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Estimation of spatially distributed processes using mobile sensor
networks with missing measurements∗
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This paper investigates the estimation problem for a spatially distributed process described by a partial differential
equation with missing measurements. The randomly missing measurements are introduced in order to better reflect the
reality in the sensor network. To improve the estimation performance for the spatially distributed process, a network of
sensors which are allowed to move within the spatial domain is used. We aim to design an estimator which is used to
approximate the distributed process and the mobile trajectories for sensors such that, for all possible missing measure-
ments, the estimation error system is globally asymptotically stable in the mean square sense. By constructing Lyapunov
functionals and using inequality analysis, the guidance scheme of every sensor and the convergence of the estimation error
system are obtained. Finally, a numerical example is given to verify the effectiveness of the proposed estimator utilizing
the proposed guidance scheme for sensors.
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1. Introduction
Sensor networks have gained intensive research interest

because of the very broad range of applications, encompassing
gathering data, information processing, and surveillance.[1,2]

Filtering or state estimation is one of the most prime infor-
mation processing problems in the sensor network and it has
attracted the attention of many researchers.[3–7] For example,
Olfati-Saber et al.[8] presented a continuous Kalman consen-
sus filtering algorithm on a mobile sensor network to tract two
types of targets with stochastic linear and nonlinear dynam-
ics. Wang et al.[9,10] investigated the H∞ filtering problem for
discrete-time nonlinear systems with or without time delay on
a fixed sensor network.

In the majority of cases mentioned above, the target sys-
tems to be estimated were the finite dimensional systems de-
scribed by ordinary differential equations. On the other hand,
a wide class of processes are spatially distributed processes
whose states evolve along both time and space and are de-
scribed by partial differential equations (PDEs) which are
commonly called the distributed parameter systems (DPSs) in
the actual systems, such as chemical/radiation leaks, releas-
ing toxic gas/fog, wildfire, oil spills, etc. The estimation of
distributed parameter systems or their parameters has been in-
vestigated by many authors.[11–15] A successful estimation of
DPSs relies on not only the estimation algorithm but also on
good measurements. This means that the redeployment of sen-
sors in the fixed sensor network or the moving trajectory of

mobile sensors which are used to measure the system states
is a necessity to be considered. The related works that exam-
ine similar aspects of the mobile sensors in estimation of dis-
tributed parameter systems have appeared in Refs. [11], [14],
and [16].

In reality there are various reasons that may cause miss-
ing measurements in sensor networks(such as measurement
failure, intermittent sensor failures, or some collected data
may be lost, etc.). The estimation problem with missing mea-
surements has received much attention in recent years.[9,10,17]

However, most systems that are to be estimated with miss-
ing measurements are described by ordinary differential equa-
tions. In almost all existing works, missing measurements
have seldom been taken into account in the estimation of dis-
tributed parameter systems by using a mobile sensor network.

Therefore, the main purpose of this paper is to deal with
the estimation for spatially distributed processes by using a
mobile sensor network with missing measurements.

In this paper, we address the estimation for a spatially dis-
tributed process with missing measurements. Using Lyapunov
stability arguments, the estimation error system is proved to be
globally asymptotically stable in the mean square sense and a
simple guidance law for every mobile sensor is given to im-
prove the estimation performance for the spatially distributed
process.

The problem formulation under consideration is de-
scribed and the estimator of the spatially distributed process
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with missing measurements is given in Section 2, which is
accomplished with the detailed discussion. In Section 3, we
present the guidance policy for every mobile sensor and prove
that the estimation error system is globally asymptotically sta-
ble in the mean square sense on the condition of missing mea-
surements by using the Lyapunov stability theory. In Sec-
tion 4, we give a case to verify the effects and advantages of
our results. Finally, our conclusions are drawn in Section 5.

2. Problem statement and preliminaries
The target plant is a spatially distributed process whose

state is to be estimated
∂w(t,x)

∂ t
=

∂

∂x
(a(x)

∂w(t,x)
∂x

),

w(0,x) = w0(x),
(1)

where w(t,x) ∈ R is the system state, along with the Dirich-
let boundary value conditions w(t,0) =w(t, l) = 0. t ∈ [0,+∞)

and x∈Ω = [0, l] denote the time variable and spatial variable,
respectively. a(x)> a0 > 0 represents the diffusing coefficient.

The measurement outputs measured by sensors on the
spatially distributed system are given by

y(t) =

 y1(t;θ1(t))
...

yn(t;θn(t))



=

 r1(t)
∫ l

0 c(x;θ1(t))w(t,x)dx
...

rn(t)
∫ l

0 c(x;θn(t))w(t,x)dx

 , (2)

where c(x;θi(t)) denotes the spatial distribution of the i-th
sensing device and yi is the measurement output by the i-th
sensor. θi(t) denotes the time-varying position of the i-th mo-
bile sensor with the first-order dynamics governed by

θ̇i(t) = vi(t),

θi(0) = θi0, (3)

where vi(t) is the velocity of the i-th mobile sensor. The
stochastic variables ri(t) ∈ R, i = 1,2, . . . ,n are Bernoulli dis-
tributed white noise sequences which are referred to the fol-
lowing distributed laws

Prob{ri(t) = 1}= E[ri(t)] = r̄i,

Prob{ri(t) = 0}= 1−E[ri(t)] = 1− r̄i,

where r̄i ∈ [0,1], i = 1,2, . . . ,n are known constants. Obvi-
ously, the stochastic variables ri(t) ∈ R, i = 1,2, . . . ,n satisfy
that

E[ri(t)− r̄i] = 0 and

E[(ri(t)− r̄i)
2] = r̄i(1− r̄i). (4)

It is also assumed that the stochastic variables ri(t), i =
1,2, . . . ,n are mutually independent. Hence, the stochastic
variables ri(t)− r̄i, i = 1,2, . . . ,n are also mutually indepen-
dent, that is

E[(ri(t)− r̄i)(r j(t)− r̄ j)]

= E[(ri(t)− r̄i)]E[(r j(t)− r̄ j)] = 0, i 6= j. (5)

Remark 1 In this article the random variables ri(t), i =
1,2, . . . ,n in the measurement mode (2) are utilized to rep-
resent missing measurements or uncertain observations. The
missing measurements were first put forward by Nahi,[18] and
they were then widely used by many researchers.[9,10,19,20]

In order to simplify stability analysis, it is assumed that
the sensor network is an homogeneous network which consists
of n identical sensing devices, and the spatial distribution of
the i-th sensor which is onboard the i-th mobile agent is given
by

c(x;θi(t)) =

{
1, if x ∈ [θi(t)− ε, θi(t)+ ε],

0, otherwise,
(6)

or it can be written by c(x;θi(t))=H(θi(t)−ε)−H(θi(t)+ε),
where H(θi(t)− ε) and H(θi(t)+ ε) are two Heaviside step
functions.

Remark 2 The above assumption means that every sens-
ing device is identical to each other in shape, and different only
at the location θi(t). The case of ri(t) = 1 means that the i-th
sensor can provide the spatially averaged value of the state in
the sense that

yi(t) = ri(t)
∫ l

0
c(x;θi(t))w(t,x)dx

=
∫

θi(t)+ε

θi(t)−ε

w(t,x)dx,

≈ 2ε× w(t,θi(t)− ε)+w(t,θi(t)+ ε)

2
. (7)

Another case of ri(t) = 0, which does happen in practice, im-
plies that the measurements by the i-th sensor are missing.

One purpose of our work is to design a state estimator
to approximate the state of the spatially distributed system (1)
on the condition that there are missing measurements in the
mobile sensor network (2). Another purpose is to design the
motion velocity vi(t) of the i-th mobile sensor in order to yield
a more efficient state estimator.

In order to employ Lyapunov methods for the stability
analysis of the proposed estimation scheme and the guidance
law of every mobile sensor, the above spatially distributed sys-
tem (1) will be viewed in an abstract framework. Let W be a
Hilbert space which is equipped with the inner product 〈·, ·〉
and induced norm | · |. Let V be a reflexive Banach space
with norm denoted by ‖ · ‖, and assume that V is embedded
densely and continuously in W .[11] Let V ∗ denote the con-
jugate dual of V with induced norm ‖ · ‖∗. It follows that
V →˓W →˓ V ∗ with both embedding dense and continuously,
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and consequently we have |φ | ≤ c‖φ‖, φ ∈ V for some posi-
tive constant c.[11]

In this paper, W = L2(Ω) is the state space, where
w(t, ·) = {w(t,x),0 ≤ x ≤ l} denotes the state of spatially
distributed system (1). The Sobolev space V is given by
V = H1

0 = {ψ ∈ H1(Ω)|ψ(0) = ψ(l) = 0} and its conjugate
dual space V ∗ is H−1(Ω). The second-order operator A of
system (1) is given by

A φ =
d
dx

(
a(x)

dφ

dx

)
, a(x)> 0, φ ∈ Dom(A ), (8)

where Dom(A ) = {ψ ∈ L2(Ω) |ψ,ψ ′ abs. continuous, ψ ′′ ∈
L2(Ω) and ψ(0) =ψ(l) = 0}. The operator A is bounded and
−A is coercive,[11] in the sense that

|〈A φ ,ϕ〉| ≤ κ‖φ‖‖ϕ‖, for φ ,ϕ ∈ V and some positive κ,

〈−A φ ,φ〉 ≥ ν‖φ‖2, for φ ∈ V and some positive ν . (9)

The spatially distributed process (1) can then be rewritten as

ẇ(t) = A w(t). (10)

The n output measurement operators are parameterized by the
sensor locations θi(t), i = 1,2, . . . ,n and they are given by

〈Ci(θi(t))φ ,ϕ〉=
∫ l

0
c(x;θi(t))φ(x)ϕ(x)dx, i = 1, . . . ,n

and the operator C is given via

〈C (θ(t))φ ,ϕ〉= [〈C1(θ1(t))φ ,ϕ〉 · · · 〈Cn(θn(t))φ ,ϕ〉]T.

The output equation (2) can be rewritten as

y(t) = Γ (t)C (θ(t))w(t), (11)

where Γ (t)= diag(r1(t),r2(t), . . . ,rn(t)), ri(t) is the stochastic
variable.

Prior to giving the state estimator, we assume that the lin-
ear system (10) with the output measurement (11) is exponen-
tially detectable.[21]

Here, we construct the following estimator, which makes
use of the mobile sensor network with missing measurements
to track the state w(t,x) of the target (1):

˙̂w(t) = A ŵ(t)+C ∗(θ(t))K(y(t)− Γ̄ C (θ(t))ŵ(t)),

ŵ(0) = ŵ0 6= w(0), (12)

where ŵ(t) is the estimation of the system state w(t), K =

diag(k1,k2, . . . ,kn) > 0 is a used-defined n× n diagonal ob-
server gain matrix and Γ̄ = diag(r̄1, r̄2, . . . , r̄n) with r̄i >

0, i = 1,2, . . . ,n are known constants. The well-posedness
of the estimator (12) can be established by using the fact
that A −C ∗(θ(t))KΓ̄ C (θ(t)) is a generator of an exponen-
tially stable C0 semigroup and the boundedness of the operator
C ∗(θ(t))KΓ (t)C (θ(t)).[22]

By setting e(t) = w(t)− ŵ(t), the evolution of the esti-
mation error system can be obtained from Eqs. (10)–(12) as
follows:

ė(t) = (A −C ∗(θ(t))KΓ̄ C (θ(t)))e(t)

−C ∗(θ(t))K(Γ (t)− Γ̄ )C (θ(t))w(t),

e(0) = w(0)− ŵ(0) 6= 0. (13)

Let

Ac(θ(t)) = A −C ∗(θ(t))KΓ̄ C (θ(t)), (14)

then we have

ė(t) = Ac(θ(t))e(t)

−C ∗(θ(t))K(Γ (t)− Γ̄ )C (θ(t))w(t). (15)

Remark 3 Similar to the proof of Ref. [11], the coerciv-
ity and boundedness of the time-varying operator −Ac(θ(t))
can easily be proven. Indeed,

|〈Ac(θ(t))φ ,ϕ〉| = |〈(A −C ∗(θ(t))KΓ̄ C (θ(t)))φ ,ϕ〉|
≤ κ‖φ‖‖ϕ‖+ 〈C ∗(θ(t))KΓ̄ C (θ(t))φ ,ϕ〉
= κ‖φ‖‖ϕ‖+ 〈KΓ̄ C (θ(t)))φ ,C (θ(t))ϕ〉
≤ κ‖φ‖‖ϕ‖+λmax(KΓ̄ )c2

µ
2(Ω)‖φ‖‖ϕ‖

(‖C (θ(t))‖= cµ(Ω))

= κ̄‖φ‖‖ϕ‖, κ̄ > 0, (16)

and

〈−Ac(θ(t))φ ,φ〉 = 〈−(A −C ∗(θ(t))KΓ̄ C (θ(t)))φ ,φ〉
≥ ν‖φ‖2 + 〈C ∗(θ(t))KΓ̄ C (θ(t))φ ,φ〉
= ν‖φ‖2 + 〈KΓ̄ C (θ(t)))φ ,C (θ(t))φ〉
≥ ν‖φ‖2 +λmin(KΓ̄ )|C (θ(t))φ |2

> ν‖φ‖2. (17)

Moreover, A and C ∗(θ(t))KΓ̄ C (θ(t)) are self-adjoint, so the
operator Ac(θ(t)) is self-adjoint.

The estimator error system (13) contains the stochas-
tic quantity, so the notion of stochastic stability in the mean
square sense for the estimator error system should be intro-
duced.

Definition 1[20] The estimator error system (13) is said
to be globally asymptotically stable in the mean square sense
if the corresponding solution of system (13) satisfies

lim
t→∞

E{|e(t)|2}= 0.

Remark 4 When the dynamic target model is described
by an ordinary differential equation, the stochastic stability in
the mean square sense for the estimator error system is dis-
cussed in Refs. [9] and [20]. Here, the dynamic target which
is to be estimated is described by a partial differential equa-
tion (PDE). In the next section, we will discuss the stochastic
stability in the mean square sense for the estimator error sys-
tem (13).
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3. Stability analysis of the estimation error sys-
tem and guidance of the mobile sensors
Stability will be examined because the estimation error

system and the guidance policies of the mobile sensors will
be derived by using the Lyapunov stability arguments in the
following theorem.

Theorem 1 Consider the mobile sensor network which
is used to measure the state of the spatially distributed pro-
cess (1) by the measurement mode (2) with missing measure-
ments and the dynamic equations of sensors are governed by
Eq. (3), where

vi = −kir̄i(e(t,θi(t)− ε)− e(t,θi(t)+ ε))

×Ci(θi(t))e(t), i = 1,2, . . . ,n. (18)

Then, the proposed estimator (12) with the Lyapunov-based
sensor guidance (18) is globally asymptotically stable in the
mean square sense. The guidance policies for sensors enhance
the estimator performance in the sense that the estimation er-
ror e(t) converges to zero faster than it would with the fixed
sensor network.

Proof Choose the parameter-dependent Lyapunov func-
tional candidate V (t) as follows:

V (t) = −〈e(t),Ac(θ(t))e(t)〉− p〈w(t),A w(t)〉

×
n

∑
i=1

r̄i(1− r̄i), (19)

where p is a positive constant, the operators A and Ac are
given by Eqs. (8) and (14), respectively. The coercivity of the
operator−A and−Ac follows from Eqs. (9), (17), so we have
V (t)> 0.

The operator L is defined as

LV (t) = lim
∆→0+

E[V (t +∆|t)]−V (t)
∆

,

then, along with the trajectory of the error system (15), we
obtain

E[LV (t)]

= −2E[〈Ac(θ(t))e(t),Ac(θ(t))e(t)〉]
+2E[〈C ∗(θ(t))K(Γ (t)− Γ̄ )C (θ(t))w(t),Ac(θ(t))e(t)〉]

−E
[
〈e(t), d

dt
(Ac(θ(t))e(t)〉

]
−2pE[〈A w(t),A w(t)〉]

n

∑
i=1

r̄i(1− r̄i). (20)

We consider the second term of Eq. (20). By using the
fact 2〈x,y〉 ≤ 〈x,x〉+ 〈y,y〉, we have

2E[〈C ∗(θ(t))K(Γ (t)− Γ̄ )C (θ(t))w(t),Ac(θ(t))e(t)〉]
≤ E[〈C ∗(θ(t))K(Γ (t)− Γ̄ )C (θ(t))w(t),C ∗(θ(t))K(Γ (t)− Γ̄ )

×C (θ(t))w(t)〉]+E[〈Ac(θ(t))e(t),Ac(θ(t))e(t)〉]. (21)

Note that

C ∗(θ(t))K(Γ (t)− Γ̄ )C (θ(t))w(t)

= (C ∗1 ,C
∗
2 , . . . ,C

∗
n )diag(k1(r1(t)− r̄1),k2(r2(t)− r̄2), . . . ,

kn(rn(t)− r̄n))(C1,C2, . . . ,Cn)
Tw(t)

=
n

∑
i=1

C ∗i ki(ri(t)− r̄i)Ciw(t),

and the stochastic variables ri(t)− r̄i, i = 1,2, . . . ,n satisfy
Eq. (5), then

E[〈C ∗(θ(t))K(Γ (t)− Γ̄ )C (θ(t))w(t),

C ∗(θ(t))K(Γ (t)− Γ̄ )C (θ(t))w(t)〉]

= E[〈
n

∑
i=1

C ∗i ki(ri(t)− r̄i)Ciw(t),

n

∑
j=1

C ∗j k j(r j(t)− r̄ j)C jw(t)〉]

=
n

∑
i=1

k2
i E[(ri(t)− r̄i)

2]|C ∗i Ciw(t)|2

=
n

∑
i=1

k2
i r̄i(1− r̄i)|C ∗i Ciw(t)|2

≤
n

∑
i=1

k2
i r̄i(1− r̄i)|w(t)|2. (22)

After examining the third term of Eq. (20) carefully, we get

−E[〈e(t), d
dt
(Ac(θ(t))e(t)〉]

= 2E
[ n

∑
i=1

θ̇i(t)kir̄i(e(t,θi(t)− ε)

−e(t,θi(t)+ ε))Ci(θi(t))e(t)
]
. (23)

Based on Eqs. (20)–(23), we get

E[LV (t)] ≤ −E[|Ac(θ(t))e(t)|2]+
n

∑
i=1

k2
i r̄i(1− r̄i)|w(t)|2

+2E
[ n

∑
i=1

θ̇i(t)kir̄i(e(t,θi(t)− ε)

−e(t,θi(t)+ ε))Ci(θi(t))e(t)
]

−2p|A w(t)|2
n

∑
i=1

r̄i(1− r̄i). (24)

Because of the coercivity of the operator −A in Eq. (9), the
operator −Ac in Eq. (17) and the embedding, the following
inequality holds

E[LV (t)] ≤ −d1E[|e(t)|2]+
n

∑
i=1

k2
i r̄i(1− r̄i)|w(t)|2

+2E
[ n

∑
i=1

θ̇i(t)kir̄i(e(t,θi(t)− ε)

−e(t,θi(t)+ ε))Ci(θi(t))e(t)
]
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−
n

∑
i=1

r̄i(1− r̄i)pd2|w(t)|2

= −d1E[|e(t)|2]+
n

∑
i=1

r̄i(1− r̄i)(k2
i − pd2)|w(t)|2

+2E
[ n

∑
i=1

θ̇i(t)kir̄i(e(t,θi(t)− ε)

−e(t,θi(t)+ ε))Ci(θi(t))e(t)
]
, (25)

where d1 > 0 and d2 > 0 are the functions of the coer-
civity constant ν in Eq. (9) and the embedding constant c,
respectively.[11] The choice of the positive constant p> k2

i /d2,
i = 1,2, . . . ,n and the velocities vi(t), i = 1,2, . . . ,n of sensors
given by Eq. (18) results in

E[LV (t)] ≤ −d1E[|e(t)|2]+
n

∑
i=1

r̄i(1− r̄i)(k2
i − pd2)|w(t)|2

−2E
[ n

∑
i=1

(θ̇i(t))2
]
≤−d1E[|e(t)|2]. (26)

From expression (26), we have

E[V (t)]−E[V (0)]≤−d1

∫ t

0
E[|e(t)|2]dt.

Since V (t)≥ 0 and V (0)<∞, one can get
∫

∞

0 E[|e(t)|2]dt <∞.
Additionally, d

dtE[|e(t)|
2] is bounded.[23] Along with the ap-

plication of Barbǎlat,s lemma,[24] we have limt→∞E[|e(t)|2] =
0. The proof is completed.

Remark 5 In our work, the estimation for the spatially
distributed process (1) is considered by using a mobile sensor
network with missing measurements (2). As a special case,
when ri(t) ≡ 1, t ∈ R+, i = 1,2, . . . ,n, which means that there
are no probabilistic missing data probabilities, as has been dis-
cussed by Demetriou in Ref. [11]. Compared to the idea mea-
surement output, the estimation problem for the distributed pa-
rameter system with missing measurements is more practical.

Remark 6 In Theorem 1, the operator Ac(θ(t)) in
Eq. (14) that depends on the parameter θ(t) is time-varying
due to the spatial distribution Ci(θi(t)) of the i-th mobile
sensor. Based on the parameter-dependent Lyapunov func-
tion (19), we not have only proven that the proposed estima-
tor (12) is globally asymptotically stable in the mean square
sense but we have also given the motion velocity vi(t) of the
i-th mobile sensor in Eq. (18) to enhance the estimator perfor-
mance.

Remark 7 It should be noted that the velocity vi(t) of the
i-th mobile sensor depends on the difference e(t,θi(t)− ε)−
e(t,θi(t)+ ε) of the estimator error and Ci(θi(t))e(t), which
can be approximated by ε(e(t,θi(t)−ε)+e(t,θi(t)+ε)). The
difference may be considered as the approximation of the spa-
tial gradient of the error at the position θi(t). When the spatial
distribution in Eq. (6) is given by c(x,θi(t)) = δ (x− θi(t)),

the above difference becomes the spatial gradient and the cor-
responding velocity vi(t) becomes

vi = kir̄iex(t,θi(t))Ci(θi(t))e(t).

So the sensors that follow this scheme will be guided to the
spatial regions of the highest gradient, which signifies the
largest deviation of the error from its equilibrium.

Remark 8 Assume that every sensor is fixed, which
means that θi(t)≡ θi(0) = θ̄i is a constant, then operator C (θ̄)

is a constant operator and the output equation is given by

y(t) = Γ (t)C (θ̄)w(t). (27)

The estimator is given by

˙̂w(t) = A ŵ(t)+C ∗(θ̄)K(y(t)− Γ̄ C (θ̄)ŵ(t)),

ŵ(0) = ŵ0 6= w(0), (28)

then the estimator error e(t) = w(t)− ŵ(t) satisfies the follow-
ing equation

ė(t) = Ac(θ̄)e(t)−C ∗(θ̄)K(Γ (t)− Γ̄ )C (θ̄)w(t). (29)

In a similar fashion to the proof of Theorem 1, it is easy to get
the following corollary.

Corollary 1 Consider the fixed sensor network which
is used to measure the state of the spatially distributed pro-
cess (1) by the measurement mode (27) with missing measure-
ments. The proposed estimator (28) is then globally asymptot-
ically stable in the mean square sense.

4. Numerical results
To demonstrate the proposed estimator (12) for the spa-

tially distributed process (1), we consider the spatially dis-
tributed process (1) with the coefficient a(x) = 0.006, the ini-
tial condition set to w(0,x) = sin(πx)e−10x2

,x ∈ [0,1] and for
the estimator set to ŵ(0,x) = 0,x ∈ [0,1]. For simplicity, the
estimation error system (13) was simulated for 20 seconds
with four mobile sensor agents whose initial positions were
chosen as θ1(0) = 0.1, θ2(0) = 0.4, θ3(0) = 0.6, θ4(0) = 0.9.
The positions for the four fixed sensors were chosen as 0.1,
0.4, 0.6, and 0.9. The spatial support ε = 0.04 was used for
each sensor.

Figure 1 depicts the spatially distributed process (1)
whose state evolves along both time and space. Figure 2 de-
picts the measurement outputs of the four mobile sensors with
missing measurements. The evolution of the estimation error
norm for both four fixed sensors and four mobile sensors with
missing measurements is depicted in Fig. 3. It is observed that
the norm of the estimation error e(t,x) for the mobile sensors
converges to zero faster than that for the fixed sensors. Fig-
ure 4 depicts the estimation error system on the condition of
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missing measurements at four different positions. It is evi-
dent that the state error at different positions converges to zero
by the mobile sensors or fixed sensors, and converges to zero
much faster when the sensors are allowed to move. The esti-
mation error system at four time instances is depicted in Fig. 5.
Finally, the trajectory for the four mobile sensors is depicted
in Fig. 6.
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Fig. 1. (color online) The state of system (1).
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Fig. 2. (color online) The outputs of the four mobile sensors with miss-
ing measurements.
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Fig. 3. (color online) The L2 norm of estimation error e(t,x).
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Fig. 4. (color online) Estimation error versus time variable at different
positions.
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Fig. 5. (color online) Estimation error versus spatial variable at different
time instances.
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Fig. 6. (color online) Sensor trajectories.

5. Conclusions
The estimation problem has been discussed in this paper

for the spatially distributed process by using a mobile sensor
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network with missing measurements. Both the estimator for
the spatially distributed process and the guidance law for each
mobile sensor have been presented by using Lyapunov stabil-
ity arguments, which guarantee the estimation error system
to be globally asymptotically stable in the mean square sense
for all possible missing measurements. Finally, the simulation
studies have revealed that a mobile sensor network could bet-
ter enhance the estimation performance on the process state
with missing measurements.
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