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Containment consensus with measurement noises
and time-varying communication delays∗
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In this paper, we consider the containment consensus control problem for multi-agent systems with measurement
noises and time-varying communication delays under directed networks. By using stochastic analysis tools and algebraic
graph theory, we prove that the followers can converge to the convex hull spanned by the leaders in the sense of mean square
if the allowed upper bound of the time-varying delays satisfies a certain sufficient condition. Moreover, the time-varying
delays are asymmetric for each follower agent, and the time-delay-dependent consensus condition is derived. Finally,
numerical simulations are provided to illustrate the effectiveness of the obtained theoretical results.
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1. Introduction
Recently, the cooperative control of multi-agent systems

has attracted much attention in physics, mathematics, com-
plex systems, and control communities. The distributed coor-
dination problems include several scenarios, such as formation
control,[1] flocking,[2] consensus,[3] etc. In the last decade,
the consensus of multi-agent systems has been rapidly devel-
oping in a new direction towards distributed cooperative con-
trol. Existing consensus research can be roughly divided into
two kinds, namely: consensus without a leader[3–5] and con-
sensus with one or multiple leaders. For the single leader,
the followers will converge to the state of leader, which is
called the consensus tracking or leader-following consensus
problem.[6–8] However, in some circumstances, systems with
multiple leaders have more superiorities. For example, a group
of agents moves from one target to another but not all of the
agents are equipped with sensors. The portion of the agents
equipped with necessary sensors can be designated as lead-
ers, and they have more ability to detect hazardous obstacles.
The other agents who are without the necessary sensors are
designated as followers. Then, the group can arrive at the des-
tination safely given that the followers always stay within the
safety area formed by the leaders. Thus, the containment con-
trol problem arises, where the followers converge to a convex
hull that is spanned by the leaders.

In Ref. [9], the finite-time attitude containment control
was considered for multiple rigid bodies under undirected
topology. The authors in Ref. [10] gave some necessary and
sufficient conditions to achieve containment control for first-
order and second-order integrator agents with multiple sta-
tionary and dynamic leaders under directed networks. The

containment control problems were investigated in Refs. [11]
and [12] for a first-order and second-order integrator network
under fixed and random switching directed communication
topologies. The containment control problem for a collec-
tion of Euler–Lagrange systems was studied in Ref. [13]. The
authors in Ref. [14] proposed a containment control proto-
col by exploiting the control input information of neighbors
for first-order integrator network. The containment control of
heterogeneous multi-agent systems was studied in Ref. [15].
The authors in Ref. [16] considered the containment control
problem of second-order multi-agent systems with nonlinear
dynamics. The distributed containment control problem for
multi-agent systems with general linear dynamics was stud-
ied in Refs. [17]– [20]. In Ref. [21], the authors considered
the adaptive containment control of general linear multi-agent
systems with leaders of nonzero control input. The static con-
tainment control of linear uncertain multi-agent systems was
studied in Ref. [22].

It should be noted that all of the aforementioned results
about containment control have assumed that the communi-
cation channel is ideal. However, networks in the real world
are often disturbed by noise because of an uncertain communi-
cation environment. In practical physical systems, delays ex-
ist ubiquitously due to actuation, control, communication, and
computation. Thus, it is natural to consider noise and delays
in the distributed protocols for cooperative control of multi-
agent systems. The authors in Refs. [23] and [24] investigated
the containment control of first-order integrator network under
noisy measurements. The containment control problem for
first-order and second-order multi-agent systems with time-
varying delays was studied in Refs. [25] and [26].
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However, measurement noise and time-varying delays al-
ways exist simultaneously in every physical system. To the
best of our knowledge, there has been no report on the con-
tainment control of multi-agent systems, with both measure-
ment noise and time-varying delays considered simultane-
ously. Motivated by the recent developments in containment
control and stochastic approximation-type consensus proto-
cols, in this paper we investigate the containment control
of multi-agent systems with measurement noises and time-
varying delays under the fixed directed topology.

The rest of this paper is organized as follows. In Sec-
tion 2, we give several necessary definitions and lemmas.
In Section 3, the containment control problem model is de-
scribed. In Section 4, containment control with measurement
noise and time-varying delays is investigated. In Section 5
we give some numerical simulations to illustrate the effective-
ness of the proposed protocols. Finally, some conclusions are
drawn in Section 6.

The following notations will be used throughout this pa-
per: R denotes the set of real numbers, RN denotes the N-
dimensional real vector space, 𝑅N×N denotes all of the real
N×N matrices. For a given vector or matrix 𝐴, 𝐴T denotes
its transpose, Tr(𝐴) denotes its trace when 𝐴 is square. For a
given random variable X , E(X) denotes its mathematical ex-
pectation.

2. Preliminaries

In this section, we introduce some basic concepts and re-
sults about graph theory and stochastic analysis.

2.1. Graph theory

A weighted digraph G = (V , E , A ) consists of a finite
vertex set V = (Vi, i = 1, 2, ..., N), an edge set E ⊆ V ×V ,
and a nonnegative adjacency matrix A = (ai j) ∈𝑅N×N . For
an edge (Vi, V j) ∈ E , node Vi is called the parent node, node
V j the child node, and Vi is a neighbor of V j. If (Vi, V j) ∈ E ,
ai j > 0 and ai j = 0 otherwise. A graph with the property that
(Vi, V j) ∈ E implies (V j, Vi) ∈ E for any vi, vi ∈V is said to
be undirected. The Laplacian matrix 𝐿= [li j] ∈𝑅N×N associ-
ated with A is defined as lii =∑

N
j=1, j 6=i ai j and li j =−ai j, i 6= j.

𝐿 is symmetric positive-semidefinite for a undirected graph
and indefinite for a general directed graph. A direct graph is
said to be strongly connected if every node is reachable from
every other node. A directed graph contains a directed span-
ning tree if there exists a node called the root, which has no
parent node such that the node has directed paths to all other
nodes in the graph. An undirected graph is connected if there
exists a path between every pair of distinct nodes.

2.2. Stochastic analysis

Assume Xt to be an Itō drift-diffusion process that satis-
fies the stochastic differential equation

dXt = µt dt +σt dBt ,

where Bt is a Wiener process. If f (t,x) is a twice-differentiable
scalar function, then we can obtain the following Itō formula:

d f =
(

∂ f
∂ t

+µt
∂ f
∂x

+
σ2

t

2
∂ 2 f
∂x2

)
dt +σt

∂ f
∂x

dBt .

In higher dimensions, if 𝑋t =
[
X1

t ,X
2
t , ...,X

N
t
]T is a vector of

Itō processes such that d𝑋t = 𝜇t dt +𝐺t d𝐵t for a vector 𝜇t

and matrix 𝐺t , then Itō’s formula states that

d f (t,𝑋t) =

{
∂ f
∂ t

+(∇X f )T𝜇t +
1
2

Tr
[
𝐺T

t (𝐻X f )𝐺t
]}

dt

+ (∇X f )T𝐺t d𝐵t ,

where ∇X f is the gradient of f with respect to 𝑋t , 𝐻X f is
the Hessian matrix of f with respect to 𝑋t , and Tr is the trace
operator.

One of the important properties about Itō stochastic inte-
grals is Itō isometry

E

[(∫ T

0
Xt dBt

)2
]
= E

[∫ T

0
X2

t dt
]
,

where E denotes the expectation with respect to the classical
Wiener measure.

3. Problem statement
Consider a group of N agents, where the agents indexed

by 1, 2, . . . , M are assigned as the followers and the agents
indexed by M + 1, M + 2, . . . , N are denoted as leaders.
We use F = {1, 2, ..., M} to denote the follower set and
R = {M+1,M+ 2, ..., N} to represent the leader set. The
interaction graph among the N agents is represented by a di-
rected graph Gl f , G is the subgraph among M followers. In
order to facilitate the description of the problem, we introduce
a definition of the information exchange matrix.

Definition 1 (information exchange matrix) Let 𝐻 =

𝐿+𝐵, where 𝐻 ∈ 𝑅M×M is the information exchange ma-
trix. 𝐿 = 𝐷 −𝐴 ∈ 𝑅M×M is the Laplacian matrix asso-
ciated with G , 𝐷 and 𝐴 are an in-degree matrix and an
adjacency matrix associated with the subgraph G , respec-
tively. 𝐵 = diag(b1, b2, ..., bM), bi = ∑

N
j=M+1

∣∣ai j
∣∣, ai j, i =

1, 2, ..., M, j = M + 1, M + 2, ..., N is the (i, j) entry of
adjacency matrix 𝐴 associated with Gl f .

According to the fact that the leader has no neighbor, the
Laplacian matrix 𝐿̂ associated with Gl f can be partitioned as

𝐿̂=

[
𝐻

⌣

𝐿
0(N−M)×M 0(N−M)×(N−M)

]
,
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where 𝐻 ∈ 𝑅M×M is the information exchange matrix,
⌣

𝐿 ∈
𝑅M×(N−M).

In this paper, the communication graph among the N
agents satisfies Assumption 1.

Assumption 1 At least one leader has a directed path to
each follower.

The next lemmas are needed in the following sections.
Lemma 1[9] Suppose that Assumption 1 holds, then each

entry of−𝐻−1 ⌣

𝐿 is nonnegative, and each row of−𝐻−1 ⌣

𝐿 has
a sum equal to one.

Lemma 2[27] Suppose that Assumption 1 holds.
There exists a positive vector q = [q1, q2, ..., qN ]

T, such
that q = H−11N and PH + HT P > 0, where P =

diag[1/q1,1/q2, ..., 1/qN ].
The dynamics of the i-th follower is described by

ẋi = ui, i ∈F , (1)

where xi ∈𝑅 and ui ∈𝑅 are the position and the control input
of the i-th follower.

The dynamics of the j-th (M+1≤ j ≤ N) leader is given
as

ẋ j = 0, j ∈R, (2)

where x j ∈𝑅 is the position of the j-th leader.
Remark 1 From expression (2) we can see that the lead-

ers are stationary. In this situation, the leaders may be vertexes
of a destination area. Generally, these leaders are used for pin-
ning all of the agents to achieve containment.

Definition 2 (convex hull) A set K ⊂ 𝑅n is said to be
convex if (1−α)𝑥+α𝑦 ∈ K for any 𝑥,𝑦 ∈ K, and α ∈ [0,1].
The convex hull of a finite set of points 𝑥1,𝑥2, ...,𝑥N ∈ 𝑅n,
denoted by Co{𝑥1,𝑥2, ...,𝑥N}, which is defined as

Co{𝑥1,𝑥2, ...,𝑥N}=

{
N

∑
i=1

αi𝑥i|αi ≥ 0,
N

∑
i=1

αi = 1

}
.

Let 𝑥 f = [x1, x2, ..., xM]T represent the state of all of the
followers and 𝑥l = [xM+1, xM+2, ..., xN ]

T represent the state
of all of the leaders. That the containment without noise is
achieved means that all of the followers can converge toward
the convex hull spanned by the leaders. More specifically,

lim
t→∞

(
𝑥 f −Co{𝑥l}

)
= 0.

Due to the ubiquity of noise in physical systems, it is nec-
essary to design a measurement-based distributed protocol ui

such that the states of all followers can converge toward the
convex hull spanned by the leaders asymptotically in noisy en-
vironments. Thus, one gives the definition of containment in
the sense of mean square.

Definition 3 (mean square containment) That the mean
square containment control is achieved means that

lim
t→∞

E[(𝑥 f −Co{𝑥l})T(𝑥 f −Co{𝑥l})] = 0,

where E (X) denotes the mathematical expectation of random
variable X .

4. Mean square containment with time-varying
delays
In this section, we propose the following containment

control algorithm, including the measurement noise and time-
varying delays for Eq. (1):

ui = a(t)
N

∑
j=1

ai j (zi j (t)− xi (t)), i ∈F , (3)

where zi j(t) = x j(t− τ(t)) + σi jwi j denotes the measure-
ment of the j-th agent state by the i-th agent at
time t, with τ(t) being the time-varying communica-
tion delay satisfying 0 < τ(t) ≤ τ̂ and |τ̇(t)| ≤ τd < 1,
{wi j, i = 1,2, ...,M, j = 1,2, ...,N} being independent stan-
dard white noises, and σi j being the noise intensity; ai j is
the (i, j) entry of the adjacency matrix A associated with Gl f ;
a(t) : [0,∞)→ (0,∞) is a time-varying gain function, which is
piecewise continuous and nonincreasing; a(t) is the gain func-
tion and satisfies the following assumption.

Assumption 2 The gain function a(t) satisfying∫
∞

0 a(s)ds = ∞ is called the convergence condition, that sat-
isfying

∫
∞

0 a2(s)ds < ∞ is called the robustness condition. It is
also bounded by a positive constant â.

Remark 2 In fact, the gain function is used for reducing
the measurement noises, and there are many functions meeting
these properties, for example, a(t) = 1/(t +1).

The dynamics of the closed-loop system from Eqs. (1)–
(3) can be rewritten in a compact form:

𝑥̇ f = a(t)[𝐴𝑥 f (t− τ(t))−𝐷𝑥 f (t)−
⌣

Lxl(t− τ(t))

−𝐵𝑥 f (t)]+a(t)𝛴𝑤, (4)

where the parameters 𝑤=
[
𝑤T

1 ,𝑤
T
2 , ...,𝑤

T
M
]T ∈𝑅MN×1, 𝑤i =

[wi1,wi2, ...,wiN ]
T ∈𝑅N×1,

𝛴 =


𝑎1𝜎1

𝑎2𝜎2
. . .

𝑎M𝜎M

 ∈𝑅M×MN ,

𝑎i𝜎i = [ai1σi1,ai2σi2, ...,aiNσiN ] ∈ R1×N , i = 1,2, ...,M.

Define a new variable 𝛿 (t) = 𝑥 f (t)+𝐻−1⌣Lxl (t), then,
by some mathematical calculations, one gives

𝛿̇ (t) = −a(t) [𝐴δ (t)−𝐴δ (t− τ (t))+𝐻δ (t)]

+ a(t)𝛴𝑤. (5)

According to Lemma 1, one can obtain that 𝛿 (t) is a con-
tainment error. Thus, the closed-loop system (5) describes the
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dynamics of the containment error. The mean square contain-
ment control is achieved if

lim
t→∞

E
(
𝛿T𝛿

)
= 0.

Then, one gives the following result.
Theorem 1 Suppose that Assumptions 1 and 2 hold, then

the multi-agent system [Eqs. (1) and (2)] with protocol (3) will
achieve the containment control in mean square if

τ̂ < τ̄ =

√√√√√ (1− τd)

(
⌣

λ −µλ̂p

)
µ

(1− τd)4ε1ε2â2 +4ε2
2 â2 ,

where ε1, ε2,
⌣

λ , and λ̂p are positive constants related to the
communication topology, µ is a free positive parameter to

make
⌣

λ −µλ̂p > 0.
Proof Rewrite system (5) as a stochastic form

d𝛿 (t) = −a(t) [𝐴δ (t)−𝐴δ (t− τ (t))+𝐻δ (t)] dt

+ a(t)𝛴d𝑤. (6)

Take a Lyapunov function candidate as

V = 𝛿T (t)𝑃 δ (t) , (7)

where 𝑃 is a positive-definite diagonal matrix as defined in
Lemma 2. By differentiating 𝑉 , by Ito formula, one obtains

dV = −2a(t)𝛿T (t)𝑃 [𝐴δ (t)−𝐴δ (t− τ (t))+𝐻δ (t)] dt

+ a2 (t)Tr
(
Σ

T𝑃𝛴
)

dt +2a(t)𝛿T (t)𝑃𝛴d𝑤. (8)

Since

−2a(t)𝛿T(t)𝑃 [𝐴δ (t)−𝐴δ (t− τ(t))+𝐻δ (t)]

= −a(t)𝛿T(t)(𝑃H +𝐻T𝑃 )𝛿(t)

− 2a(t)𝛿T(t)𝑃A[𝛿(t)−𝛿(t− τ(t))]

≤ −a(t)𝛿T(t)(𝑃H +𝐻T𝑃 )𝛿(t)+µa(t)𝛿T(t)𝑃 2𝛿(t)

+
1
µ

a(t)[𝑥 f (t)−𝑥 f (t− τ(t))]T

×𝐴T𝐴[𝛿(t)−𝛿(t− τ(t))]

≤ −a(t)(
⌣

λ −µλ̂p)‖𝛿(t)‖2
2

+
1
µ

a(t)‖𝐴‖2
2‖𝛿(t)−𝛿(t− τ(t))‖2

2,

where
⌣

λ is the smallest eigenvalue of 𝑃H +𝐻T𝑃 , λ̂p is the
largest eigenvalue of 𝑃 2, µ is a free positive parameters to

make
⌣

λ−µλ̂p > 0. Then, substituting these into Eq. (8) yields

dV ≤
[
−a(t)(

⌣

λ −µλ̂p)‖𝛿 (t)‖2
2

+
1
µ

a(t)‖𝐴‖2
2 ‖𝛿 (t)−𝛿 (t− τ (t))‖2

2

]
dt

+ a2 (t)Tr
(
𝛴T𝑃𝛴

)
dt +2a(t)𝛿T (t)𝑃𝛴d𝑤. (9)

Therefore,

E
∫ t

0
dV (s)

≤ −(
⌣

λ −µλ̂p)
∫ t

0
a(s)E(‖𝛿(s)‖2

2)ds

+
1
µ
‖𝐴‖2

2

∫ t

0
a(s)E(‖𝛿(s)−𝛿(s− τ(s))‖2

2)ds

+ Tr(𝛴T𝑃Σ)
∫ t

0
a2(s)ds

+ 2E
∫ t

0
a(s)𝛿T(s)𝑃𝛴d𝑤. (10)

It is not difficult to obtain∫ t

0
a(s)E(‖𝛿(s)−𝛿(s− τ(s))‖2

2)ds

≤ η1 +
∫ t

τ(t)
a(s)E(‖𝛿(s)−𝛿(s− τ(s))‖2

2)ds, (11)

where

η1 = sup
0<τ≤τ̂

∫
τ(s)

0
a(s)E(‖𝛿(s)−𝛿(s− τ(s))‖2

2)ds.

By Ito isometry and some mathematical operations, one
can obtain

E(‖𝛿(s)−𝛿(s− τ(s))‖2
2)

= E
(
‖
∫ s

s−τ(s)
d𝛿(r)‖2

2

)
= E

(
‖
∫ s

s−τ(s)
[−a(r)[𝐴δ (r)−𝐴δ (r− τ(r))

+𝐻δ (r)]dr+a(r)𝛴d𝑤]‖2
2

)
≤ 2E‖

∫ s

s−τ(s)
−a(r)[𝐴δ (r)−𝐴δ (r− τ(r))

+𝐻δ (r)]dr‖2
2 +2E‖

∫ s

s−τ(s)
a(r)𝛴d𝑤‖2

2

≤ 2τ̂E
∫ s

s−τ(s)
a2(r)‖[𝐴δ (r)−𝐴δ (r− τ(r))

+𝐻δ (r)]‖2
2 dr+2Tr(𝛴T𝛴)E

∫ s

s−τ(s)
a2(r)dr

≤ 2τ̂E
∫ s

s−τ(s)
a2(r)[2‖(𝐴+𝐻)𝛿(r)‖2

2

+ 2‖𝐴δ (r− τ(r))‖2
2]dr+2Tr(𝛴T𝛴)E

∫ s

s−τ(s)
a2(r)dr

≤ 4τ̂‖𝐴+𝐻‖2
2E
∫ s

s−τ(s)
a2(r)‖𝛿(r)‖2

2 dr

+ 4τ̂‖𝐴‖2
2E
∫ s

s−τ(s)
a2(r)‖𝛿(r− τ(r))‖2

2 dr

+ 2Tr(𝛴T𝛴)E
∫ s

s−τ(s)
a2(r)dr,

thus, for t ≥ τ(t)

∫ t

τ(t)
a(s)E(‖𝛿(s)−𝛿(s− τ(s))‖2

2)ds
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≤ 4τ̂ε1

∫ t

τ(t)
a(s)E

∫ s

s−τ(s)
a2(r)‖𝛿(r)‖2

2 drds

+ 4τ̂ε2

∫ t

τ(t)
a(s)E

∫ s

s−τ(s)
a2(r)‖𝛿(r− τ(r))‖2

2 drds

+ 2ε3

∫ t

τ(t)
a(s)E

∫ s

s−τ(s)
a2(r)drds, (12)

where ε1 = ‖𝐴+𝐻‖2
2, ε2 = ‖𝐴‖2

2, ε3 = Tr(𝛴T𝛴).
Moreover,∫ t

τ(t)
a(s)E

∫ s

s−τ(s)
a2(r)‖𝛿(r)‖2

2 drds

=
∫ t

0
a2(r)E‖𝛿(r)‖2

2

∫ (r+τ(r))∧t

r∨τ(r)
a(s)dsdr

≤ τ̂M
∫ t

0
a2(r)E‖𝛿(r)‖2

2 dr

≤ τ̂M2
∫ t

0
a(s)E‖𝛿(s)‖2

2 ds, (13)∫ t

τ(t)
a(s)E

∫ s

s−τ(s)
a2(r)‖𝛿(r− τ(r))‖2

2 drds

=
∫ t

0
a2(r)E‖𝛿(r− τ(r))‖2

2

∫ (r+τ(r))∧t

r∨τ(r)
a(s)dsdr

≤ τ̂M
∫ t

0
a2(r)E‖𝛿(r− τ(r))‖2

2 dr

≤ η2 + τ̂M
∫ t

τ(t)
a2(r)E‖𝛿(r− τ(r))‖2

2 dr

≤ η2 + τ̂M2
∫ t

τ(t)
a(r)E‖𝛿(r− τ(r))‖2

2 dr

≤ η2 +
τ̂

1− τd
M2
∫ t

τ(t)
a(s)E‖𝛿(s)‖2

2 ds, (14)

where

η2 = τ̂M sup
0<τ(t)≤τ̂

∫
τ(t)

0
a2(r)E‖𝛿(r− τ(r))‖2

2 dr,

and ∫ t

τ(t)
a(s)E

∫ s

s−τ(s)
a2(r)drds

=
∫ t

0
a2(r)

∫ (r+τ(r))∧t

r∨τ(r)
a(s)dsdr

≤ τ̂M
∫ t

0
a2(s)ds. (15)

By substituting inequalities (12)–(15) into inequal-
ity (11), one obtains∫ t

0
a(s)E

(
‖𝛿 (s)−𝛿 (s− τ (s))‖2

2

)
ds

≤ η1 +4τ̂ε2η2 +(4ε1τ̂
2M2 +

4ε2τ̂2M2

1− τd
)
∫ t

0
a(s)E ‖𝛿 (s)‖2

2 ds

+ 2ε3τ̂M
∫ t

0
a2 (s) ds.

It then follows from inequality (10) that

E [V (t)]

≤ E [V (0)]+
ε2η1 +4τ̂ε2

2 η2

µ
−
(

⌣

λ −µλ̂p−4
ε1ε2τ̂2M2

µ

− 4ε2
2 τ̂2M2

(1− τd)µ

)∫ t

0
a(s)E

(
‖𝛿 (s)‖2

2

)
ds

+ (2ε3τ̂M+ ε4)
∫ t

0
a2 (s)ds+2E

∫ t

0
a(s)𝛿T (s)𝑃𝛴d𝑤

≤ E [V (0)]+
ε2η1 +4τ̂ε2

2 η2

µ
−

⌣

λ p

(
⌣

λ −µλ̂p−4
ε1ε2τ̂2M2

µ

− 4ε2
2 τ̂2M2

(1− τd)µ

)∫ t

0
a(s)E [V (s)] ds

+ (2ε3τ̂M+ ε4)
∫ t

0
a2 (s)ds+2E

∫ t

0
a(s)𝛿T (s)𝑃𝛴d𝑤,

where ε4 = Tr
(
𝛴T𝑃𝛴

)
,
⌣

λ p is the smallest eigenvalue of 𝑃 2.
From the condition

τ̂ <

√√√√√ (1− τd)

(
⌣

λ −µλ̂p

)
µ

(1− τd)4ε1ε2â2 +4ε2
2 â2 ,

one obtains
⌣

λ −µλ̂p−4ε1τ̂
2M2− 4ε2τ̂2M2

1− τd
> 0.

By known results in Ref. [28], for any T > 0, there exists
a constant CT , such that

E
[

sup
0≤t≤T

‖δ (t)‖2
2

]
≤CT

(
1+E

[
‖δ (t)‖2

2

])
< ∞,

which implies that
∫ t

0 a(s)𝛿T (s)𝑃𝛴d𝑤 is a martingale, thus,
E
∫ t

0 a(s)𝛿T (s)𝑃𝛴d𝑤 = 0.
Therefore,

E [V (t)] ≤ E [V (0)]+
ε2η1 +4τ̂ε2

2 η2

µ
− ε5

∫ t

0
a(s)E [V (s)] ds

+ (2ε3τ̂M+ ε4)
∫ t

0
a2 (s)ds,

where

ε5 =
⌣

λ p

(
⌣

λ −µλ̂p−4
ε1ε2τ̂2M2

µ
− 4ε2

2 τ̂2M2

(1− τd)µ

)
.

Then, by comparison principle, one can obtain

E [V (t)]

≤
(

E [V (0)]+
ε2η1 +4τ̂ε2

2 η2

µ

)
exp
(
−ε5

∫ t

0
a(s) ds

)
+ (2ε3τ̂M+ ε4)

∫ t

0
a2 (s)exp

(
−ε5

∫ t

s
a(r) dr

)
ds

≤
(

E [V (0)]+
ε2η1 +4τ̂ε2

2 η2

µ

)
exp
(
−ε5

∫ t

0
a(s) ds

)
+ (2ε3τ̂M+ ε4)exp

(
−ε5

∫ t

s0

a(r) dr
)∫ t

0
a2 (s)ds

≤
(

E [V (0)]+
ε2η1 +4τ̂ε2

2 η2

µ

)
exp
(
−ε5

∫ t

0
a(s) ds

)
+ (2ε3τ̂M+ ε4) â2 exp

(
−ε5

∫ t

s0

a(r) dr
)
,
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where s0 is a fixed constant located in the time interval [s, t].
This implies that lim

t→∞
E[𝛿T(t)𝑃 δ (t)] = 0, which means that

lim
t→∞

E[𝛿T(t)𝛿(t)] = 0, thus, the mean square containment con-
trol is achieved.

Remark 3 Note that the time-varying delays in expres-
sion (3) are asymmetric. Although self-delays on each agent
for the control delays (the symmetric delays case) can be in-
duced, for the communication delays in multi-agent systems it
is necessary to consider asymmetric delays since each agent
can receive its own information instantly. This is different
from the work in Refs. [25] and [26].

Remark 4 For the case of asymmetric delays, one of the
important conditions from Eqs. (4) and (5) is that the leader is
static. If the leader is dynamic, then we cannot obtain Eq. (5)
from Eq. (4). Thus, the analysis of asymmetric delays is more
difficult than that of symmetric delays. In our future work, we
may consider the containment consensus of multiple dynamic
leaders with asymmetric delays and measurement noise.

5. Simulation
In this section, a simulation example is provided to val-

idate the effectiveness of the containment. Consider a di-
rected network containing four followers and three leaders.
The topology is provided in Fig. 1.

 6

1

2

5

4

3

7

Fig. 1. Directed network.

Take the two-dimensional case for example. In simula-
tion, we choose the initial position for each agent as (x1, y1)

T

= (6,4)T, (x2, y2)
T = (6,1)T, (x3, y3)

T = (12,1)T,(x4, y4)
T =

(12,4)T, (x5, y5)
T = (18,10)T, (x6, y6)

T = (10,18)T, and
(x7, y7)

T = (2,10)T.
Take the stochastic disturbance intensity σi j = 1, i, j =

1,2, ...,7. Let consensus-gain function be a(t) = 1/(1+ t).
It is easy to see that a(t) is continuous, nonincreasing, and
bounded by â = 1. It also satisfies Assumption 2.

Take the time-varying delay as τ1(t) = 0.1(1+ sin(t))/2,
thus, τd = 0.05. From the topology in Fig. 1, one can ob-

tain that
⌣

λ = λmin(𝑃𝐻+𝐻T𝑃 ) = 2,
⌣

λ p = λmin(𝑃
2) = 1,

ε1 = ‖𝐴+𝐻‖2
2 = 4, and ε2 = ‖𝐴‖2

2 = 1. Take µ = 1, then,

τ̄ =

√√√√ (1− τd)(
⌣

λ −µλ̂p)µ

(1− τd)4ε1ε2â2 +4ε2
2 â2 = 0.3146.

Clearly, the inequality condition τ̂ < τ̄ holds. Figure 2(a)
shows the states of agents, Figures 2(b) and 2(c) show the con-
tainment tracking error curves.
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Fig. 2. (color online) (a) States of different agents, and variations of con-
tainment errors of positions (b) x and (c) with τ1(t) for different agents.

From Figs. 2(a)–2(c), we can see that the positions of the
follower agents converge to the convex hull spanned by leaders
in the sense of mean square.

Take the time-varying delay as τ2(t) = (1+ sin(t))/2,
thus, τd = 0.5. From the topology in Fig. 1, one can ob-

tain
⌣

λ = λmin(𝑃𝐻+𝐻T𝑃 ) = 2,
⌣

λ p = λmin(𝑃
2) = 1, ε1 =

‖𝐴+𝐻‖2
2 = 4, and ε2 = ‖𝐴‖2

2 = 1. Take µ = 1, then,

τ̄ =

√√√√ (1− τd)(
⌣

λ −µλ̂p)µ

(1− τd)4ε1ε2â2 +4ε2
2 â2 = 0.3536,
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the inequality condition τ̂ < τ̄ does not hold anymore. Fig-

ure 3(a) shows the states of agents, Figures 3(b) and 3(c) show

the containment tracking error curves. From Figures. 3(a)–

3(c), we can see that the follower agents cannot reach the con-

vex hull spanned by leaders.
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Fig. 3. (color online) (a) States of different agents, and variations of con-
tainment errors of positions (b) x and (c) y with τ2(t) for different agents.

6. Conclusions
In this paper, we investigate the containment control prob-

lem for multi-agent systems with measurement noises and
time-varying communication delays. The measurement noises
and asymmetric time-varying delays are considered simulta-
neously in the construction of the containment control algo-
rithm. A delay-dependent sufficient condition for containment
consensus in the sense of mean square is derived. Our future
work will include the containment control problem for multi-
agent systems with multiple dynamic leaders or under switch-
ing topologies.
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