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We theoretically study the selection of the quantum path in high-order harmonics (HHG) and isolated attosecond
pulse generation from a one-dimensional (1D) model of a H+

2 molecule in few-cycle inhomogeneous laser fields. We
show that the inhomogeneity of the laser fields play an important role in the HHG process. The cutoff of the harmonics
can be extended remarkably, and the harmonic spectrum becomes smooth and has fewer modulations. We investigate the
time-frequency profile of the time-dependent dipole, which shows that the short quantum path is enhanced and the long
quantum path disappears in spatially inhomogeneous fields. The semi-classical three-step model is also applied to illustrate
the physical mechanism of HHG. The influence of driving field carrier-envelop phase (CEP) on HHG is also discussed.
By superposing a series of properly selected harmonics, an isolated attosecond pulse (IAP) with duration 53 as can be
obtained by a 15-fs, 1600-nm laser pulse with the parameter ε = 0.0013 (ε is the parameter that determines the order of
inhomogeneity of the laser field).
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1. Introduction

An attosecond (as) pulse can not only probe the ultrafast
electronic dynamics in atoms and molecules with extraordi-
nary accuracy and resolution but can also extend the ultra-
fast measurements to the time scale of electronic motions.[1–4]

High harmonic generation (HHG), which is caused by the in-
teractions between a laser and atoms or molecules, is widely
used to produce as pulses. Generally speaking, the HHG spec-
trum exhibits a fast decrease for the first few harmonics, it
then presents a broad plateau and ends up with a sharp cut-
off. The physical mechanism of HHG is well explained by
the semi-classical three-step model.[5–7] First, an electron tun-
nels through the barrier made by the Coulomb potential and
the laser field. Second, the electron oscillates and obtains ki-
netic energy under the effect of the laser field. Finally, when
the laser field inverses its direction, the electron comes back
to its initial state and emits an harmonic photon. A great deal
of attention has been devoted to broadening the plateau width
and enhancing the harmonic conversion efficiency.

Numerical approaches to study and control electronic
processes in atoms and molecules are largely based on the
assumption that the laser electric field is homogeneous in
the region where the electron dynamics takes place.[8–11]

Recently, research in laser–atom interaction and as pulses
has been created in spatially inhomogeneous fields.[12–14]

Pérez-Hernández et al.[15] solved the three-dimensional time-
dependent Schrödinger equation in the length gauge by em-
ploying a double-pulse, inhomogeneous driving laser field, to
show that the combination of temporal and spatial laser field
synthesis results in a dramatic cutoff extension that is far be-
yond the usual semi-classical limit. Luo et al.[16] investigated
the HHG in a spatially inhomogeneous field with mid-infrared
driving wavelength and few-cycle duration without CEP sta-
bilization and this spatiotemporally synthesized electric field
is powerful enough to control the quantum path. Luo et al.[17]

also demonstrated that by adding a femtosecond UV pulse, the
quantum paths contributing to the harmonics can be dramati-
cally enhanced. The propagation of a spatially inhomogeneous
field is also in consideration.[18]

The distribution of inhomogeneous spatial can be ob-
tained experimentally by using a laser field as produced by
nanoplasmonic antennas,[12,13,19] dielectric nanoparticles,[20]

metal nanotips,[21] and metallic waveguides.[22] The laser
electric field is then no longer homogeneous in space.

In our previous work, we have considered the influence of
nuclear motion on the HHG of a H+

2 molecule by numerically
solving non-Born–Oppenheimer time-dependent Schrödinger
equation (TDSE), which showed that nuclear motion leads
to a weaker harmonic signal as compared to the static case
but the harmonic spectrum becomes smoother.[23] In this pa-
per, we study the HHG by solving the one-dimensional Born–

∗Project supported by the National Natural Science Foundation of China (Grant Nos. 11174108, 11104108, and 11271158).
†Corresponding author. E-mail: gjing@jlu.edu.cn
‡Corresponding author. E-mail: liuxs@jlu.edu.cn
© 2015 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

023201-1

http://dx.doi.org/10.1088/1674-1056/24/2/023201
mailto:gjing@jlu.edu.cn
mailto:liuxs@jlu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 24, No. 2 (2015) 023201

Oppenheimer TDSE interacting with H+
2 molecule with static

nuclei in spatially inhomogeneous laser pulses. The HHG with
different parameters of inhomogeneous fields is given. The
time-frequency profile of the time-dependent dipole and the
semi-classical three-step model is investigated, which shows
that the long quantum path disappears and the short quantum
path is enhanced by adjusting the parameter of spatially inho-
mogeneous fields. The ionization probability of the electron
for different parameters of inhomogeneous fields is also stud-
ied. We also investigate as pulse generation on the continuum
spectra, and an isolated as pulse (IAP) with duration 53 as can
be obtained by a 15-fs, 1600-nm laser pulse with the parameter
ε = 0.0013.

2. The model
We theoretically study the HHG and IAP generation in

few-cycle spatially inhomogeneous laser fields by numerically
solving the TDSE for a one-dimensional (1D) model of H+

2
molecule with the help of the splitting-operator fast-Fourier
transform technique.[24,25] In dipole approximation, the 1D
TDSE is given by (in atomic units)

i
∂Ψ(x, t)

∂ t
=

[
−1

2
∂ 2

∂x2 +V (x)+Vl(x, t)
]

Ψ(x, t).

The soft-core potential of a H+
2 molecule can be described

by

V (x) =− 1√
(x+R/2)2 +1

− 1√
(x−R/2)2 +1

.

The internuclear distance is always kept near the equilibrium
position R = 2.6 a.u. The ground state energy is −31.7 eV
for a H+

2 molecule. The potential Vl(x, t) = xE(x, t) represents
the interaction of the electron and the laser field. The expres-
sion of the laser field can be written as E(x, t) = e0 f (t)(1+
ε|x|)sin(ω0t+ϕ), where e0 is the amplitude of the laser fields,
ω0 is the corresponding laser frequency, and τ = 3 fs is the
full width at half maximum (FWHM) of the laser fields. The
length of time t for the time evolution is 10T , where T is the
optical cycle of a 800-nm pulse. ε is the parameter that deter-
mines the order of inhomogeneity of the laser field. The linear
functional form of 1+ ε|x| can approximatively characterize
the spatial inhomogeneity of the laser field. In fact, the spatial
inhomogeneity can be expressed by a linear functional form,
which can be obtained by adjusting the geometry of plasmonic
nanostructures as well as the laser parameters. As a result, in
the continuum a laser-ionized electron can be induced to the
linear spatial variation of the laser field. This expression is
widely used in previous works (see, e.g., Refs. [15] and [16]
and references therein). ε = 0 corresponds to the homoge-
neous field in space. ϕ is the carrier-envelop phase (CEP).
f (t) =−exp(4ln2t2/τ2) denotes the Gaussian envelopes.

The ionization probability is obtained by

Pion(t) = 1− ∑
bound
|〈ϕn(x)|Ψ(x, t)〉|2,

where the summation is over all the bound states ϕn(x) when
the field has been turned off.

The harmonic spectrum can be obtained by the Fourier
transformation of a(t)

P(ω) =

∣∣∣∣ 1
T

∫ T

0
a(t)e−iωt dt

∣∣∣∣2 .
The temporal profile of an as pulse can be obtained by

superposing several harmonics

I(t) =
∣∣∣∣∑

q
aq e iqωt

∣∣∣∣2,
where q is the harmonic order, aq =

∫
a(t)e−iqωt dt.

3. Results and discussion
We will investigate the influence of inhomogeneity of the

laser field for the high-order harmonic spectrum. As shown in
Fig. 1, the HHG of a H+

2 molecule by a 3-fs, 800-nm (ω0 =

0.057) laser pulse with the peak intensity I = 4×1014 W/cm2

is investigated. The solid line in Fig. 1 shows the harmonic
spectrum obtained from the H+

2 molecule when ε = 0 a.u.,
which corresponds to an homogenous field. The cutoff po-
sition is at the 60th harmonic, some modulations appear in
HHG. When we set the parameter ε = 0.003 a.u., the har-
monic spectrum becomes smooth and the cutoff is extended
to 79th. When we increase the parameter ε to 0.0048, we can
observe a visible increase of the plateau region, which is in
agreement with Refs. [13], [26], and [27]. The cutoff position
of the harmonic spectrum is extended to the 111st order and a
supercontinuum harmonic spectrum can be obtained.
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Fig. 1. (color online) Harmonic spectrum of H+
2 molecule in a 3-fs,

800-nm laser pulse with the peak intensity I = 4× 1014 W/cm2. The
solid black curve: ε = 0 (homogeneous case). The dashed red curve:
ε = 0.003. The dotted green curve: ε = 0.0048.

To further understand the physical mechanism of HHG,
we investigate the time-frequency profile of the time-
dependent dipole of H+

2 .[28] The time-frequency distribution
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of harmonic spectrum reveals distinct features compared with
the homogeneous field. In Fig. 2(a) (ε = 0 a.u.) there are two
main energy peaks contributing to the HHG, marked as P1 and
P2, respectively. The descending and ascending branches of
each peak correspond to the long and short trajectories. The
contribution at peak P2 to the HHG can be ignored because
the intensities of the harmonics at peak P2 are so weak in con-
trast with those at peak P1. For peak P1 the short and long
paths have comparable intensities and the interference of the
different quantum paths is generated, which will lead to the
modulations of HHG. By superposing these harmonics, two
bursts pulses will be generated due to the fact that the two
quantum paths have different emission times. As shown in
Fig. 2(b) (ε = 0.003 a.u.), it can be seen that there are still two
main energy peaks contributing to the HHG (marked as P3 and
P4). The contribution at peak P4 to the HHG can be ignored.
For peak P3 the short path is enhanced and the long trajec-
tory is a little suppressed, so the interferences of the different
trajectories become weaker. The harmonic spectrum becomes
smooth, which is consistent with the dashed red line in Fig. 1.
We also show the increase of the plateau region in this case.
As shown in Fig. 2(c) (ε = 0.0048 a.u.) the peak P5 and peak
P6 contribute to the HHG, the peak P6 can be ignored. The
long trajectory of peak P5 disappears and only the short trajec-
tory makes a contribution to the HHG. The supercontinuum
harmonic plateau is contributed from the short path of peak
P5, which is consistent with the dotted green line in Fig. 1. We
find that the quantum path can be controlled by increasing pa-
rameter ε of the inhomogeneity of the laser field. Moreover, a
substantial increase of the plateau region can be observed.

In order to better understand the structure of HHG, we
give a clear physical picture by the semi-classical three-step

model. The circular and triangle curves in Fig. 3 represent
the harmonic orders as functions of the ionization and emis-
sion times, respectively. We also present the ionization prob-
ability of the electron for different parameters of inhomoge-
neous fields in Figs. 3(a)–3(c) (solid green curve). Figure 3(a)
(ε = 0 a.u.) shows that there are two energy peaks contribut-
ing to the HHG, which are marked as A1 and A2, respectively.
The ionization rate of the electrons ionized before −0.43 o.c.
is very low (see the green curve in Fig. 3(a)), which results
in a lower harmonic efficiency. Thus the harmonics emission
at around −0.05 o.c. can be ignored. This is in agreement
with the result that the intensity of peak P2 is weaker than
peak P1, as shown in Fig. 2(a). The significant increase of the
ionization rate after −0.43 o.c., and the ionization rate from
−0.27 o.c. to −0.17 o.c. is almost the same, which implies
that the short trajectory and long trajectory make the same con-
tribution to the HHG. In Fig. 3(b) (ε = 0.003 a.u.), there are
still two energy peaks contributing to the HHG (marked as B1

and B2). For the same reason presented above, the contribu-
tion of B1 can be ignored. The ionization rate change from
−0.36 o.c. to −0.21 o.c. is smaller than that from −0.21 o.c.
to 0 o.c. The harmonic efficiency mainly depends on the ion-
ization rate. This implies that the contribution of the short
trajectory for B2 is greater than that of the long trajectory. The
harmonic spectrum becomes smooth. As shown in Fig. 3(c)
(ε = 0.0048 a.u.), there are two energy peaks C1 and C2 con-
tributing to the HHG. The peak C1 can be ignored. The long
trajectory disappears and there is only a short trajectory for
peak C2, which is consistent with that in Fig. 2(c). This is
advantageous to the generation of an IAP.

Harmonic order (ω/ω0) Harmonic order (ω/ω0) Harmonic order (ω/ω0)
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Fig. 2. (color online) The time-frequency distribution of the HHG spectra corresponds to (a) the solid black curve (ε = 0 a.u.), (b) the dashed red
curve (ε = 0.003 a.u.), (c) the dotted green curve (ε = 0.0048 a.u.) in Fig. 1. The abbreviation o.c. denotes the optical cycle.

Figure 4(a) shows the dependence of the semiclassical

trajectories on the ionization (ti) and emission (tr) times for dif-

ferent values of ε . We focus on the ionization time (ti) between

−0.45 and 0.03 optical cycles, which is given in Fig. 4(b). We

can observe how the long trajectories change with the differ-

ent inhomogeneities of the laser field. For the homogeneous

case (green triangles), the emission time of the long trajectory

is tr ≥ 0.43 optical cycles (as indicated in Fig. 3(a)) while the
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emission time of the short trajectory is tr ≤ 0.43 optical cycles
(a green dashed dotted curve to guide the eye in Fig. 4(b)).
We find that the harmonic spectrum has many modulations be-
cause both the short and long trajectories are visible and the
modulations of HHG come from the interferences of different
quantum trajectories. We can see a similar phenomenon for
the case of ε = 0.003 a.u. (blue squares), but it differs in that
the emission time of the long trajectory is earlier than that of
ε = 0 a.u. case as shown in Fig. 4(a), and the long trajecto-
ries are a little suppressed. We then increase the parameter ε

to be 0.0048 a.u. (red circles), the emission time of the long
trajectory is tr ≥ 0.67 optical cycles while the emission time of
the short trajectory is tr ≤ 0.67 optical cycles, as indicated in
Fig. 3(c). As shown in Fig. 4(b), for the ε = 0.0048 a.u. case,
only the short trajectory contributes to the HHG and the long
trajectory is absent, which is advantageous to the generation
of an IAP.
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Fig. 3. (color online) The dependence of the harmonic order on the
ionization time (the blue circular curve) and the emission time (the
red triangle curve), and the dependence of the ionization probability
on time (the solid green curve), (a) ε = 0 a.u., (b) ε = 0.003 a.u., (c)
ε = 0.0048 a.u. A dotted black curve is used to guide the eye. o.c.
denotes the optical cycle.
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Fig. 4. (color online) (a) Dependence of the semiclassical trajectories
on the ionization (ti) and emission (tr) times for ε = 0 a.u. (green trian-
gles), ε = 0.003 a.u. (blue squares), and ε = 0.0048 a.u. (red circles).
(b) A detailed view of ionization time from −0.5 o.c. to 0.1 o.c. o.c.
denotes the optical cycle.

Figure 5 presents the generation of as pulses by super-
posing a series of harmonics (the vertical coordinates are nor-
malized for comparison). As shown in Fig. 5(a), for the ho-
mogeneous case (ε = 0 a.u.), by superposing 31 harmonics
(28th–59th) an irregular as pulse can be observed in every
cycle. By superposing 13 harmonics (35th–48th), a regu-
lar as pulse train with two bursts in every cycle can be ob-
served, as shown in Fig. 5(b). The long and short quantum
paths have different emission times, which is disadvantageous
to the generation of an IAP due to the interference between
the long and short paths. This is consistent with the analysis
of the time-frequency distributions of the HHG, as shown in
Fig. 2(a). Figure 5(c) shows the as pulses generated by su-
perposing 58 harmonics (51th–109th) for the inhomogeneous
case (ε = 0.0048 a.u.), a regular as pulse with only one main
burst in every cycle is generated. By superposing properly se-
lected 25 harmonics (60th–85th), the pulse duration is as short
as 99-as pulse, as shown in Fig. 5(d). Figure 6 shows the de-
pendence of the cutoff on the inhomogeneity ε of the driving
field. The values are chosen between 0.0 a.u. and 0.005 a.u.
With the increase of the inhomogeneity ε , the cutoff of the
HHG is extended remarkably. There is a nonlinear variation
in the cutoff position as a function of the parameter ε of inho-
mogeneous laser fields, which is in agreement with Refs. [12]
and [13]. We have also examined the consistency of the de-
pendence of the cutoff position on ε using the solutions of
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the TDSE and the classical trajectory method, and the results
present the same tendency.
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Fig. 5. (color online) The temporal profiles of the as pulses generated
by superposing the harmonics (a) from 28th to 59th order and (b) from
35th to 48th order for the homogeneous case (ε = 0 a.u.). The tem-
poral profiles of the as pulses generated by superposing the harmonics
(c) from 51st to 109th order and (d) from 60th to 85th order for the
inhomogeneous case (ε = 0.0048 a.u.). o.c. denotes the optical cycle.
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The HHG and as pulse generated by few-cycle pulses
would be greatly influenced by their CEPs.[16] We then fur-
ther consider the influence of driving field CEP on the har-
monic spectrum in an inhomogeneous field with the parameter
ε = 0.0048 a.u. The other parameters are kept constant when
we investigate the CEP effect on the harmonic spectrum. We
present the harmonic spectra with the relative phases of ϕ = 0
(solid black curve), ϕ = 0.05π (dashed red curve), ϕ =−0.1π

(dotted green curve), and ϕ = −0.15π (dashed–dotted blue
curve), respectively. As shown in Fig. 7, the continuum har-
monic spectrum can be obtained for all of these cases. One
can also see that when the CEP is positive, the harmonic spec-
trum is extended and the intensity is decreased. When the CEP
is negative, the intensity is increased and the harmonic spec-
trum is shortened. This is related to the ionization and accel-
eration properties of the electrons in an inhomogeneous field.

The generations of IAP for all these four cases are about 99 as
(ϕ = 0), 94 as (ϕ = 0.05π), 110 as (ϕ = −0.1π), and 115 as
(ϕ =−0.15π).
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Fig. 7. (color online) (a) The harmonic spectra in an inhomogeneous
field (ε = 0.0048 a.u.) with the different relative phases. (b) Temporal
profiles of the generated isolated as pulses synthesized by the continua
shown in panel (a). The cases of ϕ = 0 (solid black curve), ϕ = 0.05π

(dashed red curve), ϕ = −0.1π (dotted green curve), and ϕ = −0.15π

(dashed–dotted blue curve), respectively. o.c. denotes the optical cycle.

We have investigated HHG by a 3-fs, 800-nm (ω0 =

0.057) laser pulse, which shows that the inhomogeneous fields
have an important effect on the HHG process. Next, we
will investigate the influence of HHG in few-cycle long-
wavelength spatially inhomogeneous field. A 15-fs, 1600-nm
laser pulse is used and the other parameters are kept constant.
When ε = 0 a.u., which corresponds to a homogenous field,
the cutoff position is at the 418th harmonic, and some modu-
lations appear in HHG (The red line), as shown in Fig. 8(a).
When we set the parameter ε = 0.0005 a.u., the harmonic
spectrum becomes smooth and the cutoff is extended to the
536th (the green line), as shown in Fig. 8(b). When we in-
crease the parameter ε to 0.0013, the cutoff position of the
harmonic spectrum is extended to 1121st order, and a super-
continuum harmonic spectrum can be obtained (the blue line),
as shown in Fig. 8(c). The time-frequency distribution for the
case of ε = 0.0013 a.u. is shown in Fig. 9(a). There are
four main energy peaks contributing to the HHG, which are
marked as P1 and P2, P3 and P4, respectively. For the order
above 296th, only the short trajectory of P3 makes a contri-
bution to the HHG, whose emission time is at about 0.32 o.c.
The supercontinuum harmonic plateau is obtained, which is
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consistent with the HHG in Fig. 8(c). The short path is se-
lected and an IAP can be generated. By superposing properly
selected 100 harmonics (900th–1000th), the pulse duration is
as short as 53-as pulse, as shown in Fig. 9(b).
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Fig. 9. (color online) (a) The time-frequency distribution of the HHG
spectra corresponds to the blue line (ε = 0.0015 a.u.) as shown in
Fig. 8(c). (b) The temporal profiles of the as pulses generated by su-
perposing the harmonics from 900th to 1000th order. o.c. denotes the
optical cycle.

4. Conclusions
We study the HHG of H+

2 molecule in few-cycle spatially
inhomogeneous laser fields. The result shows that the inhomo-
geneous fields have an important effect on the HHG process. A
supercontinuum spectrum can be observed when we consider
the inhomogeneous fields. We investigate the time-frequency
profile of the time-dependent dipole of a H+

2 molecule, which
shows that the long quantum path disappears and the short
quantum path is enhanced in spatially inhomogeneous fields.
The semi-classical three-step model is applied to illustrate the
physical mechanism of HHG. The influence of a driving field
CEP on the harmonic spectrum in an inhomogeneous field is
also discussed. By superposing a properly selected range of
the harmonic spectrum in the continuum region, an isolated
53-as pulse can be generated by a 15-fs, 1600-nm laser pulse
with the parameter ε = 0.0013 a.u.
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[27] Ciappina M F, Aćimović Srdjan S, Shaaran T, Biegert J, Quidant R and

Lewenstein M 2012 Opt. Express 20 26261
[28] Antoine P, Piraux B and Maquet A 1995 Phys. Rev. A 51 R1750

023201-6

http://dx.doi.org/10.1126/science.1218497
http://dx.doi.org/10.1126/science.1059413
http://dx.doi.org/10.1038/nature03833
http://dx.doi.org/10.1016/j.physleta.2012.03.031
http://dx.doi.org/10.1103/PhysRevLett.71.1994
http://dx.doi.org/10.1103/PhysRevA.49.2117
http://dx.doi.org/10.1103/PhysRevLett.70.1599
http://dx.doi.org/10.1103/PhysRevLett.70.1599
http://dx.doi.org/10.1088/1674-1056/23/8/083201
http://dx.doi.org/10.1103/PhysRevA.78.041402
http://dx.doi.org/10.1088/1674-1056/19/1/019501
http://dx.doi.org/10.1103/PhysRevA.82.013411
http://dx.doi.org/10.1103/PhysRevA.83.043839
http://dx.doi.org/10.1103/PhysRevA.85.013416
http://dx.doi.org/10.1103/PhysRevA.88.053404
http://dx.doi.org/10.1103/PhysRevA.88.053404
http://dx.doi.org/10.1103/PhysRevLett.110.053001
http://dx.doi.org/10.1088/0953-4075/46/14/145602
http://dx.doi.org/10.1088/0953-4075/46/14/145602
http://dx.doi.org/10.1103/PhysRevA.89.023405
http://dx.doi.org/10.1103/PhysRevA.89.023405
http://dx.doi.org/10.1103/PhysRevA.88.035805
http://dx.doi.org/10.1103/PhysRevA.85.033828
http://dx.doi.org/10.1103/PhysRevA.85.033828
http://dx.doi.org/10.1103/PhysRevB.84.121406
http://dx.doi.org/10.1038/nature10878
http://dx.doi.org/10.1038/nphoton.2011.258
http://dx.doi.org/10.1103/PhysRevA.89.023424
http://dx.doi.org/10.1016/0021-9991(82)90091-2
http://dx.doi.org/10.1063/1.444501
http://dx.doi.org/10.1103/PhysRevA.88.063838
http://dx.doi.org/10.1103/PhysRevA.88.063838
http://dx.doi.org/10.1364/OE.20.026261
http://dx.doi.org/10.1103/PhysRevA.51.R1750

	1. Introduction
	2. The model
	3. Results and discussion
	4. Conclusions
	References

