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The search for the development of a reliable mathematical model for understanding bubble dynamics behavior is
an ongoing endeavor. A long list of complex phenomena underlies the physics of this problem. In the past decades, the
lattice Boltzmann method has emerged as a promising tool to address such complexities. In this regard, we have applied
a 121-velocity multiphase lattice Boltzmann model to an asymmetric cluster of bubbles in an acoustic field. A problem
as a benchmark is studied to check the consistency and applicability of the model. The problem of interest is to study the
deformation and coalescence phenomena in bubble cluster dynamics, as well as the screening effect on an acoustic multi-
bubble medium. It has been observed that the LB model is able to simulate the combination of the three aforementioned
phenomena for a bubble cluster as a whole and for every individual bubble in the cluster.
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1. Introduction

Bubble cluster dynamics have a long history!!?! that is
built on many studies. Modeling a detailed bubble behavior
is very cumbersome.>®! A bubble usually behaves asymmet-
rically and its moving boundary has a profound effect on its
topology.!”! A comprehensive mathematical model describing
the dynamics of a bubble cluster should facilitate its investi-
gation as a single entity, studying each individual bubble, ac-
counting for bubble size distributions and their interaction, and
its interaction with external acoustical fields.®] Clearly, this is
not a simple description and, therefore, it does not yield a very
attractive theory.!3!

There is no accurate measuring method for parameters
such as pressure and density as a function of position for the
multi-bubble interior. However, there are reports on the fail-

[8,10-12

ings of such direct experiments. I Hence, resorting to

numerical simulation of bubble cluster dynamics is a viable

n,[48:9.13-16] A substantial part of current numerical solu-

optio
tions to bubble cluster dynamics in the literature is devoted
to macroscopic computational fluid dynamics (MaCFD), in
which many aspects of bubble dynamics are examined. The
performance of a model for equi-size bubbles was investi-
gated in Ref. [16].

to understand the coupling mechanism of cloud.!"*! An ap-

Direct numerical simulation was used

proximate model was devised to analyze single bubble and
bubble cluster interaction.!'*! The internal thermal phenom-
ena inside a bubble cluster were considered in Ref. [15]. The

growth of a cluster of equi-size bubbles was studied in Ref. [4].
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Hu Jing ef al. inspected the influence of bubble cluster sec-
ondary sound radiation on the dynamics of a bubble cluster
in an ultrasound field.!'”) Many proposed correction factors
were introduced into bubble dynamics equations for proper
modeling of bubble-bubble interactions due to their compli-
cated nature.*°) Brennen used equi-size fine arrayed bubble
to study cluster dynamics. 3! Wang Yong et al. concluded that
in an acoustic field the bubble content plays an important role
in multibubble dynamics.[!8]

At the continuum level, the approximations that were
made for deriving the mathematical models, or the simplifica-
tions that were assumed in order to solve them, exhibit incon-
sistencies between solutions and experimental observations. 4!
To overcome these complications in modeling fluid flows, mi-
croscopic and mesoscopic views have gained popularity. %!
On a mesoscopic scale, lattice Boltzmann model (LBM) en-
compasses a greater range of fluid flow phenomena in multi-
phase cases than macroscopic-based descriptions.!'%?!1 LBM
can be also thought of as an indirect measure where the ex-
perimental shortcomings prevail. Moreover, it renders many
advantages compared with other models. Besides its inherent
parallelizability, LBM has the ability to define arbitrary ge-
ometry, complicated boundaries, and surface interactions for
single and multiphase flows. It also features domain scalabil-
ity and handling multicomponent systems.??! In recent years,
many researchers have enjoyed employing parallel computing
in LBM.[?>24 Alapati ef al. indicated that the LBM is well
suitable to lending itself to parallel computing.!>! Exploit-
ing the parallelizability capability of LBM has enhanced the
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method resources.

The present paper is devoted to the utilization of a lat-
tice Boltzmann (LB) model for three-dimensional (3D) single-
component multiphase fluid to investigate the bubble cluster
dynamics in an acoustic field. We use a 121-velocity Shan—
Chen LB model, which seems to be able to address complex-
ities such as deformation, coalescence, and screening effect.
To this end, we develop a parallel code using OpenMP on In-
tel FORTRAN 2013 software in a 24-thread cluster.

The rest of this paper is organized as follows. An LB
model for a multiphase medium is presented in Section 2. The
results and discussion covering the validation of the multi-
phase LBM are given in Section 3, which indicates a study
of a symmetric case as a base to evaluate the other two asym-
metric cases. Finally, the conclusion is presented in Section 4.

2. Methods and models
2.1. Lattice-Boltzmann model

Even though LBM is a recently developed new model in
computational fluid dynamics (CFD) (mesoscopic CFD), it has
some promising features to be utilized in numerical simula-
tions. Usually, a finite difference discretized continuum Boltz-
mann equation accompanied by Bhatnagar, Gross, and Krook
(BGK) approximation of collision term is employed to drive a
proper LB method. 267!

A Boltzmann—BGK equation that describes the time evo-
lution of the particle distribution function, f(r,e,t), with vari-
able position, r, velocity, e, and time, ¢, is given as

af f=r°

- -V, Vef=— , 1
ot +e f+a-Ve " (D

where a and 7, are the force per unit mass acting on the parti-

cles and relaxation time, respectively, and f0 is the Maxwell—
Boltzmann equilibrium distribution function and is expressed

D/2 . PRV
ﬂ=p( - ) em["“zu)y @)

as

2rkgT 2kgT
where D, m, kg, p, u, and T are the space dimension, particle
mass, Boltzmann constant, density, macroscopic velocity, and
temperature, respectively. The resulting LBM model is

fi(x’t) _fio(xat)

Sfilx+Are;,t + At) — fi(x,1) = -
T

A, (3)

We use a 121-velocity model®®! according to the param-
eters and their values in Table 1, where e; and ®; represent
velocities and weights, respectively. The macroscopic density,
p, and velocity, u, are calculated from distribution function,
fi» at each step:[*”]

121

p=Y fi
i=1

121

u:Zeifi. 4)
i=1

Hence, to use the LB Eq. (3), an expansion of Eq. (2)
is in order. Thus, in order to recover correct hydrodynam-
ics equations at Navier—Stokes level, we, in the isothermal
mode, implement a 6th-order Hermitian-based expansion of
the Maxwell-Boltzmann equilibrium distribution function!?’!
as follows:

6
1e) = w(e)p Y apH;,

i=0
a8H0: ;
1
a(l)H] = Fu-e,
1
alH, = 7 (u-e)? —u?},
1
apHs = 3 (u-e)®—3(u-e)u’},
1
agHy = a (u-e)* —6(u-e)’u® 4 3u},
1
ajHs = Al (u-e)® —10(u-e)*u® +15(u - e)u’},
1
a8H6:a{(u-e)6—15(u-e)4u2+45(u~e)2u4—15u6}.(5)

Table 1. A nine-order accurate Gauss—Hermite quadrature parameters: the
directions, magnitudes, ordinates, weights; a fully symmetric set (FS) of
points are marked by FS. (28]

e; Number of abscissas w;
(0,0,0) 1 0.03059162202948600642469
(,0,0)FS 6 0.09851595103726339186467
(£r,£r+£r) 8 0.02752500532563812386479
(r,2r,0)FS 24 0.00611102336683342432241
(2r,2r,0)FS 12 0.00042818359368108406618
(£2r,+2r,1+2) 8 0.00018102175157637423759
(3r,0,0)FS 6 0.00032474752708807381296
(r,3r,0)FS 24 0.00010683400245939109491
(2r,3r,0)FS 24 0.00001431862411548029405
(£3r,£3r,13) 8 0.00000069287508963860285

r=1.19697977039307435897239

2.2. Multiphase LBM model

In our previous work, we showed the formation of a cavi-
tation bubble by our 121-velocity LB model.[*’! In that work,
we chose a viable and less laborious approach to address our
multiphase problem by using the Shan—-Chen model.*! In our
Shan—Chen model, the attraction force between a particle and
the particles in its first three neighborhoods is described by

121
F=-Gy) gy(r+ee;, (6)
i=1

1

and the values of the interaction strength, G, and g;, are
adopted from Table 2. In addition, interaction potential, y,
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is given by the following relation:[*”!

v(p) = : (7

Here, pressure, p, is calculated from the Peng—Robinson equa-

tion of state!3!
R,T ao(T)p?
p— PRT ( )p“’ ®
1-bp 142bp—>b°p

where o/(T) is obtained from
7\12

o(T)= 1+(0.37464+1.5422680.2699282)><<1 Tﬂ .
C

The variables Ry, €, T, and T; represent the gas constant,
acentric factor, temperature, and critical temperature, respec-
tively. The parameters, a and b indicate the attraction and re-
pulsion parameters.

Table 2. Interaction strength parameters.

€; 8i
(0,0,0) 0.0000000000000000
(,0,0)FS 0.0571028828008092
(£r,+r,+£r) 0.0190342942669364
(r,2r,0)FS 0.0114205765601618
(2r,2r,0)FS 0.0035689301750506
(£2r,+2r,42) 0.0023792867833671
(3r,0,0)FS 0.0190342942669364
(r,3r,0)FS 0.0057102882800810
(2r,3r,0)FS 0.0021962647231081
(£3r,+3r,+3) 0.0007049738617384

3. Results and discussion

We introduce the aforementioned multiphase LB model
for an asymmetric cluster of bubbles in an acoustic field. The
acoustic field is imposed by density variations through lattice
boundaries.[*! First, we show the validity of our model by
solving a single bubble problem via our LBM under the same
conditions. The validation process is achieved through com-
paring the results with those corresponding results obtained by
a Cash-karp 45 Runge—Kuttta solution of a Rayleigh—Plesset
(single bubble problem) equation. Second, this model is used
to investigate the deformation, coalescence of the bubbles and
the screening effect of bubble layer(s) in the bubble cluster.

3.1. Validation

In this subsection, we discuss a single bubble dynam-
ics in a standing acoustic field. This bubble, generally de-
scribed by the time evolution of its radius, exhibits a highly
nonlinear behavior. The problem at hand has been studied

using various macroscopic theories, bearing different degrees

of approximations.*?! However, to the best of our knowledge
even now there has been no generally accepted model for the
exact description of this phenomenon. The macroscopic mod-
els for single bubble dynamics resulted in varieties of the so-
called Rayleigh—Plesset (RP) equations. The LBM could be
regarded as a mesoscopic alternative to the conventional RP
models.

The problem of a gas bubble in a spherical domain, which
is exposed to a resonating acoustical field, is discussed. The
parameters presented in Table 3 represent a typical sonolumi-
nescence bubble. 33!

Table 3. Properties of medium.

Quantity Value dimension (SI-LBM unit)
\ 0.08
c 9.75
oI 15.67
P 0.89
T/T. 0.16
a 0.20
b 0.04
€ 0.34

In the present case, our LBM simulation is limited to the
isothermal state equation, only. Hence, the comparison will
be made solely with the isothermal section of bubble evolu-
tion period.3*! The validation compares these results with the
corresponding results of the following RP equation: 3]

2MR*+NRR—0.50"R* = (p =& —p=)/p1, N = 1_%’
e 2 4unR
Plr=R = Pb R R ’
. . 20 4vnR — P
(21— 0502 4 nRR+ o 4 T8 = P =P ®

PR R P

Here, R, pg, p1, v, U, and o are the bubble radius, gas density,
liquid density, bubble pressure, kinetic viscosity, and surface
tension, respectively. External pressure, p., is the sum of en-
vironmental pressure, pg, and acoustic pressure, p,. In LBM,
the pressure (acoustic) is usually implemented via the density
variation at the boundary.3! In the following relation the ap-

plied sound wave is described as a density variation:
Ap =0.1p;sin(27f - 1), (10)

where Ap is the density variation at the boundary, and f, ¢
represent frequency and time.

Figure 1 depicts the validity of our LB model in the vicin-
ity of isothermal behavior of the bubble. The existing relative
inconsistency between two radius—time curves is due to the
difference in the nature between the macroscopic Eq. (9) and
that of our LB model span. In Eq. (9), contrary to LBM, a
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number of oversimplifying approximations are assumed, such
as the incompressibility of a liquid, the constant sound speed
in a liquid, and negligence of viscosity in liquid and gas.

70 [ = = = = radius (LBM) 2
L radius (RP) 24
65 - e 4
F pressure

Radius/0.188 m in LBM unit
Pressure/Pa in LBM unit

. . PR I 1
50 100 150 200 250

Time/(0.157 s in LBM unit)

ol
300

Fig. 1. (color online) Radius of bubble as a function of time; a compar-
ison between the results of LBM and RP model. All parameters are in
SILBM units.

3.2. Asymmetric multi-bubble cluster

We demonstrate the ability for our 121-velocity lattice
Boltzmann model!*! to handle intricate phenomena in bubble
dynamics. In our study, three different cases were selected to
simulate complex geometries and complicated interactions in-
volved in bubble cluster dynamics. The symmetric configura-
tion (8 equi-size bubbles) case serves as a precedent to critique
the other two asymmetric clusters. To have a more realistic
assessment of the model, and at the same time keep computa-
tional cost as low as possible, the asymmetric cases are defined
to have a cluster with a minimum number of bubbles.

The geometry of the problem is described by two cubic
volumes, one is located inside the other, forming concentric
cubes. The facing sides of the concentric cubes are parallel in
pairs. The outer cube is a lattice indicating the domain of our
computation.

The arrangement of the bubbles in the cluster is done in
such a way that each corner, if any, is occupied by a bubble
of the cluster. In our lattice, each of the occupying bubbles is
laid out by its center on a corner of the inner cube. The ge-
ometry of the numerical apparatus remains intact for all of the
cases and the same phenomena take part in the dynamics of
the problem. We deliberately exclude a bubble from the clus-
ter and a change in the size of a bubble in order to simulate
asymmetric cases.

The acoustic field, Eq. (10), is set up by transmitting
sound waves to the center of inner cube from all of the lattice
planes.

In our study, only the isothermal part of bubble evolution
is addressed since this LB model is derived under the assump-
tion of constant temperature. [>°!

3.2.1. Symmetrical configuration

In the eight-bubble lattice configuration there is symme-
try in each individual bubble and also in the cluster as a whole.
Each corner of the inner cube is occupied by one of the eight
bubbles of the cluster and each bubble is placed by its center on
a corner. All of the eight bubbles in the cluster are of the same
size and are assumed to have the same content (Fig. 2(a)).

The inception bubble radii are all set at a value less than
the critical bubble radius. At the beginning, the bubbles are
in contraction mode and they collapse for a short while. Of
course, as they sense the negative pressure wave of an acous-
tic field (sound waves) they start to grow (expansion mode). It
is observed that during the growth period, the part of bubble
facing the center of the cube grows less than the part facing the
lattice planes. This is due to a great difference in the acous-
tic pressure received by the bubble from the sides. Bubbles
are directly irradiated by sound waves from one side, and they
receive attenuated acoustic waves from the other side. The
attenuation is due to the screening effect because the sound
waves are passing through the bubble layer(s). Hence, in
the expansion mode, bubbles deform and lose their spheri-
cal shapes (Fig. 2(b)) because of the lesser pressure amplitude
from one side. When bubbles growth reaches its maximum
and the applied pressure is positive, the bubbles start to col-
lapse. They also close in upon each other as they collapse
(Fig. 2(c)). The pressure gradient (the force) is due to the bub-
bles coalescing. The coalescing process of the bubbles occurs
after their contact, which follows the collapsing and closing
in actions. The spherical symmetry of coalescing process is
preserved (Fig. 2(d)). From the observations, the following
perceptions are distinguished:

(i) Bubbles experience deformation and size change;

(ii) There exist size and shape distributions;

(iii) No symmetrical applied acoustic pressure is possible
for each bubble in a cluster due to the screening effect;

(iv) When the positive pressure wave prevails, the bub-
bles start to coalesce;

(v) Symmetry of geometry is preserved even in the col-
lapsing, closing in, and coalescing periods; and,

(vi) The contents of coalescing bubbles are stratified.
Due to pressure gradient, in every coalescing bubble, the part
of less dense contents inclines toward the center of the cluster
(Fig. 3).

In this case, using our LB model, the simulated contrac-
tion (Fig. 2(a)) and expansion of the bubbles and the cluster
(Figs. 2(b) and 2(c)) are simulated. It also shows mutual at-
traction of bubbles and their collective migration toward the
pressure antinode of applied acoustic field. The coalescing
process is clearly demonstrated in our simulation. Thus, this
symmetric problem is a justified criterion to assess the other
two cases.
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Fig. 2. (color online) Bubble cluster (8 symmetric bubbles) behavior with frequency f = 0.044, at times (a) 0.942-s LBM unit, (b) 14.5-s LBM

unit, (¢) 16.82-s LBM unit, and (d) 19.14-s LBM unit.
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Fig. 3. (color online) Symmetric bubble cluster interior (8 symmetric
bubbles) behavior with frequency f = 0.044; slice in x = 100, at time
16.24-s LBM unit.

3.2.2. Asymmetrical configuration 1

The problem geometry remains unchanged and it turns
into an asymmetric shape by expelling a bubble from the clus-
ter arrangement (a 7-bubble setup), (see Fig. 4(a)). For this

spatial distribution of the bubbles, everything occurs exactly
as it happened in case I, except for what is surfaced after the
coalescing process has started in our computational domain.
In the collapsing cluster, in section where there are no bub-
bles, the liquid is ruptured, and some smaller bubbles appear
(Fig. 4(c)). This is, possibly, because of the pressure influence
generated by the bubble interactions with the acoustic field.

Briefly, the obtained results are similar to those of the pre-
vious case. In addition, small bubbles appear in the area where
there were no bubbles.

3.2.3. Asymmetrical configuration 2

In this case, the physical configuration of the problem is
different from those in the previous cases. Six bubbles of the
same size are kept and one is replaced by a smaller size bub-
ble while the eighth corner has no bubble (Fig. 5). The radii
of bubbles are set at values less than the critical radius, and
the radius of smaller bubble is much less than the other radii.
The geometry and rest of the physics of the problem remain
the same. Similar results are repeated, again. The tiny bubble
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Fig. 4. (color online) Asymmetric bubble cluster (7 equi-size bubbles)
behavior with frequency f = 0.044, at times (a) 1.256-s LBM unit, (b)
17.594-s LBM unit, and (c) 18.222-s LBM unit.
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Fig. 5. (color online) Asymmetric bubble cluster (6 equi-size and one
smaller bubbles) at time 0.942-s LBM unit.

does not take part in the coalescing process during the con-
traction mode (Figs. 6(a) and 6(b)). In addition, it shows
a clear nonspherical deformation during the collapse period
(Fig. 6(b)). This possibly occurs under the complete influence
of pressure distribution caused by the mutual effects of the
larger bubbles interaction with the sound field. The smaller
bubble growth is in harmony with the expansion of the rest
of the cluster (Fig. 6(a)). The rate of deformation and loss of
sphericity for the smaller member of the bubble arrays is more
intense than the other bubbles (Figs. 6(b) and 7(a)). The tiny
bubble becomes vanishingly small as the coalescing is intensi-
fied (Fig. 7(b)). Also in the vicinity, a cavitation cloud occurs
(Fig. 7(b)). The applied acoustic field affects the density dis-
tribution. In the expansion stage, there is no symmetry in this
distribution, while the less dense content is distributed on the
outer side of the cluster (Fig. 8(a)). On the other hand, in the
contraction mode, the bubble contents stratify from outer side
to the center of the cluster (Fig. 8(b)). As the cluster contracts,
the bubbles closed in upon each other and coalesce, except for
the tiny bubble. After a while, the tiny bubble and the sur-
facing cavitation cloud break away from the pressure antinode
(Fig. 9).
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Fig. 6. (color online) Asymmetric bubble cluster (6 equi-size and
one smaller bubbles) behavior with frequency f = 0.044, at times (a)
14.138-s LBM unit, and (b) 18.850-s LBM unit.
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Fig. 7. (color online) Asymmetric bubble cluster (6 equi-size and one
smaller bubbles) behavior with frequency f = 0.044, at times (a) 19.479-s
LBM unit, and (b) 19.792-s LBM unit.
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Fig. 9. (color online) Asymmetric bubble cluster (6 equi-size and one
smaller bubbles) behavior with frequency f = 0.044, at time 20.107-s
LBM unit; slice is located at x = 93.

4. Conclusions

Our observations reaffirm that the LBM is a promising
mesoscopice numerical tool to address multiphase cases. A
great deal of effort has been made to devise and develop
schemes to illuminate the capabilities of LBM. We use our de-
vised multiphase LBM to explore the phenomena occurring in
a bubble cluster and its bubbles when subjected to an acoustic
field. Our simulations are clearly capable of handling defor-
mation, coalescing process, and bubble—bubble plus bubble—
sound field interactions. Our 121-velocity multiphase LBM
accounted for the macroscopic parameters and the complexi-
ties involved in the problem.

Our model well describes the isothermal part of the bub-
ble cluster behavior. Of course, to consider the fast part of the
cluster dynamics, our model must be extended for the adia-

batic part of the bubble cluster life cycle.
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