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Onsager principle is the variational principle proposed by Onsager in his celebrated paper on the reciprocal relation.
The principle has been shown to be useful in deriving many evolution equations in soft matter physics. Here the principle is
shown to be useful in solving such equations approximately. Two examples are discussed: the diffusion dynamics and gel
dynamics. Both examples show that the present method is novel and gives new results which capture the essential dynamics

in the system.
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1. Introduction

Onsager principle is the variational principle proposed by
Onsager in his celebrated paper on the reciprocal relation. -]
The principle has been shown to be useful in deriving many
time evolution equations in soft matter physics,>*! such as the
Chan—Hilliard equations in phase separation,®! kinetic equa-
tions in gel dynamics,!®! Ericksen-Leslie equation in liquid
crystals, ! etc. In this paper, the principle is shown to be use-
ful in obtaining approximate solutions for such equations.

The base of the Onsager principle is that if there are cer-
tain set of slow variables, which will be detailed later, their
evolution equations are derived by the variational principle

1241 1f we have a complete set of slow

proposed by Onsager. !
variables, we can derive their evolution equations as it has
been done previously.>* If the slow variables are not com-
plete, the evolution equations will not be accurate, but we ex-
pect that they will give a good approximation as long as they
represent the characteristic slow dynamics of the system. In
the following, it will be shown that this is actually the case.
This will be demonstrated by two examples, the diffusion dy-
namics and the gel dynamics. These examples will demon-

strate the novelity and usefulness of the present method.

2. Onsager principle

The Onsager principle is an extension of Rayleigh’s
principle of the least energy dissipation in Stokesian
hydrodynamics.!®! In fact, for isothermal system, the princi-
ple can be stated in the same form as the minimum energy
dissipation principle. Here the Onsager principle is explained
by taking a problem in hydrodynamics.

Consider many particles moving in a viscous fluid. Let
x = (x1,X2,...,Xxr) be the generalized coordinates specifying
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the state of the particles, where f is the degree of freedom of
the system; for a rigid particle, f is 6, and x; stands for the
position and orientation of the particle. Let U (x) be the poten-
tial energy of the system: U (x) can be the gravitational energy
or the interaction energy between the particles. The potential
force conjugate to x; is given by

U

Fi=———.
' 8x,~

()
Let x; be the variable representing the time derivative of x;,
i.e., the generalized velocity. If a particle moves in a New-
tonian fluid, the fluid exerts a frictional force on the particle.
In the limit of small Reynolds number, the frictional force is
written as a linear function of %;:[8

Fyi = —ZCijxj~ 2
j

The coefficients {;; are called friction coefficients: they are
functions of x, and can be calculated by Stokesian hydrody-
namics.

The friction coefficients {;; satisfy the reciprocal relation
and positive definiteness, i.e.,

¢ij = Cji, and
Zg-,»x,-xj >0 forany x;, (i=1,2,...,f). 3)
ij

The reciprocal relation allows us to write the frictional force

as follows: Py
Fri=—=_, 4)
" 8x,-
where @ is defined by
1 »
b = EZC,']‘)C,'X]'. (5)
i.J
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The function @ is called the dissipation function. It is equal
to half of the work done to the fluid per unit time, @ =
7(1/2) ZiFHixL

Since the Reynolds number is assumed to be negligibly
small in Stokesian hydrodynamics, the frictional force must
be balanced with the potential force. This gives the following

equation
) U
ZCijxj = o (6)
J
Let ({~1);; be the inverse of the matrix {;;, then equation (6)

gives a time evolution equation for x;

dxl

_ 1
= Z I,ax %

The above set of equations [Egs. (5) and (6)] can be re-
garded as a special case of the Lagrangian mechanics in dissi-
pative systems. It has been proposed that the Euler Lagrange
equation in dissipative system can be written as!”)

A (9K U _ 9@
8)&,- 8x,~_ 83&,-’

®)

where K is the kinetic energy of the system. If the kinetic en-
ergy term is ignored, equation (8) reduces to Eq. (6). Such a
reduction is justified in the “overdamped regime” where the
frictional force is much larger than the inertia term. The dy-
namics we discuss here is valid in such regime.

Onsager noticed that many kinetic equations which de-
scribe time evolution of non-equilibrium systems are written
in the form of Eq. (6) or Eq. (7).
long as the equation is written in this form, the coefficients

He then proved that as

(¢~1);; or ¢;; are symmetric. This remarkable relation, called
Onsager’s reciprocal relation, is the base of the Onsager’s vari-
ational principle.

With the reciprocal relation (3), the time evolution equa-
tion (6) can be cast into a variational principle. We define
Rayleighian

R=®+U, 9)

where @ is defined by Eq. (5) and U is defined by
i oU
U=) —x. 10
Yot (10)

The force balance equation (6) is equivalent to the condition

dR/J%; =0, i.e., the evolution of x; is determined by the condi-
tion that R be minimum with respect to x;. This is the Onsager
principle. >4

The base of the variational principle is the reciprocity and
the positive definiteness of {; i (Eq. (3)). In Stokesian hydro-
dynamics, these properties can be proven directly based on the
Stokes equation for the fluid velocity. The remarkable thing
here is that the reciprocity and the positive definiteness of {;;

is not limited to hydrodynamic systems. It is based on the ex-
istence of slow variables. The slow variables are the variables
the relaxation time of which is distinctively longer than that of
other variables. In such a case, it can be shown that the total
force acting on slow variables when they are changing with
rate x = (%1,%2,...) is written as (see Ref. [4])

Fitor = ZCljxja (1D

where U now stands for the free energy of the system in which
the other variables (fast variables) are at local equilibrium for
given values of slow variables. Equation (11) is a result of
a perturbation calculation for the distribution function of fast
variables: ! the first term represents the average force when
the slow variables are fixed, and the second term represents
the first order perturbation when the slow variables are chang-
.). The condition that the total force

F; 1ot must be zero when the system is evolving spontaneously

ing at rate x = (%,%2,..

gives the evolution equation (6).

The reciprocal relation {;; = {;; can be directly proven by
the microscopic expression for {;; (i.e., the fluctuation dissipa-
tion theorem). Therefore the Onsager principle can be justified
if there are certain set of slow variables.

3. How to choose slow variables

The Onsager principle tells us how to derive evolution
equations of non-equilibrium systems for given slow variables.
In applying the principle to practical problems, the crucial step
is to choose slow variables. Therefore how to choose the slow
variables is an important problem, and it is discussed here
briefly.

The slow variables are the state variables which specifies
the non-equilibrium state. They have to satisfy the following
conditions.

(i) If the slow variables (xi,...,xs) at time 7 is given,
their value at the next time step ¢ + Ar must be uniquely deter-
mined: the set of variables (xi,...,xy) must be the complete
set of variables to describe the dynamics of the system. In
other words, there should be no hidden variables which cre-
ates the memory effect in the dynamics.

(i) The other fast variables not included in the slow vari-
ables must be close to the local equilibrium state specified by
the slow variables. If the slow variables are fixed at x, the free
energy of the system is written as a function of x as U (x). If the
slow variables are changed slowly at rate x, the distribution of
first variables is slightly perturbed from the local equilibrium
state, creating a force Fy; which is linear in x.

In the hydrodynamic systems, the slow variables are the
variables specifying the configuration of the particles, and the
fast variables are the rest variables specifying the configura-
tion of fluid molecules. Given x, i.e., given the configuration of
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particles at time ¢, the configuration at time 7 + Az is uniquely
determined. Notice that this is true only for Newtonian fluid.
If the fluid is a complex fluid such as liquid crystals or polymer
solutions, other variables (such as director field, or the poly-
mer configuration tensors) are needed to predict the particle
configuration at the next time step.

The evolution equation given by the Onsager principle
has always the form of Eq. (7). This form of the evolution
equation actually includes quite a large class of equations such
as the diffusion equation, phase separation kinetic equation,
gel dynamic equations, etc., as it has been demonstrated in
Refs. [3] and [4].

4. Diffusion

To illustrate the usage of the Onsager principle, let us
first consider the problem of diffusion. Consider the one-
dimensional diffusion, and let n(x;z) be the number density
of particles at position x and time ¢. Notice that the slow vari-
able in the present problem is given by a continuous function
n(x;t). The free energy of the system is written as a functional

of n(x). In dilute solutions, this is given by

Uln(x)] :/dkaT[n(x)lnn(x)}, (12)

where kg7 is the Boltzmann constant multiplied by tempera-
ture. Our objective is to find out the time evolution of n(x).
The term U is easily calculated as

U= / dxks T [ (x) Inn(x) + A (). (13)

On the other hand, it is not easy to write down the dissipation
function @ as a functional of r(x). However, if we introduce
the flux velocity v(x) of particles, which is connected to 7i(x)
by the conservation equation

dny
1= ——— 14
n P (14)
the dissipation function is easily written down
1
D= E/dxgn(x)v(x)z, (15)

where ( is the friction constant of a particle.

The conservation equation (14) indicates that we are con-
sidering the situation that n(x) can change only by diffusion.
In general n(x) may change by chemical reaction, but equa-
tion (14) states that such a process is not considered here. The
flux velocity v(x) is needed to represent such physical con-
straint.

Using Egs. (13), (14) and performing the integral by parts,
we can write U as

U:—/dkaT[lnn(x)—i-l]% :/dkaTv%. (16)

Hence the Rayleighian is given by

) 1 d
R:(D+U:/dx kT a7
2 ox
The minimum of this is given by
kBT 8!1
= 18
nf dx (18)
Equations (14) and (18) give the diffusion equation
on 0%n kgT
ox a2 M ¢ (19)

5. Approximate solution of the diffusion equa-
tion

In the previous section, we regarded n(x;¢) as a slow vari-
able and derived the evolution equation using the Onsager
principle. Let us now use the same principle to solve the dif-
fusion equation approximately.

Consider that the particles are confined by two walls lo-
cated at x = —a and x = a and that at time ¢ = 0, the concen-
tration profile is a step-function

n(x;0) = ng + nysign(x), (20)

where sign(x) is equal to 1 for x > 0 and —1 for x < 0. Time
evolution of n(x;7) is easily obtained by solving the diffusion
equation (19) for this initial condition. The result is

o = 4 (2p+1)7mx
n(xt) = no+n1p§0 (2p+1)7rsm( " )
—(2 1 2.2
X exp MDt ) 1)
442

Here we solve the problem by a different method using the
Onsager principle.

As time goes on, the slope of n(x;z) at x = 0 decreases,
and eventually becomes zero. Therefore we expect that the so-
lution can be approximated as n(x;t) = ng + o.(¢)x in the range
where the slope of n(x;7) is non-zero;

|x| > x1,

n(x.r) = { e 22)

no + o(1)x, x| <1,

where x; = nj/a. We regard a(r) as a slow variable, and
derive the evolution equation for it using the Onsager prin-
ciple. Clearly, o(¢) is not the slowest variable in the system.
(The slowest variable is the eigenfunction corresponding to the
smallest eigenvalue of the diffusion operator.) However since
o(t) is a good parameter representating the non-equilibrium
state of the system, we expect that it will also be a good slow
variable representing the dynamics. Let us now see whether
this expectation works or not.

Given the functional form of n(x,7), the velocity v(x,t) is
obtained by the conservation equation (14):

_om_ [0,
dx | a(r)x,

x| > x1,
23
x| < x1. @3)
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Equation (23) is solved for v(x,7) with the boundary condition
v(a,t) =0

07 ‘X‘ > X1,

vix,) =9  x} -2 24
a ; <Xi.
TR

Substitution of Eq. (24) into Eq. (17) gives the following en-
ergy dissipation function

C e
b == dxe? L=~ 25
2J)-x o 4(ng+ax)’ 25)

where x} = max(xj,a), i.e., the larger value in x; and a. Equa-
tion (25) can be written as

1
b = Eé’eff(a)oﬂ, (26)

where (ot is a function of « and is defined by

5 1 1— &2)2
Cnl / dé ( é ) , o> I’l]/a,
4ang J-1 1+¢€&
Lar(0) =4 " o 27
QL/nggél, o <m/a
dng J-1 1+e& 7 e
where € = n /ng. Likewise, U is written as
U= keff(OC)OCd (28)
with
kgTni 1 1—&2
B nl/ dé 5 ,  o>ni/a,
203ng J- 1+ é
kege(or) = (29)

kB Td

2ng / 5lJr é o <mfa.

Therefore the evolution equation for @ becomes

keff(a)
- o (30)
Ceff(a)
For small o/(t), equation (30) gives
(04
o= — 31
T €29
with 5
- Ceff(o) - 2a (32)

Tapp B keff(o) B SiD
The slope a(t) decreases exponentially with the relaxation
time Typp = 2a*/5D = 0.4a>/D. On the other hand, the ex-
act solution of the diffusion equation indicates that the longest
relaxation time of the current problem is Tex, = 4a®/(72D) =
0.405a/D. Therefore the approximate solution gives a rea-
sonably accurate relaxation time.
The approximate relaxation time Tapp is smaller than the
exact relaxation time Texy. This is always the case. It can be
proven that the longest relaxation time obtained by the present

approximate method is always smaller than that of exact solu-
tion.

An interesting feature of the present method is that it
gives a good approximation even in short time scale. In short
time ¢t < 7, equation (30) gives

& = —2a°Dn % f(e), (33)
where
. 34
[/ €1+6§:||:/ ds 1+§] 4)
Equation (33) gives
_ . m 1/2
aft) = ————= . 35
0= Gl © (39)
On the other hand, the slope of the exact solution at x = 0 is
given by
on ni
e R S— 36
9x|, (WD) 30

The power law behavior of a(¢) in short time agrees with that
of the exact solution.

Figure 1 shows the comparison between the approximate
solution and the exact solution. It is seen that our piece-wise
linear solution is a good approximation of the exact solution
over the entire regime of time scale. Notice that the present
method of approximation gives a nonlinear evolution equation

which describes the relaxation dynamics in both the power law
—1/2

—1‘/1,'.

regime ot(t) o< ¢ and the exponential regime a(t) o< e

1.0

0.8

0.6

0.4

n(z,t)

0.2

0
—1.0

—0.5 0 0.5 1.0
z/a

Fig. 1. Comparison between the approximate solution (22) (solid line)

and the exact solution (21) (dashed line) for the diffusion equation. The

initial condition is n(x;0) = 0.5+ 0.45sign(x). The time 7 is reduced by

the unit a?/D.

6. Gel dynamics

Gel is a homogeneous mixture of elastic material and
fluid. In a typical gel, a polymeric gel, the gel consists of
cross-linked polymer and solvent. The cross-linked polymer
forms a three-dimensional network and gives an elasticity to
the gel.

The deformation of polymer network is coupled with the
diffusion of solvent. For example, when a gel is compressed,
solvent is expelled from the gel. Conversely, when solvent

diffuses into a gel, the gel deforms. Equations describing
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such coupling has been derived with the use of the Onsager
principle.®! The slow variable here is the vector u(r,¢) which
represents the displacement of the point on the network lo-
cated at r in a certain reference state. If the displacement is
small, the free energy is given by the same form as the elastic
energy of deformation

1 (Qug\?> 1 _[dug dug 2 duy 2
A=[dr|=K|=— -Gl =—+="—=08=—
/ "2 <8ra> 3 <8rﬁ+8ra 3°0P ary) |’
(37)
where K and G are material constants called osmotic bulk

modulus and shear modulus respectively.
On the other hand, the energy dissipation is given by

1
b= E/c17~§(q'kq;s)2, (38)

where vy stands for the velocity of the solvent, and & is the
friction constant of polymer network per unit volume.

In constructing the Rayleighian, we have to take into ac-
count of the fact that gel behaves as an incompressible mate-
rial (i.e., the volume change of a gel can occur by taking in (or
out) solvent from (or to) surrounding solution. This constraint
is expressed as

OV -u+(1—9)V . v, =0, (39)

where ¢ is the volume fraction of polymer. Since we are con-
sidering the case of small deformation, we may assume ¢ to
be constant.

The Rayleighian is thus constructed as

1 , 0A |
R = E/dré(u—vs)z—f—/drﬁ-u
—|—/drp(r) OV -a+(1—0)V-v].  (40)

The last term comes from the constraint (39). The conditions
OR/8u =0 and OR/8vs = 0 give the following set of equa-
tions:

<K+;G> V(V-u)+GV?u=Vp (41)
and
Vu=LV?p, (42)
where s
= éd’) . (43)

Equations (41) and (42) are the basic equations which describe
the coupling of deformation and diffusion in a gel. Applica-
tions of these equations are discussed in Ref. [6].

7. Swelling of a gel slab

If temperature of a gel is changed, the gel changes its vol-
ume by absorbing or expelling solvent. This swelling (or de-
swelling) process is rather complex as it involves the coupling

between solvent diffusion and network deformation. Analyti-
cal solution has been obtained only for special cases. Here we
use the Onsager principle to obtain an approximate solution
for a slab-shaped gel.

Consider a slab-shaped gel having edge length 2a, 2b, and
2c¢. We assume a > b > ¢ for convenience of later discussion.
We take the origin of the Cartesian coordinate at the center of
the slab. Therefore a point in the gel is specified by (x,y,z),
with —a <x <a, —b <y < b, and —c < z < c. We assume
that displacement vector of each point is given by

ue(r,t) =ec(t)x, uy(r,t) =¢€,(t)y, u(r,t)=¢,r)z, (44)

and that the velocity of the solvent is given by
Ver(7,1) = K (1)x,  vep(r,1) =K (1)y, ve(7,1) = K:(t)z, (45)

where €4(f) and xg(f) (@ = x,y,7) are the variational param-
eters to be determined. Substituting Egs. (44) and (45) into
Eq. (38), the energy dissipation function is given by

P

% [ ar [+ (6 - 1632 4 e - )]
= %V (€ — K)2a + (& — 16) 7D + (& — &) %], (46)

where V = 8abc is the initial volume of the gel. The free en-
ergy of the gel is given by

A= % [(ex +ey e — weq)z]
+—[(e&x— &)+ (6y— ) + (e, — ex)z] , 47

where weq represents the volume change weq = AVeq/V when
the gel gets the new equilibrium state. Hence the Rayleigian

becomes
P4 [(ér — Ke)?a® + (¢ — 1) 2B% + (& — k2) 2P
= 6 X X y y Z Z
+ VK [(ex+ €y + €2 — Weq) (€x + €+ ;)]
2VG

3 [(ex —€y)(&x — &) + (ey —€)(éy — &)

+ (€2 — €x) (€ — &)
_P[¢(éx+éy+éz)+(1_¢)(Kx+Ky+KZ)]~ (48)

The last term in Eq. (48) represents the incompressible condi-
tion (39).

Straightforward calculation for the evolution equation de-
rived from the Rayleighian (48) gives the following conclu-
sions.

i) The gel swells isotropically:

6t =60 =) = "3, #9)

where w(t) = AV (¢)/V is the volume change at time 7.
ii) The volume change is single exponential:

—t/t . f 1 1 1 -1
w(t):weq(l—e ), with 1:37( ;+b7+07 ,

(50)

020505-5



Chin. Phys. B Vol. 24, No. 2 (2015) 020505

where & = &/(1—9¢).

The first conclusion 1) is surprizing. Since the diffusion
takes place most quickly along the shortest path from the sur-
face, one may expect that the equilibration of ¢, takes place
faster than €, and €,. However, equation (49) indicates that the
equilibration takes place at the same speed in all directions,
i.e., the gel swells keeping its aspect ratio constant. Though
surprizing, such result has also been obtained by exact calcu-
lation for cylindrical gels. It has been shown that for a cylin-
der of large aspect ratio, the ratio between the axial length
and the outer radius of the cylinder remains constant during
the swelling process.[!%) Therefore it is likely that gel gener-
ally swells keeping its shape almost the same as the original
although there is no proof for this conjecture.

The second conclusion ii) is also surprizing. According
to Eq. (50), the relaxation time depends on the osmotic bulk
modulus K, but not on the shear modulus G. This is not cor-
rect in general. The relaxation time of a gel generally depends
on both K and G. However, it is known that in the two limits of
K > G and K < G, the longest relaxation time depends on K
only. Indeed the longest relaxation time can be written as!!!]

5
T= #2, 1)
where / is a certain length. The simple expression of Eq. (50)
captures this surprizing feature of the swelling dynamics.
Equation (50) also indicates that the longest relaxation
time is mainly determined by the length of the shortest edge, c,
which is reasonable and in accordance with exact calculation
for slabs.[*l Therefore, equation (50) captures all the essential
physics involved in the swelling dynamics of gels. This again
demonstrates that the Onsager principle gives quite a useful
tool of approximation.

8. Conclusion

We have shown that the Onsager principle is useful in
solving many problems in soft matter physics. It is useful in

deriving time evolution equations, in both precise and approx-
imate description. We have shown this by two examples. The
first example of diffusion is quite simple, but it demonstrates a
unique and interesting feature of the present method: the On-
sager principle gives a nonlinear differential equation which
represents the characteristic feature of the solution of the lin-
ear diffusion equation. The second example of gel swelling
gives a simple, yet non-trivial result for the swelling dynam-
ics.

The base of the Onsager principle is that there are certain
set of slow variables. Many problems in soft matter have such
structures, and can be handled by the Onsager principle. We
will show this with more examples in future.
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