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Explicit solutions from residual symmetry of
the Boussinesq equation∗
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The Bäcklund transformation related symmetry is nonlocal, which is hard to be applied in constructing solutions for
nonlinear equations. In this paper, the residual symmetry of the Boussinesq equation is localized to Lie point symmetry by
introducing multiple new variables. By applying the general Lie point method, two main results are obtained: a new type
of Bäcklund transformation is derived, from which new solutions can be generated from old ones; the similarity reduction
solutions as well as corresponding reduction equations are found. The localization procedure provides an effective way to
investigate interaction solutions between nonlinear waves and solitons.
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1. Introduction
It is known that almost all of the fundamental equations

of natural science, including physics, chemistry, biology, as-
trophysics, etc., are nonlinear. Nonlinear equations are usu-
ally hard to solve explicitly, so perturbation, asymptotic, and
numerical methods are often used to obtain approximate solu-
tions of these equations. However, there is also a great deal of
current interest in obtaining exact analytic solutions of nonlin-
ear equations, among which the study on integrable system
plays an important role and various effective methods have
been developed to study its different properties.

Since the Lie group theory was introduced by Sophus Lie
to study differential equations,[1] the study of Lie group has
always been an important subject in mathematics and physics.
If the nonlinear equations have Lie point symmetry group,
one can lower dimensions of partial differential equations
(PDEs) by using both classical and non-classical Lie group
approaches.[2–8] This provides a method for obtaining exact
and special solutions of a given equation in terms of solutions
of lower-dimensional equations, in particular, ordinary dif-
ferential equations. Bäcklund transformation (BT) is another
powerful method to search for new solutions of PDEs through
known ones. However, the interaction solution between dif-
ferent waves is hard to study by the original BT because it
is very difficult to solve when the seed solutions are taken as
nonconstant nonlinear waves such as the cnoidal waves and
Painlevé waves. In this paper, we no longer concentrate on the
traditional BT itself but switch to study its infinitesimal trans-
formation (i.e., its symmetry) and use this symmetry to con-
struct new exact solutions. However, the BT related symmetry
is nonlocal,[9] which is hard to be used for reducing nonlinear

equations. To overcome this difficulty, Lou and his colleagues
developed a new localization procedure. By this method, the
original system is enlarged by introducing new dependent vari-
ables such that the symmetry becomes localized in the new
enlarged system.[10–12]

In this paper, we focus on the residual symmetries of the
well-known Boussinesq equation and its applications in ob-
taining new exact solutions. The Boussinesq equation

utt +uxxxx +6u2
x +6uuxx = 0 (1)

arises in several physical applications, such as propagation of
long waves in shallow water,[13–15] one-dimensional nonlinear
lattice waves,[16,17] vibrations in a nonlinear string,[18] and ion
sound waves in a plasma.[19,20] For this equation, a consider-
able number of explicit solutions, especially the multi-soliton
solutions and periodic solutions, have been obtained by var-
ious methods including inverse scattering transformation, the
symmetry method, the Hirota bilinear method, the Darboux
transformation (DT), the Bäcklund transformation (BT), and
the tanh expansion method.

The paper is organized as follows. In Section 2, the resid-
ual symmetry of the Boussinesq equation is obtained by using
the Painlevé truncated expansion method, and then localized
by introducing multiple new variables. By the way, the fi-
nite group transformation theorem is obtained by using Lie’s
first principle. In Section 3, the general form of the Lie point
symmetry group for the enlarged Boussinesq system is ob-
tained and the similarity reductions for the prolonged system
is considered according to the standard Lie point symmetry
approach with some special explicit solutions. Section 4 is
devoted to a short summary and discussion.
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2. Localization of residual symmetry and the re-
lated Bäcklund transformation
Since the Boussinesq equation has the Painlevé property,

i.e., it is Painlevé integrable, there exists a truncated transfor-
mation

u =
α

∑
i=0

uiφ
i−α , (2)

for positive integer α . By balancing the nonlinear term and
dispersion term in Eq. (1), we have α = 2. Hence, the trun-
cated Painlevé expansion reads

u =
u0

φ 2 +
u1

φ
+u2. (3)

It can be easily verified that the residue u1 of the truncated
Painlevé expansion (3) with respect to the singular manifold φ

is a symmetry of Eq. (1) with the solution u2. To prove this
conclusion, we substitute Eq. (3) into Eq. (1) and obtain

6u2
2x +6u2u2xx +u2xxxx +u2tt

+φ
−1(6u1u2xx +12u1xu2x +u1xxxx +u1tt +6u2u1xx)

+φ
−2(−4u1xφxxx +6u0u2xx−12u2u1xφx

−12u1φxu2x−4u1xxxφx−6u1xxφxx +6u1u1xx

+u0xxxx +6u2
1x +u0tt −u1φxxxx +12u0xu2x

−2u1tφt −u1φtt −6u2u1φxx +6u2u0xx)

+φ
−3(2u1φ

2
t +12u0xu1x +6u0u1xx−2u0φxxxx

+12u2u1φ
2
x −24u0φxu2x−12u2u0φxx

−4u0tφt −12u0xxφxx +6u1u0xx−8u0xφxxx

+6u1φ
2
xx−8u0xxxφx−24u1u1xφx−24u2u0xφx

+8u1φxφxxx−6u2
1φxx +12u1xxφ

2
x

+24u1xφxφxx−2u0φtt)+φ
−4(6u0u0xx−36u0u1xφx

+6u0φ
2
t −18u0u1φxx−36u1φ

2
x φxx +72u0xφxφxx

+6u2
0x +36u2u0φ

2
x −36u1u0xφx +18u0φ

2
xx

+18u2
1φ

2
x +36u0xxφ

2
x −24u1xφ

3
x +24u0φxφxxx)

+φ
−5(−12u2

0φxx−96u0xφ
3
x +72u0u1φ

2
x +24u1φ

4
x

−48u0u0xφx−144u0φ
2
x φxx)

+60φ
−6u0φ

2
x (2φ

2
x +u0) = 0. (4)

Vanishing the coefficients of φ 0 and φ−1 in Eq. (4), we see that
u1 satisfies the linearized Boussinesq equation with u2 being
the solution. Then, our conclusion is proved.

In order to determine the residual symmetry σu = u1 and
the Schwarzian form of Boussinesq equation, we proceed to
vanish the coefficients of φ−6, φ−5, and φ−4 in Eq. (4), then
we have

u0 =−2φ
2
x , u1 = 2φxx, (5)

and

u2 =−
1
6

φ
−2
x (−3φ

2
xx +4φxφxxx +φ

2
t ). (6)

Now, substituting u0, u1, and u2 in Eqs. (5) and (6) into Eq. (4),
meanwhile vanishing the coefficient of φ−3, we obtain the
Schwarzian form of Boussinesq equation[

{φ ;x}+ 1
2

φ 2
t

φ 2
x

]
x
+

(
φt

φx

)
t
= 0, (7)

where {φ ;x}= φxxx/φx−3/2φ 2
xx/φ 2

x . Equation (7) is invariant
under the Möbious transformation

φ → a1φ +b1

a2φ +b2
, a1a2 6= b1b2, (8)

which means equation (7) possesses three symmetries σφ =

d1, σφ = d2φ , and

σφ = d3φ
2, (9)

with arbitrary constants d1, d2, and d3. Apparently, the resid-
ual symmetry σu = u1 is related to the Möbious transformation
symmetry (9) by the linearized equation (6).

It is clear that the residual symmetry

σu = 2φxx, (10)

where φ satisfying Eq. (7) is nonlocal and this symmetry is
just the generator of the Bäcklund transformation (3), which
has also been given in Ref. [21]. In order to study the transfor-
mation properties of the Boussinesq equation by this symme-
try, we have to localize it to Lie point symmetry by introducing
the following new variables:

g≡ φx, (11)

h≡ gx, (12)

m≡ φt . (13)

All the symmetries corresponding to different variables are re-
lated to each other by the linearized equations (1), (6), (7),
(11), (12), and (13), i.e.,

σφ ,x−σg = 0, (14a)

σg,x−σh = 0, (14b)

σφ ,t −σm = 0, (14c)

−3φxφxxσφ ,xx−2φxσφ ,xφxxx +2φ
2
x σφ ,xxx +φxφtσφ ,t

+3σφ ,xφ
2
xx−σφ ,xφ

2
t +3σuφ

3
x = 0, (14d)

σu,tt +σu,xxxx +12uxσu,x +6σuuxx +6uσu,xx = 0, (14e)

−σφ ,xxφ
2
t −2σφ ,tφxxφt +2φxφxxxxσφ ,x

+φ
2
x σφ ,xxxx +9φ

2
xxσφ ,xx−4σφ ,xφxxφxxx,

−4φxσφ ,xxφxxx−4φxφxxσφ ,xxx

+2φxφttσφ ,x +φ
2
x σφ ,tt = 0. (14f)

It can be easily verified that the solution of Eq. (14) has the
form of

σu =−h, (15a)
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σg = φg, (15b)

σh = g2 +φh, (15c)

σφ =
φ 2

2
, (15d)

σm = φm, (15e)

if d3 = 1/2 and d1 = d2 = 0 are fixed for σφ .
The result (15) indicates that the residual symmetry (10)

is localized in the properly prolonged systems (1), (7), (11),
(12), and (13) with the Lie point symmetry vector

V =−h∂u +gφ∂g +(g2 +hφ)∂h +mφ∂m +
φ 2

2
∂φ . (16)

In other words, symmetry related to the truncated Painlevé ex-
pansion is just a special Lie point symmetry of the prolonged
system.

Now, let us study the finite transformation group corre-
sponding to the Lie point symmetry (16), which can be stated
in the following theorem.

Theorem 1 If {u,g,h,m,φ} is a solution of the prolonged
system (1), (7), (11), (12), and (13), then so is {û, ĝ, ĥ, m̂, φ̂}
with

û = u+
2hε

εφ −2
− 2ε2g2

(εφ −2)2 , (17a)

ĝ =
4g

(εφ −2)2 , (17b)

ĥ =
4h

(εφ −2)2 −
8εg2

(εφ −2)3 , (17c)

m̂ =
4m

(εφ −2)2 , (17d)

φ̂ =− 2φ

εφ −2
, (17e)

with arbitrary group parameter ε .
Proof Using Lie’s first theorem on vector (16) with the

following corresponding initial condition:

dû(ε)
dε

= −ĥ(ε), û(0) = u, (18)

dĝ(ε)
dε

= φ̂(ε)ĝ(ε), ĝ(0) = g, (19)

dĥ(ε)
dε

= ĝ(ε)2 + φ̂(ε)ĥ(ε), ĥ(0) = h, (20)

dφ̂(ε)

dε
=

φ̂(ε)2

2
, φ̂(0) = φ , (21)

dm̂(ε)

dε
= φ̂(ε)m̂(ε), m̂(0) = m, (22)

we can obtain the solutions of the above equations stated in
Theorem 1. Thus, the theorem is proved.

3. New symmetry reductions of the Boussinesq
equation
Because the nonlocal symmetries cannot be used directly

to construct exact solutions of differential equations, we seek

the Lie point symmetry of the prolonged Boussinesq system
in the general form of

V = X
∂

∂x
+T

∂

∂ t
+U

∂

∂u
+G

∂

∂g

+H
∂

∂h
+M

∂

∂m
+Φ

∂

∂φ
, (23)

which means that the prolonged system (1), (7), (11), (12), and
(13) is invariant under the following transformation:

{x, t,u,g,h,m,φ} → {x+ εX , t + εT,u+ εU,g+ εG,h

+εH,m+ εM,φ + εΦ}, (24)

with ε being the infinitesimal parameter. Equivalently, the
symmetry in the form (23) can be written as

σu = Xux +Tut −U, (25a)

σg = Xgx +T gt −G, (25b)

σh = Xhx +T ht −H, (25c)

σm = Xmx +T mt −M, (25d)

σφ = Xφx +T φt −Φ . (25e)

Substituting Eq. (25) into Eq. (14) and eliminating ut , gx, gt ,
hx, ht , mt , φx, and φt in terms of the prolonged system, we ob-
tain more than 200 determining equations for the functions X ,
T , U , G, H, M, and Φ . Calculated by computer algebra, we
finally obtain the desired result

X =
c1

2
x+ c3, T = c1t + c2, U =−c1u+ c4h,

G =−c4gφ +
1
2
(2c5− c1)g,

H =−c4hφ +(c5− c1)h− c4g2,

M =−c4mφ +(c5− c1)m, Φ =−c4

2
φ

2 + c5φ + c6, (26)

with arbitrary constants c1, c2, c3, c4, c5, c6. When c1 = c2 =

c3 = c5 = c6 = 0, the obtained symmetry that degenerates into
the special form (Eq. (16)) includes residual symmetry of the
Boussinesq equation. By setting c2 = c3 = c4 = c5 = c6 = 0,
we obtain the scaling transformation symmetry as

σu =
1
2

c1xux + c1tut + c1u,

σg =
1
2

c1xgx + c1tgt +
c1

2
g,

σh =
1
2

c1xhx + c1tht + c1h,

σm =
1
2

c1xmx + c1tmt + c1m,

σφ =
1
2

c1xφx + c1tφt + c1φ . (27)

Other well-known symmetries, like x and t translation invari-
ance symmetries, are also included in the symmetry group.

Consequently, the symmetries in Eq. (25) can be written
explicitly as

σu =
c1

2
xux +(c1t + c2)ut + c1u− c4h,
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σg =
c1

2
xgx +(c1t + c2)gt + c4φg+

1
2
(c1−2c5)g,

σh =
c1

2
xhx +(c1t + c2)ht + c4hφ − (c5− c1)h+ c4g2,

σm =
c1

2
xmx +(c1t + c2)mt + c4mφ − (c5− c1)m,

σφ =
c1

2
xφx +(c1t + c2)φt +

c4

2
φ

2− c5φ . (28)

To derive the group invariant solutions of the enlarged sys-
tem, we have to solve Eq. (28) under symmetry constraints
σu = σg = σh = σm = σφ = 0, which is equivalent to solving
the corresponding characteristic equation

dx
c1x/2+ c3

=
dt

c1t + c2
=

du
−c1u+ c4h

=
dg

−c4gφ +(2c5− c1)g/2

=
dh

−c4hφ +(c5− c1)h− c4g2

=
dm

−c4mφ +(c5− c1)m

=
dφ

−c4φ 2/2+ c5φ + c6
. (29)

Without loss of generality, we consider the symmetry re-
ductions which can be categorized as the following four sub-
cases.

Case 1 ci 6= 0 (i = 1, 2, 3, 4, 5, 6).

Firstly, we denote δ =
√

2c6c4 + c2
5. Solving Eq. (29)

leads to

φ =
c5 +δ tanh[δ (ln(∆)+Φc1)/c1]

c4
,

∆ =

√
c1ξ (c1t + c2)

c1ξ
, (30)

g =
2Gexp(−Φc1)

∆ [cosh(2δ (ln(∆)+Φc1)/c1)+1]
, (31)

h =
exp(4δΦ)∆−2(c1−δ )/c1H
[∆ 2δ/c1 exp(2δΦ)+1]2

+
16exp[−2Φ(c1−δ )]c4G2[∆ 2δ/c1 exp(2δΦ)+2]∆ (2δ/c1−2)

δ (∆ 2δ/c1 exp(2δΦ)+1)3 , (32)

m =
2M exp(−2Φc1)

∆ 2[cosh(2δ (ln(∆)+Φc1)/c1)+1]
, (33)

u =
U
∆ 2 −

c4 exp(2δΦ)H
δ∆ 2[∆ 2δ/c1 exp(2δΦ)+1]

−8c2
4G2[2∆ 2δ/c1 exp(2δΦ)+3]exp(−2Φc1)

δ 2∆ 2[∆ 2δ/c1 exp(2δΦ)+1]2
. (34)

Here, Φ , G, H, M, and U represent five group in-
variant functions with group invariant variable ξ =

(c1t + c2)/[c1(c2
1x2 +4c1xc3 +4c2

3)].
In order to obtain the corresponding reduction equations,

we first substitute Eqs. (30)–(33), into Eqs. (11)–(13)

δ
2
Φξ −M exp(−2Φc1)c4 = 0, (35)

−2c1ξ δ
2
Φξ +δ

2− c4 exp(−c1Φ)G = 0, (36)

and

96c2
1ξ

2
δ

3
Φ

2
ξ
−24c1ξ δ

2(4δ + c1)Φξ + exp(2δΦ)Hc4

+4δ
2c1 +24δ

3−16c2
1δ

2
ξ

2
Φξ ξ = 0. (37)

Then, by substituting Eqs. (30) and (34) into Eqs. (7) and
(6) with u2 replaced by u, meanwhile substituting M, G, and
H by Eqs. (35)–(37), we obtain the reduction equations for U
and Φ

−64δ
2c4

1ξ
4
Φ

4
ξ
+32c3

1δξ
3(4δ +9c1)Φ

3
ξ

+
[
−1+192δc4

1ξ
4
Φξ ξ

−12c2
1(7c2

1 +28c1δ +8δ
2 +2U)ξ 2]

Φ
2
ξ

+
[
−48c3

1ξ
3(3c1 +4δ )Φξ ξ −64c4

1ξ
4
Φξ ξ ξ

+4c1ξ (19c2
1 +6U +8δ

2 +30c1δ )
]
Φξ

+48c4
1ξ

4
Φ

2
ξ ξ

+24c2
1ξ

2(2δ +5c1)Φξ ξ −4δ
2

−5c2
1−12c1δ +32c3

1ξ
3
Φξ ξ ξ −6U = 0, (38)

−384c6
1ξ

5
δ

2
Φ

5
ξ
−64c5

1ξ
4
δ

2(4c1Φξ ξ ξ
2−13)Φ4

ξ

+
[
512c5

1ξ
5
δ

2
Φξ ξ −2c2

1ξ (352ξ
2c2

1δ
2

+12c4
1ξ

2 +3)
]
Φ

3
ξ
+
[
−384c4

1ξ
4
δ

2
Φξ ξ +192c6

1ξ
5
Φξ ξ ξ

+c1(1+64c5
1ξ

6
Φξ ξ ξ ξ +288ξ

2c2
1δ

2 +36c4
1ξ

2)
]
Φ

2
ξ

+
[
−288c6

1ξ
5
Φ

2
ξ ξ
−4c1ξ (64c5

1ξ
5
Φξ ξ ξ −32ξ

2c2
1δ

2

+8c4
1ξ

2 +1)Φξ ξ −320c5
1ξ

4
Φξ ξ ξ −2c2

1ξ (32c3
1Φξ ξ ξ ξ ξ

4

−19c2
1 +28δ

2)
]
Φξ +192c6

1Φ
3
ξ ξ

ξ
6 +432c5

1Φ
2
ξ ξ

ξ
4

+
[
1+128c5

1ξ
5
Φξ ξ ξ +16c2

1(10c2
1−δ

2)ξ 2]
Φξ ξ

+112c4
1Φξ ξ ξ ξ

3 + c1(−c2
1 +4δ

2 +16c3
1Φξ ξ ξ ξ ξ

4) = 0. (39)

We can see that once Φ is solved from Eq. (39), new
group invariant solutions u of Eq. (1) would be immediately
obtained through Eqs. (34), (36)–(38). The entrance of exp
part in Eq. (34) indicates that the interaction solution between
nonlinear waves and solitons can thus be obtained. This type
of interaction solutions are hard to be derived by other ap-
proaches.

To reach a concrete solution for the Boussinesq equation,
we derive a simple solution for Eq. (39)

Φ =
1

2c1
ln
(√

3+6c2
1ξ

6c2
1

)
(40)

with the constraint condition c2
1 = 2c6c4 + c2

5. Then, by solv-
ing H, G, and U through Eqs. (36)–(38), and substituting them
into Eq. (34), we finally obtain

030202-4



Chin. Phys. B Vol. 24, No. 3 (2015) 030202

u =
36c3

1ξ

[6c2
1(c1 + c1t + c2)ξ +

√
3(c1t + c2)]2(1+2

√
3c2

1ξ )2(
√

3+6c2
1ξ )2

×
[
288
√

3(c1 + c1t + c2)c10
1 ξ

5 +144c8
1(3c2 +4c1 +3c1t)ξ 4 +48

√
3(3c1 + c1t + c2)c6

1ξ
3

−24c4
1(c1t−2c1 + c2)ξ

2−2
√

3(−c1 +3c1t +3c2)c2
1ξ − c1t− c2

]
, (41)

which can be easily verified by substituting Eq. (41) into
Eq. (1).

Case 2 ci 6= 0 (i = 1, 2, 4, 5) and c3 = c6 = 0.
In this case, by solving Eq. (29), we obtain

φ =
2c5

2c5∆
− 2c5

c1 Φ + c4

, (42)

g =
∆
−( 2c5

c1
+1)G[

2c5∆
− 2c5

c1 Φ + c4

]2 , (43)

h =
4c2

5∆
(

2c5
c1
−2)

Φ2H[
c4∆

2c5
c1 +2c5Φ

]2 −
c4∆

(
4c5
c1
−2)G2

2c2
5

[
c4∆

2c5
c1 +2c5Φ

]3

Φ

, (44)

m =
∆
(− 2c5

c1
−2)M[

2c5∆
− 2c5

c1 Φ + c4

]2 , (45)

u =
U
∆ 2 +

2c4∆
(

2c5
c1
−2)

ΦH[
c4∆

2c5
c1 +2c5Φ

]

− c2
4∆

(
4c5
c1
−2)G2

8c4
5

[
c4∆

2c5
c1 +2c5Φ

]2

Φ2

, (46)

where the group invariant variable is ξ = (c1t + c2)/c1x2,
while U , G, H, M, and Φ are all group invariant functions
of ξ .

To derive the symmetry reduction equations for the group
invariant functions U , G, H, M, and Φ , we first substitute
Eqs. (42)–(45) into Eqs. (11–(13), then we have

4c2
5Φξ +M = 0, (47)

8c3
5Φ +8c2

5c1ξ Φξ − c1G = 0, (48)

and

−8c2
1Φ

2
ξ

ξ
2 +2c1(3c1−4c5)ξ ΦΦξ +4c2

1ξ
2
ΦΦξ ξ

+(2c1c5−4c2
5 + c2

1HΦ)Φ2 = 0. (49)

Next, we substitute Eqs. (42) and (46) into Eqs. (7) and (6)
with u2 substituted by u. Replacing M, G, H by Eqs. (47)–
(49) at the same time, we finally derive the symmetry reduc-
tion equations for U and Φ as

192c4
1ξ

4
Φ

4
ξ
−96c3

1(3c1−4c5)ξ
3
ΦΦ

3
ξ

+
[
−192c4

1ξ
4
ΦΦξ ξ +12c2

1(16c2
5 +7c2

1 +2c2
1U

−48c1c5)ξ
2
Φ

2 + c4
1Φ

2]
Φ

2
ξ
+
[
48c3

1(−8c5 +3c1)ξ
3
Φ

2
Φξ ξ

+64c4
1ξ

4
Φ

2
Φξ ξ ξ +8c1c5(19c2

1 +8c2
5

−30c1c5 +6c2
1U)ξ Φ

3]
Φξ −48c4

1ξ
4
Φ

2
Φ

2
ξ ξ

+48c2
1c5(−2c5 +5c1)ξ

2
Φ

3
Φξ ξ +64c3

1c5ξ
3
Φ

3
Φξ ξ ξ

+4c2
5(4c2

5−12c1c5 +5c2
1 +6c2

1U)Φ4 = 0, (50)

and[
4c2

1(4c5 + c1)(−8c2
5−4c1c5 +3c2

1)ξ
3

+c4
1(3c1 +4c5)ξ

]
Φ

3
ξ
+
[
96c3

1c5(−2c5 + c1)ξ
4
Φξ ξ

−32c4
1(3c1−4c5)ξ

5
Φξ ξ ξ −32c5

1ξ
6
Φξ ξ ξ ξ +4c1c5(9c3

1−8c3
5

+72c2
5c1 +80c2

1c5)ξ
2
Φ + c3

1c5(c1 +2c5)Φ
]
Φ

2
ξ

+
[
48(3c1−4c5)c4

1ξ
5
Φ

2
ξ ξ

+(128c5
1ξ

6
Φξ ξ ξ

−32c5c2
1(c

2
1−21c1c5−4c2

5)ξ
3
Φ−4c4

1c5ξ Φ)Φξ ξ

−64c3
1c5(−2c5 +5c1)ξ

4
ΦΦξ ξ ξ −64c4

1c5ξ
5
ΦΦξ ξ ξ ξ

−4c2
5c1(19c2

1−28c2
5)ξ Φ

2]
Φξ −96c5

1ξ
6
Φ

3
ξ ξ

+48c3
1c5(2c5 +9c1)ξ

4
ΦΦ

2
ξ ξ

+
[
128c4

1c5ξ
5
ΦΦξ ξ ξ

−32c2
5c1(10c2

1− c2
5)ξ

2
Φ

2−2c3
1c2

5Φ
2]

Φξ ξ

−224c3
1c2

5ξ
3
Φ

2
Φξ ξ ξ −32c3

1c2
5ξ

4
Φ

2
Φξ ξ ξ ξ

−4c3
5(−2c5 + c1)(c1 +2c5)Φ

3 = 0. (51)

Equation (51) is a differential equation solely for Φ with
variant coefficients. One can see that when Φ is solved from
Eq. (51), then U , G, and H can be solved directly from
Eqs. (48)–(50), respectively. The explicit solutions for the
Boussinesq equation (1) are immediately obtained by substi-
tuting U,H,G, and Φ into Eq. (46).

Case 3 ci 6= 0 (i = 1, 2, 4) and c3 = c5 = c6 = 0.
Similar to Case 1, solving the characteristic equation with

the assumed condition, we obtain the following symmetry re-
duction solutions for the enlarged Boussinesq system:

φ =
c1

c4 ln(∆)+ c1Φ
, (52)

g =
G

∆(c4 ln(∆)+ c1Φ)2 , (53)

h =
2G2

c1∆ 2(c4 ln(∆)+ c1Φ)3 +
H

∆ 2(c4 ln(∆)+ c1Φ)2 , (54)

m =
M

∆ 2(c4 ln(∆)+ c1Φ)2 , (55)

u = − 2G2

c2
1∆ 2(c4 ln(∆)+ c1Φ)2
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− 2H
c1∆ 2(c4 ln(∆)+ c1Φ)

+
U
∆ 2 , (56)

with the group invariant variable ξ unchanged as in Case
1. Seeking the symmetry reduction equations for symmetry
group invariant functions in this case, we substitute Eqs. (52)–
(55) into Eqs. (11)–(13) and find

−c2
1Φξ −M = 0, (57)

−c4c1 +2c2
1ξ Φξ −G = 0, (58)

2ξ Gξ +G+H = 0. (59)

Substituting Eq. (52) into Eq. (7), we have

(24c3
1ξ

3 +6c3
1ξ )Φ3

ξ
− (36c2

1c4ξ
2 +64c3

1ξ
6
Φξ ξ ξ ξ

+c4c2
1 +192c3

1ξ
5
Φξ ξ ξ )Φ

2
ξ
+
[
288c3

1ξ
5
Φ

2
ξ ξ

+(32c2
1c4ξ

3 +256c3
1ξ

6
Φξ ξ ξ +4c2

1c4ξ )Φξ ξ

+64c2
1c4ξ

5
Φξ ξ ξ ξ +320c2

1c4ξ
4
Φξ ξ ξ −38c1c2

4ξ
]
Φξ

−192c3
1ξ

6
Φ

3
ξ ξ
−432c2

1c4ξ
4
Φ

2
ξ ξ

−(128c2
1c4ξ

5
Φξ ξ ξ +160c1c2

4ξ
2 + c2

4c1)Φξ ξ

−16c1c2
4ξ

4
Φξ ξ ξ ξ −112c1c2

4ξ
3
Φξ ξ ξ + c3

4 = 0. (60)

Now, substituting Eqs. (52) and (56) into Eq. (6) with u2 re-
placed by u and vanishing G, H, M by Eqs. (57)–(59), we have[

12c2
1(2U +7)ξ 2 + c2

1
]
Φ

2
ξ
+
[
144c2

1ξ
3
Φξ ξ

+64c2
1ξ

4
Φξ ξ ξ −4c4c1ξ (19+6U)

]
Φξ

−48c2
1ξ

4
Φ

2
ξ ξ
−120c4c1ξ

2
Φξ ξ

−32c4c1ξ
3
Φξ ξ ξ + c2

4(6U +5) = 0. (61)

From the symmetry reduction equations (57)–(61), we
obtain the exact solutions of Boussinesq equation by substi-
tuting U , G, H, and Φ into Eq. (56).

It is seen that the symmetry reduction equation (60) of U
with variant coefficient is still hard to solve. In order to give
some explicit solutions of the Boussinesq equation, we make
some further constraints. For instance, setting c4 = 0 and tak-
ing integral constants as 0,we have

Φ =
16
√

3Γ (3/4)2Bessel K(1/4,
√

3/8ξ )

3π2Bessel I(1/4,
√

3/8ξ )
, (62)

where Bessel K and Bessel I are the corresponding Bessel
functions. Then we finally obtain the special solution as

u =
c1
[
−9Bessel K2(3/4,

√
3/8ξ )+5Bessel K2(1/4,

√
3/8ξ )

]
24Bessel K2(1/4,

√
3/8ξ )(c1t + c2)ξ

. (63)

Case 4 ci 6= 0 (i = 2, 3, 4) and c1 = c5 = c6 = 0.
Execute the similar procedure as in Cases 1 and 2 under

this condition, we can find the third group invariant solutions
as

φ =
2c2

2c2Φ + c4(t−ξ )
, (64)

g =
c2

2G
c2

3(2c2Φ + c4(t−ξ ))2 , (65)

h =
c2

2H
c2

3(2c2Φ + c4(t−ξ ))2 +
c3

2G2

c4
3(2c2Φ + c4(t−ξ ))3 , (66)

m =
c2

2M
c2

3(2c2Φ + c4(t−ξ ))2 , (67)

u = − c2
2H

c2
3(2c2Φ + c4(t−ξ ))

− c2
2G2

2c4
3(2c2Φ + c4(t−ξ ))2 +U, (68)

with group invariant variable ξ = −(c2x− c3t)/c3. The re-
lated symmetry reduction equations are

−4c2
3Φξ −M = 0, (69)

4c2
2Φξ ξ +H = 0, (70)

−2c3c4 +4c2c3Φξ −G = 0, (71)

2c2
3(6c2

2U + c2
3)Φ

2
ξ
+(8c4

2Φξ ξ ξ −12c2
3c4c2U)Φξ

−6c4
2Φ

2
ξ ξ
−4c4c3

2Φξ ξ ξ +3c2
3c2

4U = 0, (72)

−128c6
2Φ

2
ξ

Φξ ξ ξ ξ +
[
(128c4

3c4c2 +512c6
2Φξ ξ ξ )Φξ ξ

+128c4c5
2Φξ ξ ξ ξ

]
Φξ −384c6

2Φ
3
ξ ξ

−(32c4
3c2

4 +256c4c5
2Φξ ξ ξ )Φξ ξ

−32c2
4c4

2Φξ ξ ξ ξ = 0. (73)

Again, if we set c4 = 0, then we have

Φ =−2e2

e1
tanh

(
ξ + e3

2e1

)
, (74)

with e1, e2, and e3 being integral constants, and

u =−
(c4

2 + c4
3e2

1)cosh2(ξ + e3/2e1
)
+2c4

2− c4
3e2

1

6c2
3c2

2e2
1

[
cosh2 (

ξ + e3/2e1
)
−1
] (75)

as a special solution for the Boussinesq equation.

4. Conclusion and discussion
In summary, the Boussinesq equation is investigated from

the perspective of residual symmetry, which is related to the
truncated Painlevé expansion. In order to apply residual sym-
metry to construct exact solutions of the Boussinesq equa-
tion, we introduce multiple new variables such that the resid-
ual symmetry is localized in the new system. On the basis
of the localized symmetry group, we have obtained Bäcklund
transformation for the enlarged Boussinesq system by using
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Lie’s first theorem. After obtaining the general form of local-
ized residual symmetry in the enlarged system, we consider
the symmetry reduction in four subcases without loss of gen-
erality. In these four cases under consideration, we obtain new
symmetry reduction solutions for the enlarged Boussinesq sys-
tem as well as the corresponding symmetry reduction equa-
tions. Then the exact solutions for Boussinesq equation (1)
can be constructed by solving these symmetry reduction equa-
tions. We also give some special explicit solutions under cer-
tain constraints.

It should be remarked that the BT related symmetry re-
duction method has obvious advantages as well as disadvan-
tages. On the one hand, using the localization procedure, we
can obtain new interaction solutions between nonlinear waves
and solitons which are hard to get by other approaches. On the
other hand, the complex reduction equations with variant co-
efficients are still hard to solve out, which needs to be further
studied.

In this paper, we have shown that nonlocal symmetry
can be used to construct new exact solutions for the Boussi-
nesq equation, so it is meaningful to get as much as possi-
ble nonlocal symmetries. Besides Painlevé analysis to obtain
nonlocal residual symmetry, there exist other ways to obtain
nonlocal symmetries, such as those obtained from Bäcklund
transformation, the bilinear forms and negative hierarchies, the
nonlinearizations,[22,23] and self-consistent sources.[24] Ap-
plying the localization procedure to these various nonlocal
symmetries to construct new exact solutions would deserve
further study. Another critical question is what kind of non-
local symmetries can be localized in a closed system, which

also needs deep investigation to establish universal criterion
for the localizing procedure.
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Problems (Berlin: Springer)
[21] Lou S Y 2013 Residual Symmetries and Bäcklund Transformations
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