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Position-dependent property of resonant dipole dipole interaction
mediated by localized surface plasmon of an Ag nanosphere∗
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We use the photon Green-function method to study the quantum resonant dipole–dipole interaction (RDDI) induced
by an Ag nanosphere (ANP). As the distance between the two dipoles increases, the RDDI becomes weaker, which is
accompanied by the influence of the higher-order mode of the ANP on RDDI declining more quickly than that of the dipole
mode. Across a broad frequency range (above 0.05 eV), the transfer rate of the RDDI is nearly constant since the two
dipoles are fixed at the proper position. In addition, this phenomenon still exists for slightly different radius of the ANPs.
We find that the frequency corresponding to the maximum transfer rate of RDDI exhibits a monotonic decrease by moving
away one dipole as the other dipole and the ANP are kept fixed. In addition, the radius of ANP has little effect on this.
When the two dipoles are far from the ANP, the maximum transfer rate of the RDDI takes place at the frequency of the
dipole mode. In contrast, when the two dipoles are close to the ANP, the higher-order modes come into effect and they will
play a leading role in the RDDI if they match the transition frequency of the dipole. Our results may be used in a biological
detector and have a certain guiding significance for further application.
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1. Introduction
The effect of an electromagnetic field on the radiation

property has been completely investigated and sorted into
quantum electrodynamics (QED), which is based on the pre-
diction that the spontaneous emission rate could be tailored
by using the electromagnetic environment that was developed
by Purcell.[1] The characteristics of QED have been studied
in both theory and experiment, and a variety of QED devices
have been proposed and developed by many researchers.[2–8]

Some novel concepts, such as enhanced and inhibited spon-
taneous emission,[5,8] reversible spontaneous emission,[6] and
the one-atom maser,[9] have been well known.

The quantum RDDI can be highly modulated by the elec-
tromagnetic environment. Two two-level atoms, one is excited
and the other stays in the ground state, can interact with each
other by exchanging a photon. A photon emitted by the excited
atom can be absorbed by the other atom in the ground state.
The transfer rate of the RDDI and the RDDI potential energy is
determined by the rates of photon emission, transmission and
absorption. A variety of electromagnetic environments have
been used to control and modify these characteristics, such as a
vacuum,[8,10] optical cavities,[11,12] photonic materials,[13] and
metal surfaces,[14,15] and so on. For example, a metal surface
can concentrate light into a nanoscale spatial region near the
metal/dielectric interface by the excitation of surface plasmons

(SPs). This ability can extremely enhance the rates of photon
emission and absorption. In particular, by rationally designing
and optimizing geometry, the metallic structures can be ben-
eficial to collecting the emitted photons from one dipole and
transferring them to the other dipole efficiently.

Metal nanosphere (MNP) is a promising platform to in-
vestigate the quantum RDDI, where they induce the local-
ized surface plasmon resonances (LSPRs) under light illumi-
nation. A surface plasmon polariton (SPP)-based waveguide
is a potential candidate for guiding light due to its ability
to achieve the nanoscale confinement of an incident optical
field in two dimensions. As a result, it has been regarded as
a building block for the novel ultracompact photonic device
and integrated circuit.[16] Up to now, large numbers of SPP-
based waveguiding structures have been investigated, includ-
ing hybrid plasmonic waveguides,[17] metal stripes embedded
in homogeneous dielectrics,[18] metallic nanowires,[19] metal
slots,[20] etc. However, SPP-based waveguides can only con-
fine light in two dimensions. In contrast, LSPRs from an MNP
can concentrate the optical energy in three dimensions and
thus find a wide application prospect in integrated plasmonic
circuits, for instance, an LSPR-based sensor, an SP-based pho-
toswitch, and an SP-based laser.[21] All these applications ben-
efit from the extremely amplified and tightly confined local
field, which leads to an ultra-small mode volume that signifi-
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cantly increases the light-matter interaction. Based on this un-
paralleled ability, the MNP is expected to remarkably improve
the photon emission and absorption rates of the two nearby
dipoles, as well as the RDDI between them.

Recent studies show that this kind of interaction has
been applied to implement quantum entanglement prepa-
ration and quantum information processing,[15,22–28] coop-
erative radiation,[29] Förster energy transfer,[30,31] dipole
nanolasers,[32] etc. Furthermore, some novel quantum phe-
nomena have been found.[33–35] All of these applications and
phenomena mentioned above are related in essence to the
transfer rate or RDDI potential energy.

In previous theoretical studies, the transfer rate and
the RDDI potential energy are obtained by numerical
methods[15,24,35–38] or analytic methods.[39–43] For numerical
methods, an independent program needs to sweep the param-
eters for the dipoles at different positions or with different
polarizations, where a single run usually needs considerable
computational resources for the finite element method (FEM)
or the finite-difference time-domain (FDTD) method. How-
ever, for a relatively simple electromagnetic environment, such
as the structure of an ANP, we can treat the problem by using
the analytical Green function.[44]

The Green function G(𝑟,𝑟′;ω) describes the propagation
of photons from the source point (𝑟′) to the point (𝑟) with an
angular frequency (ω). It includes all of the possible scat-
tering events and the information about the probability that a
photon will arrive at a particular location for a given excita-
tion source. The transfer rate and the RDDI potential energy
can be expressed by the Green function. Here, we adopt the
analytical Green function approach to investigate the quantum
RDDI mediated that is by the LSPR of an ANP.

In this work, we systematically analyze the quantum
RDDI induced by an ANP. Firstly, we examine the effect of
the ANP on the spontaneous emission rate which determines
the strength of the corresponding transfer rate. We find that as
the distance between the quantum dot (QD) and the surface of
the ANP is increased, the spontaneous emission rate decreases
and the effect of ANP higher-order mode dominates compared
with that of the dipole mode. We then further study the effect
of the distance between the two QDs on the transfer rate of the
RDDI by fixing one QD at x axis and change the position of
the other one along x axis, here we consider the two QDs that
are on the same side of the ANP. We find that the transfer rate
of the RDDI nearly keeps constant in a broad frequency range
for a set of ANPs with a slightly different radius. In addition,
the frequency corresponding to the maximum of transfer rate
of RDDI shows a monotonic decrease as the distance between
QD and ANP is increased. Finally, we consider two general
cases where one QD is fixed far from or nearly touches the
surface of the ANP. We investigate the property of the trans-

fer rate by changing the location of the other QD on the same
plane. It is shown that the dipole mode of the ANP makes a
main contribution to the transfer rate of RDDI when the QDs
are far from the ANP. While the QDs are close to ANP, the
higher-order modes may be the major factors depending on
the transition frequency of the dipole.

2. Model and solution

A schematic diagram of the system is illustrated in Fig. 1.
An ANP with radius a is located at the origin. QD (A) is lo-
cated at the x axis with a distance of da from the surface of
ANP, and ui is its transition dipole moment. QD (B) is fixed
on a line with the angle ϕ included between the line and x
axis, its distance is db from the surface of the ANP and u j is
its transition dipole moment.
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x
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uj
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Fig. 1. (color online) Schematic diagram of the system for the coupled
QD-ANP system.

According to Refs. [31] and [44], the transfer rate and the
potential energy of the RDDI in the quantization scheme are

δi j=
1

h̄ε0
Reui ·G(ri,r j,ω) ·u j, (1)

Γi j =
2

h̄ε0
Imui ·G(ri,r j,ω) ·u j, (2)

where i and j represent QD (A) and QD (B), respectively, Γi j

and δi j are the transfer rate and potential energy of the RDDI,
respectively, ri and r j refer to their spatial positions, ω refers
to the transition frequency, ε0 is the vacuum permittivity, h̄ is
the Planck constant, and G(𝑟i,𝑟 j,ω) is the Green tensor. The
Green function in a medium with ε (𝑟,ω) (complex dielectric
constant) and µ = 1 is given as[45,46]

∇×∇×G
(
𝑟,𝑟′;ω

)
− ε (𝑟,ω)k2

0G
(
𝑟,𝑟′;ω

)
= k2

0δ
(
𝑟−𝑟′

)
,

where k0 = ω/c, ω is the angular frequency and c refers to the
speed of light.

For these calculations, we use an established analytical
approach where the Green function is expanded in spherical
vector functions.[43,46] The specific expressions are given in
Appendix A.
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3. Discussion

On the basis of the above results, we can analyze the
transfer rate (Γi j) and potential energy (δi j) of the quantum
RDDI. QDs A and B are located at the x axis with the dis-
tances of da and db from the surface of ANP, respectively, the
transition dipole moment ui is equal to u j and radius of ANP
is a. According to Refs. [25] and [26], we can easily obtain
Γi j ≤

√
ΓiiΓj j (Γii and Γj j are the spontaneous emission rate).

We first investigate the effect of the ANP on Γii which deter-
mines the maximum strength of Γi j. Here, we set a = 20 nm
and study the effect of distance d between the QD and the sur-
face of the ANP on Γii.

The normalized spontaneous emission rate (Γii/Γ0) is
shown in Figs. 2(a) and 2(b) corresponding to the small and
large d, respectively. Γ0(ω) = u2ω3/3πε0h̄c3, where Γ0 is the
local coupling strength for a two-level atom at transition fre-
quency ω of the bare atom in vacuum and u is the transition
dipole moment. From Fig. 2(a) it follows that Γii exhibits three
main peaks. As explained by Hughes,[24] the peak of Γii at the
lowest frequency is caused mainly by the dipole mode while
the other peaks at higher frequencies arise from the higher-
order modes. As d is increased, Γii becomes weak and the peak
of the ANP’s dipole modes on Γii decreases more slowly than
that of the higher-order modes. For example, when d = 2 nm,
the values of Γii are above 1.9× 105 and 7.5× 103 at the fre-
quencies of the ANP’s higher-order mode and dipole mode, re-
spectively. While d = 6 nm, the values of Γii decrease to 4600
and 1300 for these two modes respectively. It is noted that as
d is 12 nm, the higher-order mode and the dipole mode have
equally contributed to Γii. It is natural that the contribution of
the higher order mode is suppressed by the dipole mode when
d = 12 nm, which is shown in Fig. 2(b). In particular, when
d = 50 nm, Γii at the frequency of the ANP’s dipole mode is
ten times than that of the higher-order mode. The above result
shows that the strength of Γii is attributed mainly to the dipole
mode when the QD is far from the surface of ANP. In addition,
we find that the normalized spontaneous emission rate is less
than five for d > 50 nm.

In contrast, the higher-order mode plays a dominant
role and dramatically enhances the spontaneous emission rate
when QD is close to the surface of ANP. Therefore, we set
da = 2 nm and investigate the db-dependent Γi j and δi j. The
other parameters are the same as those mentioned previously.

The influence of db on Γi j is shown in Figs. 3(a) and 3(b)
for the small and large values of db, respectively. There ex-
ists three main peaks for Γi j, which are marked as P1, P2, and
P3, as shown in Figs. 3(a). It is clear that as db is increased,
the Γi j decreases and shows a much stronger downtrend for the
ANP’s higher-order modes than for the dipole mode. For ex-
ample, when db changes from 4 nm to 6 nm, Γi j/Γ0 varies from

5.1×104 to 2.02×104 at the frequency of P3, while Γi j/Γ0 de-
creases from about 3600 to 2400. In addition, we find that
Γi j has similar values at frequencies of P1, P2, and P3 when
db = 22 nm. Figure 3(b) shows a similar tendency of Γi j/Γ0

to Fig. 3(a). We find that the influences of the higher-order
modes of the ANP on Γi j can be ignored when db > 120 nm.
Moreover, the dipole modes dominate Γi j when the QDs are
far from the surface of the ANP.
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Fig. 2. (color online) Normalized spontaneous emission rate Γii/Γ0 ver-
sus frequency ω for the distance between the QDs and the surface of
the ANP d = 2, 6, 12 nm (a), and 22, 40, 50 nm (b).

The potential energy of the DDI (δi j) is shown in
Fig. 3(c). The dipole moments of the two dipoles are both set
to be 24 D (1 D = 3.33564×10−30 C ·m), which is compara-
ble to the dipole moment used in other studies.[39] It is obvious
that the numeric values of δi j are relatively small and δi j drops
steeply as db increases. For instance, δi j ≤ 8.817 meV when db

is 6 nm, δi j ≤0.016 meV as db is 90 nm, and δi j ≤ 0.009 meV
while db is 140 nm. It is found that δi j is relatively small when
db = 22 nm, which is beyond the scope of this work.

Figure 3(a) shows that the higher-order modes play the
main role in RDDI for relatively small db. It becomes more
and more weak as db is increased. We find that over a
broad frequency range (the plateau region between P2 and P3)

the Γi j nearly keeps constant for the case of db = 22 nm. In or-
der to further investigate this phenomenon in depth, we change
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the radius of the Ag nanosphere while the distances between
the quantum dots and Ag nanosphere are fixed at da = 2 nm
and db = 22 nm. The other parameters are the same as those
mentioned previously. It is shown that an obvious plateau re-
gion is observed in Fig. 4 between P2 and P3. The frequency of
P2 is located at 2.878 eV, and the frequency of P3 is located at
2.920 eV. It is noted that Γi j is nearly constant and the plateau

region is very wide, above 0.05 eV. Although the radius of
the Ag nanosphere is changed, the plateau region is nearly un-
changed. This means that the radius of the Ag nanosphere has
little effect on the plateau region when the quantum dots are
fixed at a proper position. This plateau region may be useful
for quantum entanglement, quantum information, biological
detector, and other fields.
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Fig. 3. (color online) The relationship between normalized Γi j/Γ0 and ω for (a) db = 4, 6, 12, 22 nm, and (b) db = 60, 90, 120, 140 nm.
(c) Variations of potential energy of the DDI (δi j) with ω for db = 6, 22, 90, and 140 nm. The values of da are all fixed to be 2 nm.
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Fig. 4. (color online) Variations of normalized Γi j/Γ0 with ω , with da
and db fixed to be 2 nm and 22 nm, respectively, values of a being 18,
20, and 22 nm.

Figure 3(a) also shows another intriguing phenomenon
where the peaks are red-shifted as db is increased. This phe-
nomenon is similar to the case where the resonance peak of
the extinction cross section of the ANP moves to a longer
wavelength with the increase of its radius, where the dipole
mode is modified by the higher-order modes under the long-
wavelength approximation.[47] In this paper, we investigate the
influence of the distance (db) on the frequency (ωa), which
corresponds to the maximum of Γi j. Here, da is fixed to be
2 nm, db is chosen to be from 4 nm to 100 nm and the other
parameters are the same as those mentioned previously.

Figure 5(a) shows the influence of db on ωa. The solid
line, dashed line, and dot–dashed line indicate the relevant fre-

quencies at P1, P2, and P3, respectively, as shown in Fig. 3(a).
It is clear that a monotonic decrease of ωa is present as the one
QD (db) is moved away while the other one and the ANP are
fixed. The P2 is inconspicuous for db < 16 nm in Fig. 3(a). In
the inset of Fig. 5 (a1), P2 does not show an observable fea-
ture. While db > 30 nm, P3 is difficult to observe, as indicated
in the inset of Fig. 5 (a3). It is shown that P1, P2, and P3 can
be seen clearly as db is between 16 nm and 30 nm in the in-
set of Fig. 5 (a2) . We can see that each of the curves for P1

and P2 is nearly a horizontal line. However, the curve for the
position of P3 shifts dramatically compared with those of P1

and P2. To further explore the underlying physics behind this
phenomenon, we examine the frequency shift at P3 by chang-
ing the radius of the ANP. The results are shown in Fig. 5(b).
Monotonic relationships between ωa and db are found when
the radii of the ANPs are 18, 20, and 22 nm. This shows that
the radius has a slight influence on the monotonic relationship
between ωa and db. In addition, it is interesting that as db is
increased by 2 nm, ωa is reduced by about 5 meV, suggesting
a tendency of the red-shift in wavelength.

In Fig. 6, we investigate the property of the transfer rate
by fixing one QD and changing the locations of the other QD
in plane. The x and y represent the coordinates of QD (B).
Here, ω1, ω2, and ω3 are the frequencies at P1, P2, and P3,
respectively, in Fig. 3(a). The values of ω are 2.75527 (ω1),
2.87818 (ω2), and 2.91964 (ω3) eV, respectively, in Figs. 6(a)
and 6(b), 6(c) and 6(d), and 6(e) and 6(f). For the large value of
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da, the ANP dipole modes make the major contributions to Γi j

in the left panels (6(a), 6(c), and 6(e)) when QDs are far from
the ANP, even though the transition frequencies are different.
However, as shown in the right panels, the dominant modes are

related to the transition frequency. This phenomenon shows
that the higher-order modes come into effect and may make a
major contribution to Γi j if they match the transition frequency
of the dipole as QDs are close to the ANP.
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4. Conclusion
In this paper, the analytical Green function approach is

used to study the interaction between two QDs. The RDDI is
systematically calculated while the QDs are placed at differ-
ent positions, where one QD is fixed at 2 nm from the surface
of the ANP and the other QD is moved in plane. Our results
show that RDDI becomes weak as the distance between two
QDs increases gradually. In addition, the influence of higher-
order modes of the ANP on the RDDI declines more quickly
than that of dipole modes. Γi j of the RDDI is nearly a con-
stant over a broad frequency range where db is 22 nm and da

is 2 nm, and the radius of ANP affects the above phenomenon
slightly. The achievement of the wide frequency range can be
useful in biology and medical sciences in the future. We find
that the frequency corresponding to the maximum of Γi j has
a monotonically decreasing relationship with the distance be-
tween the ANP and the QDs changing from 4 nm to 140 nm.
In addition, the radius of ANP has little effect on it. We show
that the dipole modes of ANP contribute mainly to Γi j when
the distance is large. In contrast, when the distance is short,
the higher-order modes of ANP become strong and dominate
Γi j if they consist of a transition frequency of the dipole. It
should be noted that our method is universally applicable and
it can be extended to other systems including multiple ANPs
and multiple QDs of different angles. Furthermore, the re-
sults can provide a theoretical basis for designing molecular
biological detectors and gaining an insight into the artificial
characteristics of microstructures and micro-devices in depth.

Appendix A
In the spherical coordinates, the scattering dyadic Green’s

functions are written in the following form:[44,45,47]

Ḡscatt(r > a,ro > a;ω)

= k2
0
−ik2

4π
∑
e,o

∞

∑
n=1

n

∑
m=0

(
2−δ

0
m
) 2n+1

n(n+1)
(n−m)!
(n+m)!

× [RH
F Meo

mn(k2r)Meo
mn(k2ro)+RV

F Neo
mn(kbr)Neo

mn(k2ro)],

(A1)

Ḡscatt(r < a,ro > a;ω)

= k2
0
−ik1

4π

∞

∑
n=1

n

∑
m=0

(2−δ
0
m)

2n+1
n(n+1)

(n−m)!
(n+m)!

× [DMMmn(k2)M
′(1)
mn (k1)+DNNmn(k2)M

′(1)
mn (k1)], (A2)

where k1 and k2 are the wave vectors outside and inside the
sphere, RH

F and RV
F are the centrifugal reflection coefficients

corresponding to transverse electric (TE) wave and transverse
magnetic (TM) wave, respectively, Meo

mn and Neo
mn are the vec-

tor functions corresponding to TE and TM waves and can be
separated into even and odd contributions. The superscript (1)
in M′(1)mn denotes that the third-type spherical Bessel function

or the first-type spherical Hanker function h(1)n (ρ), e (o) refers
to even (odd).

The values of RH
F , RV

F , RV
P , T H

F , T V
P , and T V

F are defined as
follows:

RH
P =

µ1k2∂κ2κ1−µ2k1∂κ1κ2

µ1k2τ1∂κ2−µ2k1∂τ1κ2
,

RH
F =

µ1k2∂τ2τ1−µ2k1∂τ1τ2

µ1k2∂τ2κ1−µ2k1τ2∂κ1
, (A3)

RV
P =

µ1k2κ2∂κ1−µ2k1κ1∂κ2

µ1k2∂τ1κ2−µ2k1τ1∂κ2
,

RV
F =

µ1k2τ2∂τ1−µ2k1τ1∂τ2

µ1k2τ2∂κ1−µ2k1∂τ2κ1
, (A4)

T H
P =

µ1k2(τ2∂κ2−∂τ2k2)

µ1k2τ1∂κ2−µ2k1∂τ1κ2
,

T H
F =

µ1k2(∂τ2κ2− τ2∂κ2)

µ1k2∂τ2κ1−µ2k1τ2∂κ1
, (A5)

T V
P =

µ1k2(∂τ2κ2− τ2∂κ2)

µ1k2∂τ1κ2−µ2k1τ1∂κ2
,

T V
F =

µ1k2(τ2∂κ2−∂τ2κ2)

µ1k2τ2∂κ1−µ2k1∂τ2κ1
, (A6)

DM,N =
−1

T H,V
P

[RH,V
F RH,V

P −1], (A7)

τi = Jn (kia) , κi = h(1)n (kia) , (A8)

∂τi =
1

kia
∂ [kia jn(kia)]

∂kia
, ∂κi =

1
kia

∂ [kiah(1)n (kia)]
∂kia

, (A9)

where the subscripts F and P denote the centrifugal and cen-
tripetal waves, respectively, T H

(P,F) and RH
(P,F) represent the cen-

tripetal and centrifugal transmission and reflection contribu-
tions from TE waves (corresponding to the superscript H),
while T V

(P,F) and RV
(P,F) represent the centripetal and centrifu-

gal transmission and reflection contributions from TM waves
(corresponding to the superscript V ), Jn (ρ) is the first-type
spherical Bessel function, ki equals ω

√
εi/x, i.e., ki =ω

√
εi/x,

with i corresponding to the metal or background.
The vector functions are defined as follows:[46]

Me
mn(kr) =− m

sinθ
h(1)(kr)Pm

n (cosθ)sinmφ
⌢

θ

− h(1)(kr)
dPm

n (cosθ)

dθ
cosmφφ̂ , (A10)

Mo
mn(kr) =

m
sinθ

h(1)(kr)Pm
n (cosθ)cosmφ

⌢

θ

− h(1)(kr)
dPm

n (cosθ)

dθ
sinmφφ̂ , (A11)

Ne
mn(kr) =

n(n+1)
kr

h(1)(kr)Pm
n (cosθ)cosmφ r̂

+
1
kr

d[r h(1)(kr)]
dr

[
dPm

n (cosθ)

dθ
cosmφθ̂

− m
sinθ

Pm
n (cosθ)cosmφφ̂

]
, (A12)

No
mn(kr) =

n(n+1)
kr

h(1)(kr)Pm
n (cosθ)sinmφ r̂

024205-6
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+
1
kr

d[r h(1)(kr)]
dr

[
dPm

n (cosθ)

dθ
sinmφθ̂

+
m

sinθ
Pm

n (cosθ)cosmφφ̂

]
, (A13)

where Pm
n is the associated Legendre function of first kind with

order (n, m). In order to simplify numerical calculation, we
consider the condition in the x–y plane (z = 0), i.e., θ = π/2.
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