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Dynamics of a ±1/2 defect pair in a confined geometry:
A thin hybrid aligned nematic cell∗
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Confined geometry can change the defect structure and its properties. In this paper, we investigate numerically the
dynamics of a dipole of ±1/2 parallel wedge disclination lines in a confined geometry: a thin hybrid aligned nematic
(HAN) cell, based on the Landau–de Gennes theory. When the cell gap d is larger than a critical value of 12𝜉 (where 𝜉
is the characteristic length for order-parameter change), the pair annihilates. A pure HAN configuration without defect
is formed in an equilibrium state. In the confined geometry of d ≤ 12𝜉, the diffusion process is discovered for the first
time and an eigenvalue exchange configuration is formed in an equilibrium state. The eigenvalue exchange configuration
is induced by different essential reasons. When 10𝜉 < d ≤ 12𝜉, the two defects coalesce and annihilate. The biaxial wall
is created by the inhomogeneous distortion of the director, which results in the eigenvalue exchange configuration. When
d ≤ 10𝜉, the defects do not collide and the eigenvalue exchange configuration originates from the biaxial seeds concentrated
at the defects.
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1. Introduction
Defects are ubiquitous in nature and are important in par-

ticle physics, cosmology, and condensed matter physics.[1]

This is explained by the importance of the role of defects
in the course of different processes (phase transitions, plas-
tic deformations, electronic processes, etc.).[2] Defects in
liquid crystals (LCs) affect the manifestations of a num-
ber of optical, field, hydrodynamic, and other effects.[2]

They have brought some important problems in optoelectric
applications[3,4] as well as in fundamental physics. They can
trap nanoparticles,[5,6] mediate characteristic interaction be-
tween colloidal particles,[6–9] and provide ordered templates
for colloidal microassembly.[10–15] Therefore, the location
control of topological defects is important for defect-mediated
colloidal assembly and guiding polymerization and crystal-
lization in the self-organized nematic order.[6] In recent years,
much effort has been devoted to the study of controlling the
defect structures in LCs with small scales.[5,6,16–19]

Defects in LCs are topological defects,[2,4] also called
disclinations,[20] and induced by singularities in the molecu-
lar alignment. The disclinations have the property that they
cannot be eliminated by continuous deformation energy. The
disclinations in nematic liquid-crystals (NLCs) exhibit in gen-
eral both point defects with disclination strength m = ±1 and
line defects with m = ±1/2.[2] They can be divided into two
types: wedge disclination (the rotation axis parallel to the

disclination line) and twist disclination (the rotation axis nor-
mal to the disclination line).[2]

The disclinations appear spontaneously at the isotropic-
nematic transition when the O(3) symmetry of the isotropic
phase is broken to the D∞h symmetry of the nematic
phase.[21,22] They move in the equilibrating process. There-
fore, the dynamics of topological defects in the ordering pro-
cess has aroused the interest of many researchers and has been
largely studied theoretically, numerically, and experimentally
over the last few decades.[21–39] All of these studies focused
on the relationship between r(t) and t in an annihilation pro-
cess, where r(t) is the relative distance between two defects
in the defect pair and t is the time for the annihilation. Most
previous studies have concentrated on investigation of the an-
nihilation of an isolated defect pair.[23–39] However, in a real
system, disclinations are never isolated, but subjected to the
anchoring forces coming from the substrates of the cell con-
taining the liquid crystal. As a consequence, in a confined ge-
ometry, the substrate anchoring is expected to strongly influ-
ence the interactions between defect lines. A similar anchoring
effect has been invoked to explain the annihilation dynamics
of nematic point defects confined in capillary tubes[40] and in
hybrid cells.[21,22] However, the behavior of defect lines in a
confined geometry remains entirely unexplored.

In this paper, based on our previous study,[18] the relax-
ation dynamics of a dipole of m =±1/2 disclination lines in a
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thin HAN cell is investigated. The diffusion process is discov-
ered for the first time.

2. Theoretical basis
2.1. Basic equations

Our theoretical argument is based on the Landau–de
Gennes theory, in which the orientational order is described
by a second-rank traceless and symmetric tensor:[41]

𝑄=
3

∑
i=1

λiei⊗ ei, (1)

where ei and λi are the eigenvectors and the corresponding
eigenvalues of 𝑄. In the isotropic phase, 𝑄 vanishes. When
two eigenvalues of 𝑄 coincide, the liquid crystal is in a uniax-
ial state, and 𝑄 can be recast in the form of

Qi j = S(3ni⊗n j−δi j), (2)

where S is the uniaxial scalar order parameter, and the unit
vector 𝑛 is the nematic director. When all eigenvalues of 𝑄
are different, the liquid crystal is in a biaxial state. The degree
of biaxiality of 𝑄 can be defined as[41–43]

𝛽2 = 1−
6
[
tr
(
𝑄3
)]2

[tr(𝑄2)]3
, (3)

𝛽2 is a convenient parameter for illustrating spatial inhomo-
geneities of 𝑄 and ranges in the interval [0,1]. In all uniaxial
states, 𝛽2 = 0, while states with maximal biaxiality correspond
to 𝛽2 = 1.

In the reduced space defined by Schopohl and Sluckin,[44]

the dynamics of 𝑄 can be described as

∂ Q̃i j

∂ t̃
=

∂ f̃
∂ Q̃i j

− ∂

∂ x̃k

∂ f̃
∂ Q̃i j,k

, (4)

where f̃ is the free-energy density in the reduced space, t̃ is
given by t̃ = t/𝜏 , with 𝜏 = −γ/(BSc). Here, γ is a nematic
rotational viscosity. For more details, please refer to our pre-
vious study[18] or see Appendix A.

2.2. Geometry of the problem

Consider a pair of defects of disclination strength m =

±1/2 positioned at (±r0/2,0,0), respectively, in a HAN cell
with strong anchoring boundary conditions. The substrates

z/⇁d/

x

z

z/↩d/

Fig. 1. Geometry of the problem.

are placed at z =±d/2 of a Cartesian coordinate system. The
lengths, dx and dy, of the cell along the x axis and the y axis
are much larger than d. The nematic director is parallel to
the lower substrate and perpendicular to the upper one. The
disclination lines are parallel to the y axis as shown in Fig. 1.

2.3. Numerical methods

Time evolution of 𝑄 in Eq. (4) is computed in the reduced
space by using the two-dimensional finite-difference-iterative-
method employed in our previous studies.[18,19] The local val-
ues of the scalar order parameter, S, and the director, 𝑛, can
be obtained from 𝑄(t) through its largest eigenvalue and its
associated eigenvector, respectively.

The reduced space is discretized into grids with the same
interval of ∆x̃ = ∆z̃ = 0.25. The discretization of time steps
given by 5.0×10−3𝜏 is sufficient to guarantee the stability
of the numerical procedure. According to the parameters of
5CB (where CB denotes cyano biphenyl) given in Ref. [45],
we have A0 = 0.043× 10−6 J/m3, B = −1.06× 10−6 J/m3,
C = 0.87×10−6 J/m3, L1 = 2.25×10−12 J/m, γ = 0.077 Pa·s,
and L2 + L3 = 3L1.[44] Then 𝜉 ≈ 3.96 nm and 𝜏 = 0.54 µs.
The bulk nematic–isotropic transition TNI occurs at ÃC = 1/3.
The scaled temperature is set at Ã = 0.25, which guarantees
the system being in the nematic state.

The system is relaxed from the initial condition: two iso-
lated disclinations with m = ±1/2 situated at a distance of
r0 = 15𝜉 apart. The initial configuration is

Q̃ = Tr

 3cos2 θ −1 3cosθ sinθ 0
3cosθ sinθ 3sin2

θ −1 0
0 0 −1

 ,

where

Tr =
S
Sc

=
3
4

1+

√
1− 8Ã

3

 .

When x ≥ 0, θ = π/2 + φ(𝑢)/2,[46] where 𝑢 is the dis-
tance between the +1/2 singularity and the observation point,
φ(𝑢) is the angle between 𝑢 and the z axis. When x < 0,
θ = π/2− φ ′(𝑢′)/2, where 𝑢′ is the distance between the
−1/2 singularity and the observation point, φ ′(𝑢′) is the an-
gle between 𝑢′ and the z axis. θ is the angle between 𝑛 and
the x axis. The strong anchoring conditions on the bounding
plates and the free boundaries in the x direction are used, re-
spectively.

3. Results and discussion
When the cell gap d is larger than a critical value of 12𝜉,

being irrelevant to the initial distance r0, the pair coalesces
and annihilates. A pure HAN configuration without defect is
formed in an equilibrium state. When d ≤ 12𝜉, the anchor-
ing forces can squash the biaxial layers into the biaxial wall.
Therefore, an eigenvalue exchange configuration is formed
when the system is in equilibrium as shown in Fig. 2.
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Fig. 2. Director field profile in an equilibrium state of a thin HAN cell with different cell gaps: (a) d = 13𝜉 (pure HAN configuration)
and (b) d = 5𝜉 (eigenvalue exchange configuration).
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Fig. 3. Values of biaxiality 𝛽2 at different times in a thin HAN cell with d = 12𝜉: (a) biaxiality 𝛽2 inside the entire cell (different
colors represent different values of 𝛽2: white color represents 𝛽2 = 1, black color denotes 𝛽2 = 0); (b) biaxiality 𝛽2 across the defect
center along the x axis.

The pair annihilation dynamics has been investiga-
ted.[21–39] This paper focuses on the dynamic behavior of the
pair in a diffusion process.

The pair in a thin HAN cell with different cell gaps ex-

hibits profoundly different behaviors in the diffusion process.

In order to give a visual representation of the equilibrium pro-

cess in a cell with d = 12𝜉 and investigate the process thor-

oughly, the time evolutions of the biaxiality, 𝛽2, inside the en-
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tire cell and across a defect center along the x axis are plotted
in Fig. 3. The z resolution values of the two defect cores are
different because of the effects of the anchoring forces and the
attraction force. It is random no matter whether the z resolu-
tion value of the left defect core is bigger or smaller.

The equilibrium process is divided into two stages. In the
first stage, the two defects move toward each other because of
the attraction force between them and collide at t = 30𝜏 . Since
the two defects are oppositely charged and the total charge is
conserved, the defects disappear when they collide. However,
the director in the region where the defects collide distorts in-
homogeneously. This results in the creation of the biaxial lay-
ers when t ≥ 30𝜏 as shown in Fig. 3(a). In this stage, the de-
fects hardly move in the first 10𝜏 then move rapidly until they
collide with each other. This is because the attraction force in-
creases with the decrease of the distance between the defects.
The biaxial layers induced by the defects diffuse slightly along
the x axis. In the second stage, the inhomogeneous distortion
region explodes obviously along the x axis. Therefore, the bi-
axial layers induced by the inhomogeneous distortion of the
director explode obviously along the x axis. A biaxial wall
is created and an eigenvalue exchange configuration is formed
when the system is in equilibrium at t = 250𝜏 . This eigenvalue
exchange configuration originates from the biaxial layers in-
duced by the inhomogeneous distortion of the director.

The role of the anchoring forces is strong with the de-
crease of d, which results in the different behaviors of the pair.
When d decreases to 10𝜉, the two defects move toward each
other, but just cannot collide. At the same time the biaxial
layers induced by the defects diffuse very rapidly. They dif-
fuse into the entire cell at t = 20𝜏 . The system transits to an
eigenvalue exchange state at t = 45𝜏 as shown in Fig. 4. The
eigenvalue exchange configuration originates from the biaxial
seeds concentrated at the defects. The response time decreases
to about 24 µs.
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Fig. 4. Time dependences of biaxiality 𝛽2 across the defect center along
the x axis with d = 10𝜉.

The anchoring forces are dominant in the equilibrium pro-
cess when d is reduced to 5𝜉. Therefore, the defects do not
move, but diffuse directly into the entire cell rapidly. The
system transits to an eigenvalue exchange configuration state
when being in equilibrium at t = 8𝜏 as shown in Fig. 5. The
response time is reduced to about 4 µs.
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Fig. 5. Time dependences of biaxiality 𝛽2 across the defect center along
the x axis with d = 5𝜉.
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Fig. 6. Variations of (a) defect moving speed and (b) biaxial layers
diffusion speed with time t/𝜏 in a HAN cell.

In order to further analyze the different behaviors men-
tioned above, the defect moving speed and the biaxial layers
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diffusion speed each as a function of time for different cell
gaps are shown in Figs. 6(a) and 6(b), respectively. The mov-
ing speed increases with time in general because of the attrac-
tion force between the two defects, F ∝ 1/r(t).[46] It is very
small (close to zero) and almost irrelevant to d in the first 10𝜏
then increases slightly with the decrease of d. While the dif-
fusion speed increases sharply with the decrease of d. The
thinner the cell gap, the stronger the influence of the anchor-
ing forces is. It is the anchoring forces that squash the biaxial
layers into the biaxial wall. Therefore, the stronger the influ-
ence of the anchoring forces, the bigger the diffusion speed is.
This is the reason why the above-mentioned behavior of the
pair changes with the decrease of the cell gap.

4. Conclusions
Within Landau–de Gennes theory, we investigate numer-

ically the dynamics of a dipole of ±1/2 parallel wedge discli-
nation lines in a confined geometry by varying the cell gap
d and using the two-dimensional finite-difference-iterative-
method. The behavior of the dipole depends on the competi-
tion between two kinds of forces: the attraction force between
the ±1/2 parallel disclinations and the anchoring forces com-
ing from the substrates in the confined geometry. The crit-
ical gap of dc = 12𝜉 is irrelevant to the initial distance r0.
When d > dc, the pair annihilates and a pure HAN configu-
ration without defect is formed. When d ≤ dc, an eigenvalue
exchange configuration is formed. The eigenvalue exchange
configuration is induced by different essential reasons. When
10𝜉 < d ≤ 12𝜉, the biaxial wall is created by inhomogeneous
distortion of the director, which results in the eigenvalue ex-
change configuration. When d≤ 10𝜉, the eigenvalue exchange
configuration originates from the biaxial seeds concentrated at
the defects.

The study plays a major role in forming and controlling
the topological defects, and has significant academic value for
mediation of defects on colloidal particles in NLCs.

Appendix A
The free-energy density f of an NLC without external

field can be expressed as

f = fe + fb, (A1)

where fe and fb are, respectively, the elastic and the bulk free-
energy densities. The former is induced by the inhomogeneous
order in LCs. It can be given in the form of

fe = L1
∂Qi j

∂xk

∂Qi j

∂xk
+L2

∂Qi j

∂x j

∂Qik

∂xk
+L3

∂Qi j

∂xk

∂Qik

∂x j
, (A2)

where L1, L2, and L3 are elastic constants. The latter is a po-
tential that depends on 𝑄. It is conventionally described by an

expansion in 𝑄 up to the fourth order:

fb = A tr𝑄2 +
2
3

B tr𝑄3 +
1
2

C
(
tr𝑄2)2

. (A3)

Usually it is assumed that A = A0 (T −T ∗), where T is the
temperature, and T ∗ is the supercooling temperature. A0, B,
and C are coefficients. The traceless and symmetry of 𝑄

are taken into account by introducing the Lagrange parameter
tensor:[45] Λi j = λ0δi j−εi jkλk. The full free-energy functional
is

f (𝑄,𝛬) = fe +2tr(𝛬Q)+ fb. (A4)

The calculation can be simplified by dimensionless vari-
ables. Here, we follow the rescaling of Schopohl and
Sluckin[45] by defining the following dimensionless quantities:

f̃=
f

B4/(9C)3 , Q̃i j =
Qi j

Sc
, x̃ =

x
𝜉
, ỹ =

y
𝜉
,

where Sc = −B/9C is the order parameter at the isotropic-
nematic phase transition point and

𝜉 =

√
− L1

BSC
=

√
9CL1

B2

is the characteristic length for order-parameter change. The
dynamics of 𝑄 can be described as

∂ Q̃i j

∂ t̃
=

∂ f̃
∂ Q̃i j

− ∂

∂ x̃k

∂ f̃
∂ Q̃i j,k

. (A5)

i.e., Eq. (4).
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