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Bilayer membranes self-assembled from amphiphilic molecules such as lipids, surfactants, and block copolymers are
ubiquitous in biological and physiochemical systems. The shape and structure of bilayer membranes depend crucially on
their mechanical properties such as surface tension, bending moduli, and line tension. Understanding how the molecular
properties of the amphiphiles determine the structure and mechanics of the self-assembled bilayers requires a molecularly
detailed theoretical framework. The self-consistent field theory provides such a theoretical framework, which is capable of
accurately predicting the mechanical parameters of self-assembled bilayer membranes. In this mini review we summarize
the formulation of the self-consistent field theory, as exemplified by a model system composed of flexible amphiphilic
chains dissolved in hydrophilic polymeric solvents, and its application to the study of self-assembled bilayer membranes.
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1. Introduction

Bilayer membranes self-assembled from amphiphilic
molecules are important components of biological and physio-
chemical systems. In particular, bilayers self-assembled from
lipids are ubiquitous in the cell; they separate the cell from the
external environment as well as encase its internal organelle
structures. Numerous biological functions are associated with
the deformation, fusion and fission of lipid membranes.!!]
Amphiphilic molecules, or apmphiphiles, are molecules com-
posed of hydrophilic and hydrophobic components. Examples
of amphiphiles include lipids, surfactants and block copoly-
mers. Because of the competing hydrophilic and hydrophobic
interactions, amphiphilic molecules in aqueous solution spon-
taneously self-assemble into a variety of structures, including
spherical micelles, cylindrical micelles, and bilayers.?) An ex-
tremely interesting and important self-assembled structure is
the bilayer, in which the hydrophilic parts are located on the
outer surface of the bilayer, whereas the hydrophobic blocks
are hidden in the interior of the membrane. At the molec-
ular scale, the lateral arrangement of the molecules in a bi-
layer membrane is disordered; thus, the membrane could be
regarded as a two-dimensional fluid. At the mesoscopic scale,
bilayer membranes could be regarded as two-dimensional sur-
faces embedded in the three-dimensional space. The unique
structure of self-assembled bilayers results in several intrigu-
ing properties:*! the bilayers can form closed membranes
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without edges, such as vesicles and cell walls; they are ex-
tremely flexible and highly deformable, and despite their flexi-
bility, they maintain their structural integrity even under strong
deformation. The morphology formed by the self-assembled
bilayer membranes is highly affected by the property of the
amphiphilic molecules.

Phenomenologically, a bilayer membrane could be mod-
eled as a two-dimensional surface. The formation and stability
of membrane morphologies could then be understood by con-
sidering the mechanical property of this surface. Assuming
that the deformation from the equilibrium state is small, the
energy of a deformed bilayer membrane can be described by a
linear elasticity theory. Within the content of linear elasticity
theory, the deformation energy of a bilayer is described by the
celebrated Helfrich model of membranes. [+ Specifically the
elastic energy of the Helfrich model of an open membrane is
given by,

FZ/[}’+2KM(M—60)2+KGG] dA+/c7dL, e))

where M = (¢j +¢2)/2 and G = ¢ c; are the local mean and
Gaussian curvatures of the deformed bilayer (cj » are the two
principal curvatures), respectively. The last term in Eq. (1)
represents the edge energy of an open membrane, and it van-
ishes for closed membranes. 7 is the surface tension (sur-
face energy per unit area) of the membrane. For a tension-

less membrane, ¥ = 0. The energetics of a bilayer is specified
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by the elastic constants, cg, Ky, K¢, and o, corresponding to
the spontaneous curvature, the bending modulus, the Gaussian
modulus, and the edge or line tension, respectively. It should
be noted that the Helfrich model is a linear elastic model,
which includes only the lowest-order contributions to the free
energy from the curvatures. Higher-order contributions should
be included if the curvature of the membrane is high. The me-
chanical properties of the membrane within this surface model
are characterized by a set of mechanical parameters, i.e., the
surface tension ¥, spontaneous curvature cg, bending modulus
Ky, and Gaussian modulus k. For an open membrane, the
energetics depend further on the line tension o, which is the
edge energy per unit length of the membrane. The elastic prop-
erties can be used to analyze and explain numerous phenom-
ena associated with vesicle shape and deformation, membrane
fusion, and other relevant membrane activities. 8 The line
tension of an open edge is a key parameter for understanding
the processes of disc-to-vesicle transformation,! vesicle-pore
formation,!% and membrane fusion.[!!:12]

In the study of bilayer membranes, one of the main
objectives of experimentalists and theorists is to determine
these elastic parameters and to understand their physical ori-
gins. In particular, a great number of theoretical and ex-
perimental studies have focused on the relationship between
molecular properties, such as composition, geometrical shape,
and interactions between lipid species, of the amphiphilic
molecules and the mechanical properties of the self-assembled
membranes.!!3 Experimentally, a number of techniques have
been developed for the measurement of bending moduli of
lipid membranes.['315] A large body of knowledge regard-
ing the elastic properties of lipid membranes has been ob-
tained from these experiments, although uncertainties about
these properties still remain.!'>! Besides experimental mea-
surements, simulation methods have been developed to obtain

16.17] Because the

the elastic constants of bilayer membranes.
free energy is not available directly from most simulation tech-
niques, studying the elastic constants of membranes in simula-
tions largely depends on either monitoring the thermal fluctua-
tions of a membrane or integrating the local contributions from
the pressure tensors. Furthermore, measuring the Gaussian
modulus presents a challenge for simulations since changes
in the contribution of the Gaussian curvature to the free en-
ergy of close membranes only occur when there are topologi-
cal changes in the system.

An alternative strategy to obtain the elastic constants of
membranes is to compare the free energy of membranes with
different shapes of definite curvatures. By studying bilayers
in different geometries (e.g., planes, cylinders, spheres), it
is possible to obtain several elastic constants simultaneously.
This approach requires an accurate computation of the free
energy of curved membranes, which can be implemented us-

ing different coarse-grained models of amphiphilic molecules.
Among the different theoretical frameworks developed for am-
phiphilic molecules, the self-consistent field theory (SCFT)
provides a versatile platform for the study of self-assembled
bilayer membranes. The SCFT was originally developed for

s 118197 1y re-

the study of inhomogeneous polymeric system
cent decades numerous researchers have demonstrated that the
SCFT provides a flexible and accurate framework for the study
of self-assembled structures, including the ordered phases of

(20211 and complex micelles.?>?3! The

multiblock copolymers
SCFT provides a rich free energy landscape for the study of
transition pathways between different morphologies.>*! Fur-
thermore, numerical calculations using the SCFT have been
carried out to study the elastic properties of bilayers, using
diblock copolymer/homopolymer blends as a coarse-grained
model to mimic the amphiphile/solvent system.>>~2"] In these
theoretical studies, the focus has been on relating the elas-
tic properties to the molecular parameters of the amphiphilic
molecules.

Here, we review recent application of the SCFT to the
study of the mechanical properties of self-assembled bilayer
membranes. The SCFT starts from a coarse-grained model
of the amphiphilic molecules. Detailed formulation of the
SCFT depends on the specificity of the molecular models.
In this review we focus on a coarse-grained model in which
the molecule species are modeled as flexible polymers.>!
The advantage of this formulation of the SCFT is that the
single-molecular partition function can be computed by solv-
ing a modified diffusion equation.['®!°! It should be noted
that amphiphilic molecules can also be modeled using lat-
tice models®®! or rotational isomeric state models.*°! In the
SCFT formulation, the bilayer membrane is described by a mi-
croscopic model of flexible amphiphilic chains (AB diblock
copolymers) dissolved in hydrophilic solvent molecules (A
homopolymers). The free energy of self-assembled bilayer
membranes with specific shapes is determined by solving the
corresponding SCFT equations. The mechanical parameters
of the membranes can be extracted by fitting the SCFT free en-
ergies of membranes with different geometries to an appropri-
ate energy expression for the continuum elastic model. [26-7)

The remainder of this review is organized as follows: Sec-
tion 2 describes the coarse-grained model of bilayer mem-
branes, the SCFT framework and geometrical constraints used
in the study. A brief review of recent results of the applica-
tion of the SCFT to elastic properties of self-assembled bilayer
membranes is presented in Section 3. Possible future applica-
tion of the SCFT to the study of mechanics and morphology

of self-assembled bilayer membranes is outlined in Section 4.
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2. Coarse-grained model and SCFT framework

In this section, we first describe a coarse-grained model
of a self-assembling amphiphile/solvent system in which the
molecular species are modeled by flexible amphiphilic poly-
mer chains or AB diblock copolymers dissolved in hydrophilic
solvent molecules modeled as A homopolymers.!?>! We then
give a brief review of the SCFT formulated in the grand canon-
ical ensemble,!?®?7l which is used to compute the free en-
ergy of a self-assembled bilayer membrane. Finally, we de-
scribe the implementation of the SCFT in different geometries,
which is used to extract the elastic constants.

2.1. Model of amphiphilic molecules

There are many types of amphiphilic molecules, rang-
ing from small molecular surfactants to macromolecular ana-
logues such as diblock copolymers. Despite the variation
in molecular details, the self-assembly behavior of the am-
phiphilic molecules is determined mainly by a few common
features of the molecules, i.e. the relative strength of the
hydrophilic-hydrophobic interactions and the relative size of
the two components. It has been demonstrated that the coarse-
grained model of amphiphilic molecules could provide useful
information about the thermodynamic behaviour of the self-
assembled bilayer membranes.[?>! In this review, we will fo-
cus on a particularly useful coarse-grained model in which
the molecular species are modeled as flexible polymers.!26->7]
Although many molecular details have been ignored, the
main features of the molecules are kept by the coarse-grained
model. The advantages of the polymeric model is that there
has been tremendous development in the theoretical study of
polymers in the past few decades. The availability of sophis-
ticated and efficient theoretical methods makes it possible to
accurately determine the free energy of self-assembled bilayer
membranes with different shapes and sizes.

Specifically, the molecular species of the system are mod-
eled using corresponding polymeric components. In what
follows we will use a system composed of one type of am-
phiphilic molecules (lipids) and water as a model system to
describe the theoretical framework. For this simple system,
the two molecular species are represented by AB diblock (am-
phiphilic) copolymers and A-type (hydrophilic) homopoly-
mers. The self-assembly of the system is examined by study-
ing the thermodynamic behavior of binary mixtures of AB di-
block copolymers and A-homopolymers in volume V. Exten-
sion of this simple model to include electrostatic interactions
and more complex block copolymer architectures, ' as well
as multicomponent bilayer membranes,?’! is straightforward.

In the simplest polymeric model of an amphiphilic
molecule, the hydrophilic and hydrophobic parts are repre-
sented by the A and B blocks, respectively, which are con-
nected at their ends to form a single diblock copolymer

chain. The molecular parameters characterizing an AB di-
block copolymer chain are its total length, or the degree of
polymerization, N and the lengths of the hydrophilic (A) and
hydrophobic (B) blocks, N4 and Np, respectively (Ny + Np =
N). Equivalently, the composition of the amphiphile can be
described by the volume fraction of the hydrophilic blocks
in the amphiphile, f4 = N4/N. For simplicity, we assume
that both the copolymers and the homopolymers have equal
chain length characterized by the degree of polymerization N.
Furthermore, the A/AB blend is assumed to be incompress-
ible, and both monomers (A and B) have the same monomer
density pp (or the hardcore volume per monomer is o, !y and
Kuhn length b. The interaction between the hydrophilic and
hydrophobic monomers is described by the Flory—Huggins pa-
rameter X.

2.2. Formulation of the SCFT

For the specific coarse-grained model or the AB/A mix-
tures, the task is to first demonstrate that self-assembly does
occur in the model system leading to the formation of bilayer
membranes. Then, the free energy of the self-assembled mem-
branes should be determined so that the mechanical constants
of the membrane could be extracted from the theory. The
polymeric SCFT, originally developed to study the thermody-
namic behaviour of inhomogeneous polymer phases, provides
an ideal framework for this task. Because of the efforts of
a large number of researchers, efficient methods to solve the
SCFT equations have been developed, enabling the study of
complex ordered phases of block copolymers as well as mi-
cellar morphologies of block copolymer solutions. One ad-
vantage of SCFT is that the theory provides an accurate calcu-
lation of the free energy of the system.

Details of the general theory of SCFT are found in a num-
ber of review articles and monographs.!'®1° In what follows,
we provide a brief summary of the SCFT for AB/B blends
formulated in the grand-canonical ensemble.?®! In this for-
mulation the chemical potential of the homopolymers is used
as a reference. The controlling parameter is the copolymer
chemical potential ., or its activity z. = exp(l). This sys-
tem mimics a model system composed of one type of lipid (the
AB diblock copolymers) in aqueous solutions.

The starting point of the SCFT is the partition function
of the system which can be transformed into a field theoreti-
cal description, in which the participation function is written
as a functional integral with the integrand specified by a free
energy functional. Within the mean-field approximation, the

grand free energy of a binary mixture is given by![!5-1%]

NF
kgT po

= /dr [XN(PA(T)‘PB ) — WA(T)Pa(T)

(r) A
—op(r)¢p(r) — &(r)(1 = ¢a(r) — ¢p(r))
—yo(r—mr1)(9a(r) —¢p(r))
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—2¢Qc — O, 2

where @ (1) and @ (r) are the spatially varying concentra-
tion and the meanfield of the a-type monomers, respectively
(¢ =A,B), and £(r) is a Lagrange multiplier used to enforce
the incompressibility condition. A second Lagrange multi-
plier, y, is introduced to ensure the formation of bilayers with
different geometries. A delta function, 6(r — 1), is used to
ensure that the y field only operates on the interface at a pre-
scribed position 7. The last two terms in Eq. (2) are the con-
figurational entropies, which are specified by the single-chain
partition functions for two types of polymers, Q. and Qy.

For the copolymer, the partition function has the form
0. = [drgc(r,1), where gc(r,s) is an end-integrated prop-
agator, and s is a parameter that changes from O to 1 along the
length of the polymer. The propagator is the solution of the

modified diffusion equation,[!8-1%]

$QC(T7S) :REVZCIC(TJ)_wa(T)CIC(T7S)7 3)
where Ry = b\/lm is the radius of gyration of the copolymer
chains. The mean field wy(7) is a piece-wise function where
a=Aif0<s < fy and oo = Biif f4 <s < 1. The initial condi-
tion is g.(r,0) = 1. Since the copolymer has two distinct ends,
a complementary propagator qZ (7,s) is introduced. It satisfies
Eq. (3) with the right-hand side multiplied by —1, and the ini-
tial condition ¢ (,1) = 1. For the homopolymer, one propa-
gator gy (7, s) is sufficient, and the single-chain partition func-
tion has the form Oy, = [ drgy(r,1). The modified diffusion
equations can be solved in real space or reciprocal space using
a number of numerical methods developed previously. "]

The SCFT method employs a mean-field approximation
to evaluate the free energy using a saddle-point technique. The
mean-field equations, or the SCFT equations, are obtained by
requiring that the functional derivatives of the free energy (2)
vanish,

57 o7 87 87
0o 60 68 Sy .
Carrying out these functional derivatives results in the follow-
ing SCFT equations:

on(r) = [ dsan(r.Shan(r1-)

+2c O.fA ds‘]c(r’s)qz(r’s)a
) = Zc/f: dsqe(r,s)q! (r,s),
) = XN¢g(r)+&(r) —yé(r—m1),
wp(r) = XNPa(r) +&(r) +yé(r —r1),
1 = ga(r)+¢s(r),
) (

The SCFT equations are a set of nonlinear and nonlocal equa-
tions. Solving the SCFT equations usually requires numerical
methods. In the past few years a number of efficient and stable
numerical techniques have been developed for the solution of
the SCFT equations.!'®!° Many of these numerical methods
could be used to determine solutions of the SCFT equations
corresponding to bilayer membranes. A typical solution for
a self-assembled bilayer membrane with spherical geometry,
corresponding to a vesicle, is shown in Fig. 1.

0.8F

0.4

0.2

Fig. 1. (color online) Density profile for a tensionless spherical bilayer
with radius R = 7.7Rg, fa = 0.40, and yN = 30 (courtesy of J. Zhou).

For the study of elastic properties of bilayer membranes,
the quantity of interest is the free energy of a system contain-
ing a bilayer membrane. The reference state of the system is
a homogeneous mixture of the the copolymers and homopoly-
mers. The SCFT equations for a homogeneous phase can be
solved analytically. In particular, the bulk copolymer concen-
tration @pyx can be obtained as a function of the copolymer
chemical potential L,

He = In oy — In(1 — Ppuix)
+ AN (1= fa) [1=2(1 = fa) Pour] -

The free energy of the homogeneous phase, Z i, can be ob-
tained by inserting the homogeneous solution to the SCFT free
energy (Eq. (2)). For a bilayer membrane, its excess free en-
ergy (% — Zpuk) is proportional to the area of the membrane.
It is useful to define the excess free energy density, F, as the
free energy difference between systems with and without the
bilayer membrane, divided by the area, A, of the membrane,

N(F — Fpu)

AF =
ks T poA

“
An example of the excess free energy (in units of Y, =
Wkg Th/+/N) of cylindrical and spherical membranes as
a function of the dimensionless curvature cd (d is the thickness
of the bilayer) is shown in Fig. 2. Comparison of this SCFT
free energy with the Helfrich elastic energy (Eq. (1)) can then
be used to determine the various elastic constants.
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Fig. 2. (color online) Excess free energy of a tensionless bilayer in the
cylindrical (squares) and spherical (circles) geometries. ¢c=1/randd =
thickness of the flat bilayer. The parameters used in the calculations are
fa =0.40 and YN = 30 (courtesy of J. Zhou).

2.3. Geometrical constraints

The central task of studying the mechanical property of
bilayers is to obtain solutions of the SCFT equations corre-
sponding to self-assembled membranes with given shape and
size. The elastic constants can then be extracted by compar-
ing the free energy with the Helfrich model (Eq. (1)). In order
to extract information regarding various elastic properties, the
excess free energy of a bilayer with different geometries needs
to be computed. In most studies, solutions of SCFT equa-
tions corresponding to five geometries are obtained. These
five geometers are (i) an infinite planar bilayer membrane; (ii)
a cylindrical bilayer membrane with a radius r, which is ex-
tended to infinity in the axial direction; (iii) a spherical bilayer
with a radius r; (iv) an axially symmetric disk-like membrane
patch with a radius R; and (v) a planar membrane with a cir-
cular pore of radius R. The first three geometries, which can
be reduced to a one-dimensional problem by using an appro-
priate coordinate system, are employed to extract the bending
modulus and the Gaussian modulus, as well as higher-order
curvature moduli. In contrast, the last two geometries, which
are two-dimensional systems due to their axial symmetry, are
used to extract the line tension of the membrane edge.

Bilayers with a given geometry can be stabilized by ap-
plying appropriate constraints to the SCFT equations. With
these geometric constraints, the excess free energies for the
five geometries, which are denoted FX, where X = 0,C, S, D, P
for the planar, cylindrical, spherical, disk, and pore geome-
tries, respectively, can be calculated. In general, the surface
tension of the membrane depends on the chemical potential of
the copolymers. A tensionless membrane is obtained when the
chemical potential of the amphiphilic diblock copolymers, L,
is adjusted carefully such that the grand free energy of the bulk
system and of a planar bilayer are identical, i.e., F* = 0.

For a bilayer of finite thickness, the definition of the in-
terface position or the membrane surface involves a certain
degree of arbitrariness. To be consistent with our constraint

method, the bilayer interface is defined by the midpoint of the
two positions where the A- and B-segment concentrations are
equal. For a cylindrical membrane with radius r, the mean
curvature is M = 1/(2r) and the Gaussian curvature vanishes.
For a spherical membrane with radius r, the mean curvature
and the Gaussian curvature are M = 1/r and G = 1/r?, respec-
tively. With these curvatures, the Helfrich free energy (Eq. (1))
is written in terms of the curvature ¢ = 1/r for the cylindrical
and spherical geometries,

FC€ = —2Kkycoc+ %62, (®)]
FS = —4iycoc+ (2ky + Kg) 2. (6)

These free energy expressions should be compared with the
SCFT free energy obtained by solving the SCFT equations for
cylindrical and spherical bilayer membranes. In particular, the
elastic constants cg, Kys, and kg are obtained by fitting the
SCFT free energy to these expressions. The SCFT free energy
of the different bilayer membranes is obtained by inserting the
SCFT solutions into the expression of the free energy. An ex-
ample of the excess free energy is shown in Fig. 2. These
free energy curves are well described by the Helfrich expres-
sion (Eq. (5)) for membranes with small curvature. Because
of the symmetry of the bilayers the spontaneous curvature of
the membranes is zero in this case. The bending and Gaussian
moduli, xy; and kg, respectively, are obtained by fitting the
SCFT excess free energy to the Helfrich model.

16

12

0 5 10 15 20

(=]

Fig. 3. Plot of AF /R as a function of R for a circular bilayer disk. The
parameters used in the plot are fj = 0.40, YN =30, and u =4.4. Inset:
Plot of AF as a function of R (courtesy of Dr. J. Zhou).

The free energy of an open membrane includes contribu-
tions from the edge of the bilayers in the form of edge energy
or line tension. For a flat circular disk with a large radius the
excess free energy can be written as contributions from the
surface tension and edge energy,

AF = yR* +27OR, (7

where R is the radius of the disk. A typical plot of the excess
free energy as a function of the disk radius is shown in the in-
set of Fig. 3, demonstrating the parabolic feature of the func-
tion. For the purpose of obtaining the surface tension y and
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line tension o, we can plot the quantity AF /R as a function
of R (Fig. 3), which is a linear function of R. The slope and
interception of this linear curve can then be used to determine
the surface tension (y) and line tension (o).

3. Recent applications: Elastic constants of self-
assembled bilayers

In this section we give a brief review of recent applica-
tions of SCFT to the study of the elastic properties of self-
assembled membranes. The SCFT has been applied to the
study of self-assembled bilayer membranes by a number of

10,25-27

researchers.| ! While there have been significant contri-

butions to this topic by a number of research groups, we will
restrict the scope of the applications to our own work.[26:27]
We do not wish to provide an exhaustive review of the topic
but would like to use a few examples to illustrate the useful-

ness of the SCFT framework.

3.1. Membranes elasticity: Bending and Gaussian moduli

The linear elasticity theory of membranes (Eq. (1)) has
been used as a foundation for the discussion of many mem-
brane properties including the shape and deformation of vesi-
cles. In the original construction of the elasticity theory,
the elastic constants (spontaneous curvature and bending and
Gaussian moduli) are phenomenological parameters of the
model. These elastic constants are to be determined from cal-
culations based on microscopic theories or to be measured
from experiments. The SCFT provides an ideal theoretical
framework for the determination of these elastic constants
A number of SCFT studies have
been devoted to the study of membrane elasticity. In a recent
publication, Li ez al.*®! reported a detailed SCFT study of the
elastic properties of a bilayer, including the bending and Gaus-

from a molecular model.

sian moduli, by applying the SCFT to a coarse-grained model
composed of amphiphilic chains dissolved in hydrophilic sol-
vent molecules. Furthermore, they have examined the region
of validity of the linear elasticity theory for the given coarse-
grained models by computing the higher-order contributions
to the free energy.

Specifically the coarse-grained model consists of am-
phiphile/solvent mixtures modeled as blends of AB diblock
Solutions of the SCFT
equations corresponding to bilayer membranes in five differ-

copolymers and B homopolymers.

ent geometries are obtained: the planar, cylindrical, spheri-
cal, disk, and pore geometries. The corresponding free energy
of membranes is used to extract the elastic constants of the
membrane. The effects of molecular properties, such as the
hydrophilic volume fraction f and the interaction parameter
X, on the elastic constants are investigated. The generic trend
from the results is as follows: (i) the bending modulus Ky is
a concave function of the hydrophilic volume fraction f4 and

it has a maximum around f4 = 0.50 but the f4-dependence
is weak; (ii) the Gaussian modulus kg is a monotonically de-
creasing function of f4, and the ratio of the Gaussian modulus
and the bending modulus changes from 1 to —2 as fj is in-
creased from 0.30 to 0.70; (iii) the value of xj; increases as
XN is increased, while the value of ks depends weakly on
XN.

Furthermore, Li ez al.*! investigated the region of valid-
ity of the linear elasticity theory and concluded that the linear
elasticity model is accurate at small membrane curvatures, but
it becomes inaccurate when the radius of curvature is compara-
ble to the membrane thickness. Higher-order curvature moduli
have been introduced and calculated in their study.

3.2. Line tension of open membranes

Line tension or the edge energy of open membranes is
an important parameter of the membranes. In particular, the
competition between the bending energy and edge energy de-
termines whether a finite bilayer membrane would form a flat
disk or an enclosed vesicle.”! The line tension also plays an
important role in the formation of pores in membranes. There-
fore accurate determination of the line tension of membranes
is an important application of the SCFT.

In the recent study of Li ef al.,*®! the line tension of self-
assembled membranes was studied by applying the SCFT to
the coarse-grained model. Specifically, SCFT solutions cor-
responding to an open disk or pore were obtained. The free
energy of the disk or pore as a function of their size R is then
used to extract the line tension of the membranes. For tension-
less membranes, these authors found that as the hydrophilic
volume fraction (f4) increases, the line tension o decreases
linearly from a positive value to zero and even to a negative
value, indicating that lipids with large head groups can be used
as edge stabilizers.

Very recently, Dehghan et al. ) investigated the line ten-
sion or edge energy of self-assembled multicomponent bilayer
membranes using the SCFT. The coarse-grained model con-
sists of lipid species modeled as amphiphilic AB/ED diblock
copolymers in a solvent, modeled as C-homopolymers. Solu-
tions of the SCFT equations are obtained for a bilayer mem-
brane with a pore of fixed size. By fitting the SCFT free energy
of the pore to the elasticity model (Eq. (7)), the line tension of
the membrane can be obtained. The effects of the composi-
tion, geometrical shape, and interactions of lipid species on
the line tension were examined. Their results can be summa-
rized as follows: For a bilayer system composed of cylindri-
cal, cone-, and inverse cone-shaped lipid species, an increase
in the concentration of the cone-shaped lipids results in a de-
crease in the line tension. In contrast to the behaviour of cone-
shaped lipids, an increase in the concentration of the inverse
cone-shaped molecules results in an increase in the pore line

128707-6



Chin. Phys. B Vol. 24, No. 12 (2015) 128707

tension. The mechanism underlying the decrease or increase
in the line tension could be attributed to the segregation of the
molecules within the membrane. Furthermore, an increase in
the repulsive interaction between the head groups results in a
decrease in the pore line tension.

4. Conclusions and outlook

Here, we provide a brief review of the SCFT and its ap-
plication to the study of self-assembled bilayer membranes.
The SCFT is a flexible and accurate theoretical framework for
the study of inhomogeneous morphologies formed from com-
plex molecular systems. It has been well documented that the
application of SCFT to polymeric systems containing block
copolymers has resulted in a good understanding of the prin-
ciples of nanostructure formation in that system.?%2!! It has
been demonstrated that the application of SCFT to coarse-
grained models of amphiphilic molecules could provide use-
ful insights into the relationship between molecular proper-
ties of amphiphiles and the mechanical properties of the self-
assembled bilayer membranes. Although the coarse-grained
model ignores many molecular details of lipids, the results and
conclusions from the SCFT analysis provide a qualitative un-
derstanding of the interplay between the lipid properties and
mechanics of membranes.

The starting point of the SCFT framework is the construc-
tion of coarse-grained models of the amphiphilic molecules.
The detailed formulation of the SCFT depends on the speci-
ficity of the coarse-grained models. In order to take advantage
of the sophisticated techniques developed for polymeric SCFT,
it is useful to model the molecule species as flexible poly-
mers. Specifically, the simplest coarse-grained model of am-
phiphilic molecular systems consists of flexible amphiphilic
chains (AB diblock copolymers) dissolved in hydrophilic sol-
vent molecules (A homopolymers). The free energy of self-
assembled bilayer membranes with specific shapes can be ac-
curately determined by solving the corresponding SCFT equa-
tions. The availability of the free energy allows the computa-
tion of the mechanical parameters of the membranes by fit-
ting the SCFT free energies of membranes with different ge-
ometries to an appropriate energy expression for the contin-
uum elastic model. Recent studies of the polymeric coarse-
grained models have revealed an interesting relationship be-
tween the mechanical properties of the bilayer membranes and
the molecular properties. In particular, SCFT results have re-
vealed how the segregation of amphiphilic molecules could be
used to regulate the line tension of open membranes.>’! Fur-
thermore, the SCFT could also be used to establish the region
of validity of the linear elasticity theory. %%

In this review we focused on the study of mechani-
cal properties of bilayer membranes using SCFT applied to

five bilayer geometries. It should be emphasized that the

application of SCFT to bilayer membranes is not restricted
to the study of simple geometries as reviewed here. For
example, SCFT has been used to examine morphological
changes in membranes, such as membrane fusion!!'! and pore
formation,'%! revealing the mechanisms underlying pore for-
mation of membranes under tension and fusion of two apposed
membranes. Furthermore, extension of the theory to include
more complex molecular architectures and electrostatic inter-
actions is straightforward.[1%-3!

Despite the success in applying SCFT to the study of
self-assembled bilayer membranes, a number of theoretical
challenges remain. First, the coarse-grained model of flexi-
ble polymers could be improved to include more molecular
details of the amphiphilic molecules. For example, proper
description of the orientational order of the lipid tails would
require extending the flexible polymeric model to the semi-
flexible chain model. When a non-Gaussian polymer model
is used, the SCFT should be extended to properly account for
the conformational statistics and the SCFT equations should
be modified accordingly. Second, many membrane configura-
tions may be metastable or even unstable, thus requiring exten-
sion of the theory to non-equilibrium structures. For example,
the lipid composition of the inner and outer leaflets of many bi-
ological membranes is different. The asymmetric composition
arises naturally in cell membranes when the lipids are gener-
ated and initially inserted into the inner leaflet, and the asym-
metry often persists over long periods because the spontaneous
flip-flop of lipids between two leaflets is extremely slow.3!! In
general, the current SCFT model deals with thermodynamical
equilibrium and thus it is challenging to treat dynamic pro-
cesses. Techniques exploring the free energy landscape!!%->#
could provide useful information for understanding the mor-
phological transitions of membranes. Third, many biologi-
cal processes involve protein-membrane interactions.!! It is
therefore desirable to develop coarse-grained models for pro-
teins and membranes. Application of the SCFT to coarse-
grained models of proteins and lipids could lead to insights
on how different proteins affect the curvature and structure of
membranes. Finally, computation of the elastic constants is
done by fitting the excess free energy to the Helfich model.
It would be useful to derive the Helfich model from the SCFT
theory, so that these elastic constants could be calculated using
the knowledge of the SCFT solutions of the bilayers. Such a
theoretical framework would also provide useful insights into
the factors affecting the elasticity of the bilayers.
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