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Based on conformal construction of physical model in a three-dimensional Cartesian grid, an integral-based con-
formal convolutional perfectly matched layer (CPML) is given for solving the truncation problem of the open port when
the enlarged cell technique conformal finite-difference time-domain (ECT-CFDTD) method is used to simulate the wave
propagation inside a perfect electric conductor (PEC) waveguide. The algorithm has the same numerical stability as the
ECT-CFDTD method. For the long-time propagation problems of an evanescent wave in a waveguide, several numerical
simulations are performed to analyze the reflection error by sweeping the constitutive parameters of the integral-based con-
formal CPML. Our numerical results show that the integral-based conformal CPML can be used to efficiently truncate the
open port of the waveguide.

Keywords: enlarged cell technique, conformal, finite-difference time-domain, convolutional perfectly
matched layer

PACS: 41.20.Cv DOI: 10.1088/1674-1056/24/2/024101

1. Introduction
The finite-difference time-domain (FDTD) method has

been proven to be an effective algorithm that provides accu-
rate predictions of field behaviors for various electromagnetic
interaction problems.[1] Unfortunately, in its original formula-
tion with orthogonal meshes, the method does not provide a
good accuracy when curved surfaces are present. The earli-
est way of addressing the problem of curved surfaces was to
use staircase approximations. Although trivially simple, this
method is known to introduce errors, which remain there even
when the mesh size is very small.[2] An alternative approach to
the problem is to use locally distorted meshes where the basic
Cartesian grids are modified only in the vicinity of the metal
boundaries. One such a scheme, i.e., the contour path FDTD
(CP-FDTD) scheme,[3–6] is formulated in terms of the inte-
gral form of Maxwell’s equations instead of the usual differ-
ential form. A major advantage of this approach, when com-
pared with other conformal techniques, is that the simplicity
and efficiency of the Cartesian mesh are retained throughout
the majority of the problem space and only those nodes ad-
jacent to the curved surface need to be specially investigated.
However, the time step size of CP-FDTD scheme must be re-
duced to ensure stability, owing to the presence of small ir-
regular cells near the boundary. To solve the time step re-
duction problem, an enlarged cell technique conformal FDTD
(ECT-CFDTD) method is introduced.[7,8] In the ECT-CFDTD
method, the small irregular cells near the material interface are

enlarged into their adjacent cells to ensure stability, even at the
maximum time step of the CFL condition for the conventional
FDTD method.

When the ECT-CFDTD method is used to simulate the
wave propagation in a passive waveguide device, the confor-
mal truncation of the open boundary of the waveguide cannot
be avoided. In this paper, we discuss the truncation technique
that is used in the ECT-CFDTD method.

In 1994, Berenger proposed the split-field perfectly
matched layer absorbing media,[9] which introduced an arti-
ficial lossy tensor with both electric and magnetic conductivi-
ties for decaying the electromagnetic waves. This method was
proven to be the most efficient technique for the truncation of
FDTD lattices at that time,[9–14] and it has been widely used
since then. Nevertheless, a limitation of the PML formula-
tions that are commonly used is that they are ineffective for
absorbing evanescent waves. As a result, the simulation re-
gion must be set to be large enough so that the evanescent
waves are sufficiently decayed, which widely reduces the ca-
pability of the numerical simulation. In 1996, Kuzuolog and
Mittra introduced a strictly causal form of the PML by sim-
ply shifting the frequency-dependent pole off the real axis and
into the negative-imaginary half of complex plane.[15] This
is named the complex frequency shifted PML (CFS-PML). It
has been shown that the CFS-PML is highly efficient for ab-
sorbing the evanescent waves with a long time history. Un-
fortunately, this method is very complicated to implement in
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three-dimensional (3D) problems. Based on the CFS-PML,
Roden and Gedney proposed the convolutional PML (CPML)
by using the recursive algorithm for absorbing the evanescent
waves.[16] It has been shown that this can be applied to the
inhomogeneous, lossy anisotropic, and dispersive or nonlin-
ear media. CPML has already been used to truncate the open
boundaries in 2.5-dimensional and 3D electromagnetic PIC
(particle in cell) simulations,[17–21] and it has also been used to
truncate the open boundaries of waveguides in 3D coordinates
with staircasing boundaries.[22]

Unlike the staircasing FDTD method, in the ECT-CFDTD
method the electromotive force along the boundary of the
small area face is enlarged by the electromotive forces of
adjacent faces using linear interpolation with pre-calculated
weighting parameters, so the CPML method cannot be directly
used in the ECT-CFDTD method to solve the wave propaga-
tion problems in waveguides. Here, we present the conformal
CPML technique for the ECT-CFDTD method to truncate the
open boundaries in waveguides.

2. Conformal presentation of a physical model
in an orthogonal grid system
Before giving the formulas of conformal CPML, the def-

inition of the conformal grid system that is used in this paper
must be given.

To give a boundary representation (B-rep) of a shape,[23]

we give the method of reconstructing a model in a discrete
grid.[24] In order to describe the topology of discrete bound-
aries in a discrete grid system, the relative orientation relation-
ship between line and face on one partially filled cell (PFC)
for a PEC geometry should be defined.

Suppose that the direction of a grid line is along one co-
ordinate axis, u0, u1, and u2 are used to define the direction of
the grid lines, (u0,u1,u2) may be (x,y,z), (y,z,x) or (z,x,y).
For convenience, we correspondingly map x, y, and z to 0, 1,
and 2. If the value of u0 is set to be either 0, 1 or 2, then the
values of u1 and u2 can be given as

u1 = (u0 +1) mod (3), u2 = (u0 +2) mod (3), (1)

where “mod” is the modulus operator.
Lq is used to represent a cell line with index q and it has a

natural orientation which is denoted as uq,0. In the same way,
the cell face with index p is denoted as Sp. The natural ori-
entation of Sp is defined as ũp,0. As in Eq. (1), we give the
induced orientations by uq,0 and ũp,0 as follows:

uq,1 = (uq,0 +1) mod (3),
uq,2 = (uq,0 +2) mod (3), (2)

ũp,1 = (ũp,0 +1) mod (3),
ũp,2 = (ũp,0 +2) mod (3).

(3)

Based on the definition of the natural orientation of grid
elements, the relative orientation between line and face on one
PFC can be determined. Suppose that the line Lq is one bound-
ary edge of the face Sp, if the natural orientation of Lq is re-
verse to the direction of the closed boundary orientation in-
duced by natural orientation of Sp, we say that the orientation
of Lq is relatively reverse to the orientation of Sp. On the con-
trary, we say that the orientation of Lq is relatively consistent
with the orientation of Sp. The relative orientation relationship
between Lq and Sp is noted as rp

q . As shown in Fig. 1, rp
q =−1

means that Lq is relatively reverse to Sp, and rp
q = 1 means that

the orientation of Lq is consistent with the orientation of Sp.
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Fig. 1. (color online) Relative orientations between discrete face and
line (a) in a regular grid and (b) PFC grid.

3. General formulation of CPML
Based on the definition of Eq. (1), the PML formulation

is proposed in the stretched coordinate space in Ref. [16], and
the corresponding equations in frequency domain are

iωεEu0 =
1

su1

∂Hu2

∂xu1

− 1
su2

∂Hu1

∂xu2

, (4)

−iωµHu0 =
1

su1

∂Eu2

∂xu1

− 1
su2

∂Eu1

∂xu2

, (5)

sum = κum +
σum

αum + iωε
, m = 1,2, (6)

where sum is the CFS PML factor,[15] κum is the stretch factor,
and αum is homogeneous to a conductivity.

Performing the Fourier transform on Eqs. (4) and (5), the
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convolutional formulas in the time domain can be obtained as

ε
∂Eu0

∂ t
= s̄u1(t)∗

∂Hu2

∂xu1

− s̄u2(t)∗
∂Hu1

∂xu2

, (7)

−µ
∂Hu0

∂ t
= s̄u1(t)∗

∂Eu2

∂xu1

− s̄u2(t)∗
∂Eu1

∂xu2

, (8)

where s̄um(t) denotes the inverse Fourier transform of s−1
um .

In a discrete grid system, σ , κ , and α are defined on dis-
crete grid elements, all of them are three-dimensional (3D)
vectors. For example, on an edge element, σ is defined as
(σu0i jk,0, σu0i jk,1, σu0i jk,2), where u0 is the direction of the
edge element and (i, j, k) is its vector index.[16]

According to the discrete definition of PML factors, based
on Eqs. (7) and (8), the CPML expressions can be given as fol-
lows by using the recursive convolution method:[16]

Hn+1/2
u0i jk = Hn−1/2

u0i jk −
∆t
µ


1

κ̃u0i jk,u1

∆En
u2

∆xu1

∣∣∣∣
i jk

− 1
κ̃u0i jk,u2

∆En
u1

∆xu2

∣∣∣∣
i jk


− ∆t

µ
ψ̃

n
u0i jk,u1

− ∆t
µ

ψ̃
n
u0i jk,u2

, (9)

ψ̃
n
u0i jk,u1

= b̃u0i jk,u1ψ̃
n−1
u0i jk,u1

+ ãu0i jk,u1

∆En
u2

∆xu1

∣∣∣∣
i jk

, (10)

ψ̃
n
u0i jk,u2

= b̃u0i jk,u2ψ̃
n−1
u0i jk,u2

+ ãu0i jk,u2

(
−

∆En
u1

∆xu2

∣∣∣∣
i jk

)
, (11)

En+1
u0i jk = En

u0i jk +
∆t
ε


1

κu0i jk,u1

∆Hu2i jk

∆x̃u1i jk

− 1
κu0i jk,u2

∆Hu1i jk

∆x̃u2i jk


+

∆t
ε

ψ
n+1/2
u0i jk,u1

+
∆t
ε

ψ
n+1/2
u0i jk,u2

, (12)

ψ
n+1/2
u0i jk,u1

= bu0i jk,u1ψ
n−1/2
u0i jk,u1

+au0i jk,u1

∆Hu2

∆x̃u1

∣∣∣∣
i jk

, (13)

ψ
n+1/2
u0i jk,u2

= bu0i jk,u2ψ
n−1/2
u0i jk,u2

+au0i jk,u2

(
−

∆Hu1

∆x̃u2

∣∣∣∣
i jk

)
, (14)

ãu0i jk,um =
σ̃u0i jk,um

σ̃u0i jk,um κ̃u0i jk,um + α̃u0i jk,um κ̃2
u0i jk,um

×
(
b̃u0i jk,um −1

)
,

b̃u0i jk,um = exp
[
−
(

σ̃u0i jk,um

κ̃u0i jk,um

+ α̃u0i jk,um

)
∆t
ε

]
,

m = 0,1,2, (15)

au0i jk,um =
σu0i jk,um

σu0i jk,umκu0i jk,um +αu0i jk,umκ2
u0i jk,um

×
(
bu0i jk,um −1

)
,

bu0i jk,um = exp
[
−
(

σu0i jk,um

κu0i jk,um

+αu0i jk,um

)
∆t
ε

]
,

m = 0,1,2, (16)

where σu0i jk,um corresponds to the partial differential along
direction um. In the same way, αu0i jk,um , κu0i jk,um , σ̃u0i jk,um ,
α̃u0i jk,um , and κ̃u0i jk,um are defined. It is worth pointing out that
σu0i jk,um , αu0i jk,um , and κu0i jk,um are defined at the midpoint of
mesh line Lui jk, σ̃u0i jk,um , α̃u0i jk,um , and κ̃u0i jk,um are defined in
the barycenter of the mesh face Sui jk.

4. Conformal CPML formulation

To give the conformal CPML formulas, the general for-
mulas of ECT-CFDTD are first given in the oriented conformal
grids.

4.1. General formulation of ECT-CFDTD in the oriented
conformal grids

Based on the relative orientation relationships between
the edges and faces in a discrete grid, the electromotive force
along the oriented boundary of an arbitrary face Sp can be
given as

V n
p = ∑

Lq∈δSp

rq
pLqEn

q , (17)

where ∂Sp is the boundary of Sp, and V n
p is the electromotive

force around Sp at time step n.

As shown in Fig. 2, for the ECT-CFDTD method, after
calculating all electromotive forces in a regular way, the elec-
tromotive forces of adjacent faces are used to enlarge the value
around the small face Sp to avoid the reduction of the time step.
The enlarged electromotive force and area can be expressed,
respectively, as

V n,enlarged
p =V n

p + ∑
Lq∈δSp

Rp,qV n
q , (18)

Senlarged
p = Sp + ∑

Lq∈δSp

Rp,qSq. (19)

Moreover, for the intruded face Sq, its corresponding val-
ues can be given by the averaging algorithm as

V n,intruded
q =

(
1−∑

p
Rp,q

)
Vq +∑

p
Rp,qV n,enlarged

p , (20)

Sintruded
q =

(
1−∑

p
Rp,q

)
Sq +∑

p
Rp,qSenlarged

p , (21)

where Rq,p is the interpolation ratio of the electromotive force
from face Sp to face Sq, and it is also the averaging ratio of
electromotive force from face Sq to face Sp.

024101-3



Chin. Phys. B Vol. 24, No. 2 (2015) 024101

 

Sp

PEC

 

PEC

Sp
enlarged

(a)

(b)

Fig. 2. Process of cell enlargement in the ECT, showing (a) an irregular
cell with small area face Sp and the enlargement of the small area of
face Sp to a stable area.

The corresponding magnetic fields on a small face and an
intruded face can be advanced by the following equations,

Hn+1/2
p = Hn−1/2

p − ∆t

µsenlarged
p

V n,enlarged
p , (22)

Hn+1/2
p = Hn−1/2

p − ∆t
µSp

V n,intruded
p , (23)

and the electric fields can be advanced as

Ṽ n+1/2
p = ∑

Lq∈δ S̃p

r̃p
q L̃qHn+1/2

q , (24)

En+1
p = En

p +
1
ε̃p

∆t
S̃p

Ṽ n+1/2
p , (25)

where ∂ S̃p is the boundary of S̃p, and Ṽ n+1/2
p is the electromo-

tive force of the boundary of the dual face S̃p at the half time
step n+1/2.

4.2. Conformal CPML formulation for ECT-CFDTD

In the following, the conformal CPML formulation will
be directly presented for the ECT-CFDTD method. Advancing
equations for electric fields remain unchanged as Eqs. (12)–
(14). Advancing equations for magnetic fields on small faces
and intruded faces can be separately given as

Hn+1/2
u0i jk = Hn−1/2

u0i jk

− ∆t
µ


1

κ̃u0i jk,u1

(
∆En

u2

∆xu1

∣∣∣∣
i jk

)enlarged

− 1
κ̃u0i jk,u2

(
∆En

u1

∆xu2

∣∣∣∣
i jk

)enlarged


− ∆t

µ
ψ̃

n,enlarged
u0i jk,u1

− ∆t
µ

ψ̃
n,enlarged
u0i jk,u2

, (26)

ψ̃
n,enlarged
u0i jk,u1

= b̃u0i jk,u1ψ̃
n−1,enlarged
u0i jk,u1

+ ãu0i jk,u1

(
∆En

u2

∆xu1

∣∣∣∣
i jk

)enlarged

, (27)

ψ̃
n,enlarged
u0i jk,u2

= b̃u0i jk,u2ψ̃
n−1,enlarged
u0i jk,u2

+ ãu0i jk,u2

(
−

∆En
u1

∆xu2

∣∣∣∣
i jk

)enlarged

, (28)

Hn+1/2
u0i jk = Hn−1/2

u0i jk

− ∆t
µ


1

κ̃u0i jk,u1

(
∆En

u2

∆xu1

∣∣∣∣
i jk

)intruded

− 1
κ̃u0i jk,u2

(
∆En

u1

∆xu2

∣∣∣∣
i jk

)intruded


− ∆t

µ
ψ̃

n,intruded
u0i jk,u1

− ∆t
µ

ψ̃
n,intruded
u0i jk,u2

, (29)

ψ̃
n,intruded
u0i jk,u1

= b̃u0i jk,u1ψ̃
n−1,intruded
u0i jk,u1

+ ãu0i jk,u1

(
∆En

u2

∆xu1

∣∣∣∣
i jk

)intruded

, (30)

ψ̃
n,intruded
u0i jk,u2

= b̃u0i jk,u2ψ̃
n−1,intruded
u0i jk,u2

+ ãu0i jk,u2

(
−

∆En
u1

∆xu2

∣∣∣∣
i jk

)intruded

, (31)

where the space difference operation on a small face is en-
larged in the same manner as Eqs. (18) and (19), the corre-
sponding operation on an intruded face is averaged in the same
manner as Eqs. (20) and (21).

We reformulate Eqs. (26)–(31) in the concise forms of
electromotive and magnetomotive forces. To multiply both
sides of Eqs. (9)–(14) with a proper discrete area, and us-
ing the following transform, the difference operation in Eqs.
(9)–(14) can be transformed into the integral formulation,

−
∆En

u1

∆xu2

∣∣∣∣
i jk

=
V n

q,uq,1

∆Sq
, (32)

with

V n
q,uq,1

= ∑
Lp∈∂Sq

(
rq

pLpEn
p

up−uq,1

uq,2−uq,1

)
;

∆En
u2

∆xu1

∣∣∣∣
i jk

=
V n

q,uq,2

∆Sq
, (33)
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with

V n
q,uq,2

= ∑
Lp∈∂Sp

(
rp

q LpEn
p

up−uq,1

uq,2−uq,1

)
;

−
∆Hu1

∆x̃u2

∣∣∣∣
i jk

=
Ṽq,ũq,1

∆S̃q
, (34)

with

Ṽq,uq,1 = ∑
L̃p∈∂ S̃q

(
r̃p

q L̃pHn+1/2
p

ũp− ũq,1

ũq,2− ũq,1

)
;

∆Hu2

∆x̃u1

∣∣∣∣
i jk

=
Ṽq,ũq,2

∆S̃q
, (35)

and with

Ṽq,uq,2 = ∑
L̃p∈∂ S̃q

(
r̃p

q L̃pHn+1/2
p

ũp− ũq,2

ũq,1− ũq,2

)
.

By substituting Eqs. (32)–(35) into Eqs. (26)–(31), we ob-
tain the equations of conformal CPML in the integral form as
follows:

V n,enlarged
q,uq,m = V n

q,uq,m +∑
p

Rp,qV n
p,uq,m , m = 1,2, (36)

V n,intruded
q,uq,m =

(
1−∑

p
Rp,q

)
V n

q,uq,m

+ ∑
p

Rp,qV n,enlarged
p,uq,m , m = 1,2, , (37)

Hn+1/2
q = Hn−1/2

q − ∆t
µ

(
1

κ̃q,uq,1

V n,enlarged
q,uq,2

Senlarged
q

+
1

κ̃q,uq,2

V n,enlarged
q,uq,1

Senlarged
q

)
− ∆t

µ
ψ̃

n,enlarged
q,uq,1

− ∆t
µ

ψ̃
n,enlarged
q,uq,2

, (38)

ψ̃
n,enlarged
q,uq,1

= b̃q,uq,1ψ̃
n−1,enlarged
q,uq,1

+ ãq,uq,1

V n,enlarged
q,uq,2

Senlarged
q

, (39)

ψ̃
n,enlarged
q,uq,2

= b̃q,uq,2ψ̃
n−1,enlarged
q,uq,2

+ ãq,uq,2

V n,enlarged
q,uq,1

Senlarged
q

, (40)

Hn+1/2
q = Hn−1/2

q − ∆t
µ


1

κ̃q,uq,1

V n,intruded
q,uq,2

Sintruded
q

+
1

κ̃q,u2

V n,intruded
q,uq,1

Sintruded
q


− ∆t

µ
ψ̃

n,intruded
q,uq,1

− ∆t
µ

ψ̃
n,intruded
q,uq,2

, (41)

ψ̃
n,intruded
q,uq,1

= b̃q,uq,1ψ̃
n−1,intruded
q,uq,1

+ ãq,uq,1

V n,intruded
q,uq,2

Sintruded
q

, (42)

ψ̃
n,intruded
q,uq,2

= b̃q,uq,2ψ̃
n−1,intruded
q,uq,2

+ ãq,uq,2

V n,intruded
q,uq,1

Sintruded
q

. (43)

Based on the relative orientation relationship definition, the
above conformal CPML formulas can be coherent everywhere
and are easily implemented for coding.

5. Setting of CPML parameters
In simulation, the constitutive parameters of CPML σ , κ ,

and α are set in the same manner as that in Ref. [16], and can
be obtained as

σ (z) = σmax

(
|z− z0|

d

)m

, (44)

κ (z) = 1+(κmax−1)
(
|z− z0|

d

)m

, (45)

α (z) = αmax, (46)

where the definition of σmax is given by

σopt =
m+1
2dη

lnR(0) , (47)

σmax = σratioσopt, (48)

where R(0) is the reflection at a normal incidence. α is ho-
mogeneous to a conductivity, it is assumed to absorb evanes-
cent waves. It is obvious from Eq. (6) that the performance
of CPML medium depends on the ratio of the frequency of
interest to the frequency[14]

fα =
α

2πε0
. (49)

For f � fα , parameter α is negligible in Eq. (6), so that
the medium is a regular PML. Conversely, for f � fα , the
stretched coordinate is real and the medium no longer absorbs
the waves. By conducting a lot of numerical experiments, ef-
ficiently absorbing the evanescent waves with a frequency of
about f0, α is set as

α ∈ (0.5α0,1.0α0) , (50)

where α0 = 2πε0 f0.

6. Numerical experiments
In this section, we first give the verification of the confor-

mal grid system by using the ECT-CFDTD method to simulate
a cylindrical cavity. Then, we give some numerical experi-
ments for testing the ability to truncate the conformal CPML.

6.1. Numerical experiments for conformal mesh system

To validate the conformal grid system, we use the ECT-
CFDTD method to simulate a cylindrical cavity.

The cylindrical cavity model is chosen to be the same as
that in Ref. [8]: its radius is 5.5 mm, and the height is 9 mm.
The origin point of the discrete space domain is set to be in the
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center of the model. The cylinder is parallel to the z axis. The
spatial increment is set to be 1.0 mm in all three directions,
and is denoted as ∆x, ∆y, and ∆z. To ensure stability, the time
step is set as

∆t = 0.95× 1

c
√

1/(∆x)2 +1/(∆y)2 +1/(∆z)2
, (51)

where c is the speed of light.
The excitation source is chosen as a dipole in the form of

a sine-modulated Gaussian pulse that occupies one grid step
length from (−3∆x, −3∆y, −3∆z) along the z axis. The cur-
rent density along z axis is

Jz = cos(2π f ) e−4π(t−t0)
2/τ2

, (52)

where f is the modulation frequency, τ is the pulse duration,
and t0 is the peak time of the pulse. In simulation, we choose
f = 20.0 GHz, τ = 40/ f , and t0 = 50/ f .

The test value is set to be the value of electric fields
along z axis at (3∆x, 3∆y, 3∆z), which is denoted as Ez.
The time history of test value and the spectrum are shown in
Fig. 3. The theoretical resonant frequency of the TM010 mode
is 20.8774 GHz, the numerical result is 20.8316 GHz, and the
error is 0.2%. These results validate the correctness of the
conformal mesh system.
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Fig. 3. (a) Time-domain result of electric field and (b) its spectrum at
the observation point by using conformal model.

6.2. Numerical experiments for conformal CPML

To validate the effectiveness of the conformal CPML
method in truncation of the open boundary, we adopt a two-
step procedure to calculate the relative error caused by the

CPML. The first step is to place both the right-hand and left-
hand sides of conformal CPML media at a place far enough
away from the test point at (3∆x, 3∆y, 3∆z), and then calcu-
late the electromagnetic field propagating in the waveguide of
radius 5.5 mm before the signal reflected from the CPML ar-
rives at the test points by using the ECT-CFDTD method. Such
a calculated electric field is not contaminated by the reflected
signal and it can be considered as the reference solution, noted
by X ref(t). The second step is to move the conformal CPML
media close to the test points. We then calculate the electro-
magnetic field, which includes the signal reflected from the
CPML, and denote the electric field as X(t). The relative error
is defined as

ErrordB = 20log10
|X(t)−X ref(t)|
max{|X ref(t)|}

, (53)

where max{|X ref(t)|} denotes the maximum value of reference
solution over the full time calculation.

The excitation source is chosen as the source described
by Eq. (52). In our simulation, we choose f = 20.0 GHz,
τ = 10/ f , and t0 = 20/ f . The dipole source occupies one
grid step length from (−3∆x, −3∆y, −3∆z) along the z axis,
and it can only excite the TM mode. The cutoff frequency
of TM01 of this model is 20.878 GHz. Based on the frequency
spectrum analysis, the excitation source can excite both travel-
ling and evanescent waves. The calculated reference solution
is shown in Fig. 4.
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Fig. 4. Time histories of Ez as reference values at test point.

In the second step, the length of the waveguide model is
set to be 9.0 mm, the two ends of the model are also truncated
by the conformal CPML. The length from the test point to the
truncated interface is one ∆z. During the simulation, 10 cell-
thick CPML layers terminate the grid, R(0) is set to be e−16,
σratio is chosen from the interval (3, 11), κmax is chosen from
the interval (1, 25). For different values of αmax, i.e., 0.0, 0.25,
0.5, 0.75, 1.0, 1.25, and 1.5, the maximum relative errors are
given as a function of σratio and κmax, as shown in Fig. 5. The
results show that when αmax is in the interval (0.5, 1.0), CPML
can efficiently truncate the wave propagation.
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Fig. 5. Maximum relative errors as a function of σratio and κmax with f = 20 GHz at αmax = 0.0 (a), 0.25 (b), 0.5 (c), 0.75 (d), 1.0 (e), 1.25 (f), and 1.5 (g).

The results also show that as the value αmax is fixed, if
σratio < 7.0, then CPML has no long time truncation capabil-
ity, and the setting of different values of κmax cannot avoid this
situation. Conversely, when σratio ≥ 7.0, only if κmax > 1 is
satisfied can CPML efficiently truncate the evanescent waves,
and the truncation error could be as low as −80 dB. Figures 6
and 7 give the results with αmax = 0.75, κmax = 17, and the
values of σratio being 7.0 and 9.0, respectively.

Equation (49) shows that the selection manner of α is

related to the frequency of interest, σ and κ are not con-

strained by the special frequency. To test the relationship of

σ , κ , and α with the cutoff frequency, we change the pa-

rameters of the model as shown in Table 1. The models with

longer length are used to compute the reference values, and

those that have shorter lengths are used to compute their values
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Table 1. Different models for testing the relationship of PML parameters with the working frequency.

Number Radius/mm
Length of Length of Working

Time/ns
long model/mm short model/mm frequency/GHz

1 55.0 9000.0 90.0 2.0 100.0
2 0.55 90.0 0.9 200.0 1.0
3 0.055 9.0 0.09 2.0×103 0.1
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Fig. 6. Error in the electric field intensity relative to the field’s maxi-
mum amplitude versus time with f = 20 GHz, αmax = 0.75, κmax = 17,
and σratio = 7.0.
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Fig. 7. Error in the electric field intensity relative to the field maximum
amplitude versus time with f = 20 GHz, αmax = 0.75, κmax = 17, and
σratio = 9.0.

with reflection errors of CPML. The setting manners of other
parameters remain unchanged. The last column “time” in Ta-
ble 1 refers to the total computational time length.

For the above different numerical models, σ and κ are
not changed, the value of α is chosen according to Eq. (49),
and the working intervals of α are given in Table 2 for dif-
ferent cutoff frequencies. As shown in Figs. 8–10, the values
of σ and κ are not constrained by the cutoff frequencies, α is
approximately chosen as the mid value of its working interval,

Table 2. Relationships of interval of α and cutoff frequency.

Cutoff frequency/GHz a

2.0878 (0.05, 0.1)
20.878 (0.5, 1.0)
208.78 (5.4, 10.7)

2.0878×103 (53.5, 107.0)

the truncation error of CPML could be as low as −80 dB.
These results also show that, for different value settings of σ

and κ , the truncation capability of conformal ECT-CPML is
the same as the previous results.
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Fig. 8. Error in the electric field intensity relative to the field maximum
amplitude versus time with f = 2.0 GHz, αmax = 0.075, κmax = 17, and
σratio = 9.0.
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Fig. 9. Error in the electric field intensity relative to the field’s maxi-
mum amplitude versus time with f = 200.0 GHz, αmax = 7.5, κmax =
17, and σratio = 9.0.
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Fig. 10. Error in the electric field intensity relative to the field maximum
amplitude versus time with f = 2.0 THz, αmax = 75.0, κmax = 17, and
σratio = 9.0.
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7. Conclusions
Based on the relative orientation relationship between line

and face on the PFCs and ECT-CFDTD method, by using the
integral formulation, a conformal CPML is introduced. This
method has the same numerical stability as the ECT-CFDTD
method, and it can be used to truncate the open port of waveg-
uides when using ECT-CFDTD method to simulate the wave
propagation inside the waveguides. By sweeping constitutive
parameters of conformal CPML, a set of numerical exami-
nations are performed. Our numerical results show that this
method is suitable for long time truncation, and the truncation
error could be as low as −80 dB.
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