 o927 (e
4

"= e Tz)z, (17d)

. 2

¢:_8¢(ﬁ2’ (178)

with arbitrary group parameter €.
Proof Using Lie’s first theorem on vector (16) with the
following corresponding initial condition:

da(e) _ oo o
4 = —h(g), 0(0)=u, (18)
d%@ = f(e)ale), 8(0)=¢g, 19
df(e) _ 9(e)* 5 _
dm(e) . . 5(0) —

o = beme). m0)=m, @2)

we can obtain the solutions of the above equations stated in
Theorem 1. Thus, the theorem is proved.

3. New symmetry reductions of the Boussinesq
equation

Because the nonlocal symmetries cannot be used directly
to construct exact solutions of differential equations, we seek

the Lie point symmetry of the prolonged Boussinesq system
in the general form of

0 0 0 0
V = Xa—kTg—i—UE—i-Ga—g
d d d
+H%+M%+¢%, (23)
which means that the prolonged system (1), (7), (11), (12), and

(13) is invariant under the following transformation:

{x,t,u,g,h,m ¢} — {x+eX,t+€eT,u+elU,g+€G,h
+eH,m+eM, ¢ +ed}, (24)

with € being the infinitesimal parameter. Equivalently, the
symmetry in the form (23) can be written as

o, =Xuy+Tu, — U, (25a)
6, =Xgx+Tg —G, (25b)
op=Xh+Th —H, (25¢)
O =Xmy+Tm —M, (25d)
Cp =X0:+T¢ —P. (25e)

Substituting Eq. (25) into Eq. (14) and eliminating u;, gy, &,
hy, by, my, @y, and ¢ in terms of the prolonged system, we ob-
tain more than 200 determining equations for the functions X,
T,U, G, H, M, and ®. Calculated by computer algebra, we
finally obtain the desired result

X:%x—i—q, T =cit+ca, U=—ciu+csh,

1
G=—cy80 + 5(205 —c1)g;
H=—c4h+(c5—c1)h— C4g2,
c

M = —cym¢ +(cs—c1)m, P = —34052 +c¢s9 +ce, (26)
with arbitrary constants cy, ¢3, ¢3, ¢4, Cs, cg. When ¢ = ¢ =
c3 = c5 = c¢ = 0, the obtained symmetry that degenerates into
the special form (Eq. (16)) includes residual symmetry of the

Boussinesq equation. By setting ¢; =c¢3 =c4 =c¢5s = c¢ =0,
we obtain the scaling transformation symmetry as

1
o, = Eclxux +cituy +cu,

1 (6]
Op = S8t cilgi+ 8,

1
oy = §C1xhx+cll/’lf—|—clh,

1
Oy = Eclxmx +citm;+cym,

1
Op = 501x¢x+clt¢t+c]¢. 27)

Other well-known symmetries, like x and ¢ translation invari-
ance symmetries, are also included in the symmetry group.

Consequently, the symmetries in Eq. (25) can be written
explicitly as

Cl
o, = Exux + (c1t+c2)us + cru— cah,
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C1 1
g = o X8 +(c1t +c2)g +capg + 5(61 —2¢5)8,

oy = %th+(clt+02)hz+c4h¢—(CS_Cl)h+C4gz’
C
Om = EIme+(le+Cz)mt+C4m¢ —(es—cr)m,
c C.
Oy = %x¢x+(01l+02)¢t+§4¢2_c5¢' (28)

To derive the group invariant solutions of the enlarged sys-
tem, we have to solve Eq. (28) under symmetry constraints
Oy = Oy = Oy = Oy, = 0y = 0, which is equivalent to solving
the corresponding characteristic equation

_ dm

 —cym + (cs—c1)m

_ do

C —cf?/2+csd+ee @9

Without loss of generality, we consider the symmetry re-
ductions which can be categorized as the following four sub-
cases.

Casel ¢;#0(i=1,2,3,4,5,6).

Firstly, we denote 6 = /2c¢ca +c§. Solving Eq. (29)
leads to

dx ~odr du 0= ¢5+ Otanh[8(In(A) + Pcy) /¢y ]
c1x/2+c3  cit+cy  —ciutcsh c4 ’
dg ci(cit+c2)
= A = - e 30
cag9+ (2cs—c1)g)2 R G0
_ dh B 2Gexp(—Pcy) G1)
T Taho+ (s —ch— g $ 7 Alcosh(28(n(A) + Per) fer) + 1]
|

b exp(48@)A2=d)/ar g 16exp[—2®(c1 — 8)]caG?[A /¢y exp(28 D) 4 2]A28/c1-2) 32)

[A28/c1 exp(28 D) + 1]2

2Mexp(—2Pcy)
m = , (33)
AZ%[cosh(26(In(A) + Pcy) /c1) + 1]
U csexp(20D)H
A2 §A2[A/1exp(28 D) + 1]
8c3G2[2A%%/1exp(28 ®) + 3] exp(—2Pc)
a 82A2[A28/c1 exp(26 D) + 12
o, G, H, M,
variant functions with group invariant variable & =
(c1t +c2)/[c1(c3x® +4erxes +4c3)).
In order to obtain the corresponding reduction equations,
we first substitute Egs. (30)—(33), into Egs. (11)-(13)

(34)

Here, and U represent five group in-

82 P — Mexp(—2Pcy)cs =0, (35)
—201E8°Pe + 8 —cuexp(—1 P)G=0,  (36)

and

9618787 D7 — 2401587 (48 +¢1) e +exp(28 P)Hey
+458%¢) +248° — 16¢182E* P = 0. (37)
Then, by substituting Egs. (30) and (34) into Egs. (7) and
(6) with u, replaced by u, meanwhile substituting M, G, and
H by Egs. (35)—(37), we obtain the reduction equations for U
and @
—6487c1E Df +3201887 (46 +9¢1) D3
+[— 1419281 E* D
—12¢7(7¢} +28¢18 4 88° +2U)&%] F
+[—48¢1&° (31 +48) P — 641 E g
+4c1E(19¢t +6U +85% +30c1 8)| P

3(A28/c1exp(26P) +1)3 ’

+A8CTE D2, + 240787 (28 + 5¢1 ) Dy — 487

—5¢ct —12¢16 +32c1E3 Peg e —6U =0, (38)

—384c78787 D2 — 64¢]§1 67 (4e1 Pee & — 13) D

+ (51261878 P — 21 (352E%¢1 87

+12¢1E 4 3)] D7 + [ — 3841 &1 82D + 192608 P

e (146478 Deg e +28887¢16° +36¢187)] b7

+[—288c7E° Bz, — 41§ (64018 Peep —3287¢18”

+8c1E> + 1) Pez — 320078 P e — 2078 (320} Pepe &

—19¢ +288%)] Dz + 192¢] BZ- £ + 4326 D7 &

+[1 4128678 P + 16¢7(10c] — 82)E] Dy

H1126  De e &3 + 1 (—cf +48% + 160 D E4) = 0. (39)

We can see that once @ is solved from Eq. (39), new

group invariant solutions u of Eq. (1) would be immediately
obtained through Egs. (34), (36)—(38). The entrance of exp
part in Eq. (34) indicates that the interaction solution between
nonlinear waves and solitons can thus be obtained. This type
of interaction solutions are hard to be derived by other ap-
proaches.

To reach a concrete solution for the Boussinesq equation,
we derive a simple solution for Eq. (39)

2
d= I (ﬁ%”é) (40)

2c1 6c%

with the constraint condition C% = 2c¢cq + c%. Then, by solv-
ing H, G, and U through Egs. (36)—(38), and substituting them
into Eq. (34), we finally obtain
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36c3¢E

[6c2(c1+c1t+¢2)& +V3(cit +¢2)2(14+2V3c2E)2 (V3 + 6c2E)?
x [288v/3(c1 +cit +¢2)ci %87 + 144cF (3er +4ey +3e1t)EY +48v/3(3er + et +c2)c§E?
—24ct(c1t —2¢1 +2)E* —2v/3(—c1 +3ei1t +3c2)ctE — 1t — ), 41)

which can be easily verified by substituting Eq. (41) into
Eq. (1).
Case2 ¢;#0(i=1,2,4,5) and ¢3 = ¢¢ = 0.
In this case, by solving Eq. (29), we obtain
2c
o= — >, 42)
2c5A Ta P+ C4

2c
A~ TG

(43)

8§ = — 2e5 20
2cSA"1<D+c4]

s des
4C§A(C1 2)¢2H C4A<Cl 2)62
h= - - . (44)
c4A 1 —0—265‘15] ch [C4A ‘1 +2C5q’} e

(-5 9
ACE Dy
m = : (45)

- 75 27
2c5A <I>+C4]

) 2c.
U 20,4 Do
v -
|:C4A €1 +2C5¢:|
4(‘5
2A(?—2) 2
S (46)

2c

2
fuiin )
8c? [c4A 1 —|—ZC5€D} P2

where the group invariant variable is & = (c1t+c2)/c1x%,
while U, G, H, M, and & are all group invariant functions
of &.

To derive the symmetry reduction equations for the group
invariant functions U, G, H, M, and @, we first substitute
Egs. (42)—(45) into Egs. (11-(13), then we have

43P +M =0, (47)
8cg¢+8c§01§¢§ —¢1G=0, (48)
and
—83D2E2 +2¢1 (3e) — 4es)EDD; +4cTE DD
+(2c1c5 — 42+ EHP)P? = 0. (49)

Next, we substitute Eqs. (42) and (46) into Eqgs. (7) and (6)
with uy substituted by u. Replacing M, G, H by Eqgs. (47)-
(49) at the same time, we finally derive the symmetry reduc-
tion equations for U and @ as

1926161 df — 96¢] (3¢t — 4¢5)E D D;

\
+[—192c1E* DD + 12¢7(16¢3 + et +2¢1U

—48c1¢5)67 D% + | D7 DF 4 [48¢] (—8es +3¢1) &7 D g
—|—64C41‘€4¢2¢555 + 801C5(19C% + ch

—30cics +6¢iU)E D | e — 48c1E 1 D> B,

+48ctcs(—2cs +5¢1)E2 D Dy + 64c]csE3 D Dy
+4c2(4ck —12¢1c5+5¢2 + 63U )P =0, (50)

and

[4ct (4cs +c1)(—8¢c3 —4dcies +3ct) €7

+c(3c1 +4c5)E] B + [96¢ics(—2cs+c1)E e
—32¢1(3c1 —4es)EXDrep — 320760 e +4cios(9c] —8c3
+72c3c1 +80ctes)E2 D + cies(c1 +2¢5) D] @52

+[48(3c1 —4es)ciE D7, + (12878 D

—32¢s5¢3 (et —2lcies —4c3)E3D —dcfesé D) D
—64cics(—2cs +5¢1)Er D De gy — 64cTcsE DDy
—4c3e1(19¢t —28¢3)E D] Dg — 96c?§6¢§é

+48cics (265 +9¢1)E DD, + [128¢Tc5E DD,
—32¢2¢1(10¢} — c2)E2p? — 26‘%6‘%@2] D¢
—224¢7c3E3 PP Dy pp — 320} 3E D D
—4c3(=2¢5+c1)(cy +2¢5) PP = 0. (51

Equation (51) is a differential equation solely for & with
variant coefficients. One can see that when @ is solved from
Eq. (51), then U, G, and H can be solved directly from
Eqgs. (48)—(50), respectively. The explicit solutions for the
Boussinesq equation (1) are immediately obtained by substi-
tuting U, H, G, and @ into Eq. (46).

Case3 ¢;#0 (i=1,2,4)and c3 =¢5 =cc =0.

Similar to Case 1, solving the characteristic equation with
the assumed condition, we obtain the following symmetry re-
duction solutions for the enlarged Boussinesq system:

1
_ - 2
¢ C41H(A)+Cl¢’ (52)
G
87 Alcain(A) + 1 ®)?’ (53)
2G? H
h = 54
A (cin(d) 1 ®) T A(cin(a) raop Y
M
" A2(can(A) + @) (55)
B 2G*
 3A%(caIn(A) +c1 D)2
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2H U

- -z 56
A2 In(A) f o @) | A2 (%6)

with the group invariant variable £ unchanged as in Case
1. Seeking the symmetry reduction equations for symmetry
group invariant functions in this case, we substitute Eqs. (52)-
(55) into Eqgs. (11)—(13) and find

—ci®; —M =0, (57)
—c401 +2c1EP: — G =0, (58)
286G +G+H=0. (59)

Substituting Eq. (52) into Eq. (7), we have

(246187 +6¢15) D — (36¢ical” +64¢1E Pr
+eac] +192618° Pz ) D2 + [288¢18° B,
+(320%C4€3 +256C?§6¢§§§ +4C%C4§)¢§§
+64C%C4§5¢5555 —|—320€%C4§4¢§}’=§ — 386]642‘5] (Dg
—1926{8° D7, —432¢ica D7,

—(1280%0465(15555 +160cc3E2 +cicl)®,§,§

— 1601 Pepee — 11201383 Pege +¢3 =0. (60)

c1[—9Bessel K*(3/4,1/3/8&) + 5Bessel K*(1/4,1/3/8¢))]

Now, substituting Eqgs. (52) and (56) into Eq. (6) with uy re-
placed by u and vanishing G, H, M by Egs. (57)-(59), we have

(1267 (2U +7)8> + ¢7] 7 + [144¢1&7 P

+64c1E Depe —desc1 E(19+6U)| D
—48ciE* DF; — 120401 &7 D

—32¢4¢18’ Peeg + 3 (6U +5) = 0. (61)

From the symmetry reduction equations (57)-(61), we
obtain the exact solutions of Boussinesq equation by substi-
tuting U, G, H, and & into Eq. (56).

It is seen that the symmetry reduction equation (60) of U
with variant coefficient is still hard to solve. In order to give
some explicit solutions of the Boussinesq equation, we make
some further constraints. For instance, setting ¢4 = 0 and tak-
ing integral constants as 0,we have

& 161/3I"(3/4)*Bessel K(1/4,1/3/8&)

2
3m2Bessel 1(1/4,1/3/8€) 7 (©2

where Bessel K and Bessel I are the corresponding Bessel
functions. Then we finally obtain the special solution as

u=

Cased ¢;#0(i=2,3,4)and ¢c; = c5 = ¢ =0.
Execute the similar procedure as in Cases 1 and 2 under
this condition, we can find the third group invariant solutions

as
26‘2
S B 64
¢ 200@+cu(t— &) ©4)
2
;G
8§ = ; (65)
2(202®P +ca(t —§))?
2y 362
h= 2 2T = 3, (66)
320P+ces(t—8))?  GRerPHcs(t—E))
2
oM
m = , 67
3(2e2® +ca(t —§))? (€7)
C%H
u=—-—
3202@ +eu(t - 8))
232
;G
- 1uU, 68
24202 b +es1 - ) (©%
with group invariant variable & = —(cox —cat)/c3. The re-

lated symmetry reduction equations are

—4c3P; —M =0, (69)
463 Pez +H =0, (70)
—2c3¢4 +46‘2€3¢5 —-G=0, 71

263(663U +¢3) D + (8¢5 Peze — 125 cacrl) P

24Bessel K?(1/4,1/3/8E)(c1t 4 c2)&

: (63)

\
— 663Dz —4eac3 Pee +363¢3U =0, (72)

—12SCS<P§<P§§§,§ + [(128C§C4C2 +512C3q)§§§)(p55
+ 128()46‘%‘1’5555] @5 - 38408‘1’25
—(32c3¢} + 256463 P ) P

—32c5c3 Pz zee = 0. (73)
Again, if we set ¢4 = 0, then we have
2
&= "2 tanh (M> (74)
el 261

with ey, e, and e3 being integral constants, and

(3 +cled)cosh? (& +e3/2e1) +2c5 — cie? 75)
u=-—
6c3c3e3[cosh? (€ +e3/2e1) — 1]

as a special solution for the Boussinesq equation.

4. Conclusion and discussion

In summary, the Boussinesq equation is investigated from
the perspective of residual symmetry, which is related to the
truncated Painlevé expansion. In order to apply residual sym-
metry to construct exact solutions of the Boussinesq equa-
tion, we introduce multiple new variables such that the resid-
ual symmetry is localized in the new system. On the basis
of the localized symmetry group, we have obtained Bécklund
transformation for the enlarged Boussinesq system by using
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Lie’s first theorem. After obtaining the general form of local-
ized residual symmetry in the enlarged system, we consider
the symmetry reduction in four subcases without loss of gen-
erality. In these four cases under consideration, we obtain new
symmetry reduction solutions for the enlarged Boussinesq sys-
tem as well as the corresponding symmetry reduction equa-
tions. Then the exact solutions for Boussinesq equation (1)
can be constructed by solving these symmetry reduction equa-
tions. We also give some special explicit solutions under cer-
tain constraints.

It should be remarked that the BT related symmetry re-
duction method has obvious advantages as well as disadvan-
tages. On the one hand, using the localization procedure, we
can obtain new interaction solutions between nonlinear waves
and solitons which are hard to get by other approaches. On the
other hand, the complex reduction equations with variant co-
efficients are still hard to solve out, which needs to be further
studied.

In this paper, we have shown that nonlocal symmetry
can be used to construct new exact solutions for the Boussi-
nesq equation, so it is meaningful to get as much as possi-
ble nonlocal symmetries. Besides Painlevé analysis to obtain
nonlocal residual symmetry, there exist other ways to obtain
nonlocal symmetries, such as those obtained from Bicklund
transformation, the bilinear forms and negative hierarchies, the

[2223] and self-consistent sources.?*! Ap-

nonlinearizations,
plying the localization procedure to these various nonlocal
symmetries to construct new exact solutions would deserve
further study. Another critical question is what kind of non-

local symmetries can be localized in a closed system, which

also needs deep investigation to establish universal criterion
for the localizing procedure.
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