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Conservation laws of the generalized short pulse equation”
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We show that the generalized short pulse equation is nonlinearly self-adjoint with differential substitution. Moreover,
any adjoint symmetry is a differential substitution of nonlinear self-adjointness, and vice versa. Consequently, the general
conservation law formula is constructed and new conservation laws for some special cases are found.
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1. Introduction
The short pulse equation

1

e = ¢ (u3)xx—|—u, 1)

was first introduced by Schifer and Wayne as a model equa-
tion to describe the propagation of ultra-short light pulses in
silica optical fibres.!!] Later, the properties of Eq. (1), such as
integrability, bi-Hamiltonian structure, and its exact solutions,
have been extensively studied. (See Refs. [2]-[4] and the ref-
erences therein.)

This paper is concerned with the conservation laws of the
generalized short pulse equation

= [g(u) ]+ f(w), )

from the point of view of nonlinear self-adjointness with dif-
ferential substitution, where f = f(u) and g = g(u) are two
nonconstant analytic functions of u. Obviously, equation (1)
is a particular case of Eq. (2) with g(u) = /6 and f(u) =
u. Complete Lie symmetry classification and reductions of
Eq. (2) have been performed in Ref. [5].

The conservation law has an important characteristic of
studying partial differential equations (PDEs), such as inte-
grability and linearization, constants of motion, analysis of
solutions, and numerical solution methods.!®-!3] Thus many
researchers have developed new and effective methods to
construct conservation laws of PDEs.!'>~!7] The method that
we have adopted here is the nonlinear self-adjointness with
differential substitution.!'®!”] Approximate nonlinear self-
adjointness and approximate conservation laws were studied
in Refs. [17]{19].

We will now briefly review the main idea of nonlinear
self-adjointness with differential substitution. Consider a sys-
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tem of m PDEs with r-th order

E%(x,u,uqy,. . oupy) =0, a=1,2,...,m, 3)

where x = (x!,..

.,x") is an independent variable set and u =
(u',...,u™) is a dependent variable set, u(;y denotes all i-th x
derivatives of u. Note that the summation convention for re-
peated indices will be used unless otherwise stated.

Let £ be the formal Lagrangian of system (3), which is

written as
E:vﬁEﬁ(x,mu(l),...,u(,)), %)

where v are the introduced new dependent variables, and then
the adjoint equations of system (3) will be defined by

# oL
(Ea) (x,u,v7u(1)7v“),...,u<r),V(r)) = 8? = Oa (5)

where 6 /du® is the Euler operator written as

R R 9
Sue ~ gue LV Pie i

s

The definition of nonlinear self-adjointness with differen-
tial substitution is then given as follows.[!6:17]

Definition 1 The system (3) is said to be nonlinearly self-
adjoint with differential substitution if the adjoint system (5)
is satisfied for all solutions of system (3) upon a differential
substitution v = @ (x,u,u(y), - .., U(5)) such that v # 0.

Definition 1 means that the adjoint system (5), after
having been inserted by the differential substitution v =
@ (x, u, U1y, - -, U(5)), holds identically in the solution space of
the original system (3), thus Definition 1 is equivalent to the
following equality:

(ES) (s, w401, V()80 V0) o gy o) = O
when E* =0, 6)
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which is called the determining system of differential substi-
tution.

Since the key point of studying nonlinear self-adjointness
with differential substitution is to search for the differential
substitution, in the next section we will show that the adjoint
symmetries admitted by Eq. (2) are the required differential
substitutions, and then give the general conservation law for-
mula.

2. Nonlinear self-adjointness with differential
substitution

Following the idea of nonlinear self-adjointness with dif-
ferential substitution, we first introduce the formal Lagrangian
of Eq. (2) in the symmetric form of mixed derivatives

1 1
L=v Euxz+iutx—f(u)—g’(u)uxx—g”(u)ui .,

where v is a new introduced dependent variable, and then the
adjoint equation of Eq. (2) is
oL

Y&~ _pl o 2 _
S D,Dyv— f'(u)v—g (u)D;v =0.

Assume the differential substitution v =y (x,t,u, uy, iy, ... ),

which does not contain u,, nor its differential results since they
can be expressed through Eq. (2), then by the differential sub-
stitution determining equations (6), we will obtain

DD — f'(u)v—g'(u)D3v =0, (8)

when equation (2) holds.

On the other hand, by means of the infinitesimal symme-
try criterion for PDEs,!'®! the determining equation of a gen-
eralized symmetry X = @ (x,t,u,ux, iy, ...)d, is

2D — [f/(”) +g<3)(”)”)2c +g//(”)MXX} ¢
— 28" (W)ux 2,9 — &' () 729 =0, ©)

where

Dy =0 +u 0, + [f(u) + &' (1)t —|—g"(u)uﬂ Ou, + Uy, ...
Dy = O+ urdy+ [f(u) +g/(u)”xx +g”(l")u;2(] au, + uxxaux e

are total derivative operators which express u,, and their
derivatives through Eq. (2). The adjoint equation of Eq. (9)
is

2D, — f'(u)o — g (u)D*w =0, (10)

which is the determining equation of an adjoint symmetry
X = o(x,t,u,uy,uy,...,)d,. Obviously, solutions of Eq. (10)
are not solutions of Eq. (9), thus in general an adjoint symme-
try is not a symmetry of Eq. (2).

Obviously, in the solution space of Eq. (2), the determin-
ing equation of differential substitution (8) is identical to the

adjoint symmetry determining equation (10), thus we have the
following theorem:

Theorem 1 Any adjoint symmetry of Eq. (2) is a dif-
ferential substitution of nonlinear self-adjointness, and vice
versa.

Thus, in order to find the differential substitutions of
nonlinear self-adjointness, we will perform adjoint symmetry
classification of Eq. (2).

2.1. Classification of adjoint symmetry

To simplify our calculations, we use the following equiv-
alence transformation for Eq. (2). In particular, by simple cal-
culations, we have the following proposition:

Proposition 1 Any transformation of the form

I = c3t +cq,

= cs(cie3) ™ f(u),

X=cix+cy,
ii=csu+ce, fli
g(i1) = cresey ' g(u (11)

)

where cc3¢s5 # 0, is an equivalence transformation of Eq. (2),
i.e., transformation (11) maps Eq. (2) into

iy = [8(a) g + (@)
In what follows, we consider the adjoint symmetry of
Eq. (2) in the form of
© = A(x,t,u)uy + B(x,t,u)u; + C(x,t,u),

and then, by substituting it into Eq. (10) and separating with
respect to x-, f-derivatives of u, we obtain B = «(r),A =
—a(t)g' (u) + B(x,1), and C = y(t)u + w(x,1), where o, 3,7,
and u satisfy

Bg" =B —g'B:=0,
g//(ﬁx + 7/) = ﬁxt + ’}/ - g/ﬁxx =0,
fBeta' +7)—yuf —pf =t + e =0. (12)
For arbitrary functions f(u) and g(u), the differential sub-
stitution is @ = u, — g'(u)u,. For special f(u) and g(u), the
differential substitutions of nonlinear self-adjointness are ex-
tended. Note that ¢; (i = 1,...,6) are arbitrary constants such
that the differential substitution @ # 0.
2.1.1. g(u)=u
In this case, equation (2) becomes
Uy = e + f(u), 13)
which is obtained from the variational principle with the La-
grangian L = Juu, — su? — [ f(u)du, thus the adjoint sym-
metry and symmetry are identical.

Then, after routine computations, for arbitrary f(u), the
symmetry is

o = (c1t+c2)uy — [c1(x+21) + ¢ + ¢3)uy.
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In particular, for f(u) = uP(p # 1), the symmetry is then

o = (cit+c2)u —[c1(x+2t) + ¢ +¢3]
X Uy +cau+ca(p—1)(x+1)uy.
2.1.2. g(u)#u

In this case, one has § =y = 0. If f(u) = u, there is no
additional new differential substitution to be found. Thus for
f(u) # u, equation (12) becomes

uxt = 07
o f—uf —g e = 0. (14)
From the first equation in Eq. (14), we obtain u = m(x) 4+
n(t), where m(x) and n(t) are two arbitrary functions. The
second equation then becomes
(X/f— I’lf/ = mf/ +mxxg/~

Since the left side in the above equation is a function of ¢ and
u while the right side is a function about x and u, we thus have
f=/f =g, whichmeans f = g = e, and

!
o —n=m-+my =c,

which gives n = @’ — ¢, m = ¢ sinx + ¢; cosx + c, thus the ad-
joint symmetry is

o = o — ote"u,+ o + ¢y sinx + crcosx,
where oo = a(t) is an arbitrary function.

2.2. Conservation law

We will use the following theorem to construct conserva-
tion laws. (201
Theorem 2 Any infinitesimal symmetry (local and non-

local)

; d
X:él(xﬂ’t?u(l)?"')ﬁ+C6(x7uvu(l)7"')ﬁ

of system (3) leads to a conservation law D;(C’) = 0 that is
constructed by the formula

. . oL oL aL
1 __ £l o _ . . R
C'=EL+W [au? D,(aug)—l—D]Dk(augk) ]
oL oL
. G J— [ ...
+Dj(W )[au;’j Dk(au;’jk)+ ]
P
+DjDk(W")L9§ }+ (15)
Uik

where WO = (% — &/ u§ and L is the formal Lagrangian, which
is written in the symmetric form in the mixed derivatives.

By Theorem 2, after substituting formal Lagrangian (7)
into Eq. (15) and then performing proper arrangements, we
obtain the following conservation law formula of Eq. (2).

Theorem 3 A conservation law D,Cb) + DXC“(VZ) =0 of
Eq. (2) is given by

1 1
CEQ) = EVDxn - EanVa

Cc, = (gDwv—g" —11) —g'vD lD
(2) = 8 Pxv =g uy =D )n = gvDen + ZvDim,

where the differential substitution v = y determined by Eq. (8)
and X = n(x,7,u,uy,u,...)d, is a generalized symmetry of
Eq. (2).

In what follows, we consider three special examples
to illustrate the effectiveness of nonlinear self-adjointness
with differential substitution in the construction of conser-
vation laws. Note that for the following examples X =
N (x,t,u,ux,u,...)d, is a generalized symmetry of the corre-
sponding PDEs.

Example 1 The first example is to consider Eq. (2).
For arbitrary functions f(u) and g(u), the differential substi-
tution is v = u, — g'u,, thus by Theorem 3 and considering
Dyv=uy — (g'uy)y = f, we have

CE2) = _fnv
Chy = &N+ (u — g'we)(Dim — g'Dxn — g"usm).

When g(u) = /6, f(u) = u, equation (2) becomes the
short pulse equation (1), which is admitted by the infinitesi-
mal operators X| = u,d,, X, = u;9,,, and X3 = (u—xu, +1tu;)0,.
Then by using 1 = u —xu, +tu, and after proper arrangements,
we obtain

1
Ch) = Wity — u? — Zu“(l +u?),

which is identical to the results in Ref. [17].
Example 2 The second example to be considered is

Uy = tye + f(u). (16)

For arbitrary function f(u), the new added differential
substitutions are v = u, and v, = tu; — xu, — 2tu,. Then for
the differential substitution v, +¢v; with an arbitrary constant

+D,C?, ., =00f Eq. (16) are

q1, the conservation laws D,C! (16)

(16)
given by

Clig) = (xux +2tuy — tuy — qrue) Dy,
Cligy = (g1 + 1) fn + (tur — xux — 2tu + q1ux) D).

In particular, for f(u) = u”(p # 1), the extended differ-
ential substitution is vs = u+ (p — 1) (x + ¢ )uy, we then have

CE16) = (MJF (p— 1)(x+t)MX)Dxn»
CE‘16> =—un— (u—|— (p— 1)(x—|—t)ux)Dxn.

Example 3 The last example is

Uy = (euux)x + eu’ an

020201-3



Chin. Phys. B Vol. 24, No. 2 (2015) 020201

whose conservation laws D,CE”) +DXCZC]7) =00ofEq. (17) are

CE]7) = VD)CTL
Cfm = (e"Dyv —e"uyv —Dyv)n —e"'vDy1,

where the differential substitutions v = ou; — oeu, + o’ +

c1 sinx + ¢ cosx with an arbitrary function o = o(t).

3. Conclusion

We show that the generalized short pulse equation is non-
linearly self-adjoint with differential substitution and its ad-
joint symmetries are the required differential substitutions.
The general conservation law formula is then presented and
new conservation laws are constructed.
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