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Application of Arnoldi method to boundary layer instability”
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The Arnoldi method is applied to boundary layer instability, and a finite difference method is employed to avoid the
limit of the finite element method. This modus operandi is verified by three comparison cases, i.e., comparison with linear
stability theory (LST) for two-dimensional (2D) disturbance on one-dimensional (1D) basic flow, comparison with LST
for three-dimensional (3D) disturbance on 1D basic flow, and comparison with Floquet theory for 3D disturbance on 2D
basic flow. Then it is applied to secondary instability analysis on the streaky boundary layer under spanwise-localized
free-stream turbulence (FST). Three unstable modes are found, i.e., an inner mode at a high-speed center streak, a sinuous
type outer mode at a low-speed center streak, and a sinuous type outer mode at low-speed side streaks. All these modes are
much more unstable than Tollmien—Schlichting (TS) waves, implying the dominant contribution of secondary instability in
bypass transition. The modes at strong center streak are more unstable than those at weak side streaks, so the center streak

is ‘dangerous’ in secondary instability.
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1. Introduction

Boundary layer transition is one of the fundamental prob-
lems of fluid mechanics, and it is greatly important for many
engineering problems. For the flat plate boundary layer, there
are two different kinds of transition mechanisms, i.e., nat-
ural transition and bypass transition.!'! In a quiet environ-
ment, natural transition occurs, whose typical process is as
follows:[?! disturbances penetrate into the boundary layer via
a receptivity mechanism and two-dimensional (2D) Tollmien—
Schlichting (TS) waves are generated which can grow; when
the amplitudes of the TS waves reach a high enough level,
three-dimensional (3D) disturbances come into play via some
mechanism, e.g., secondary instability and resonant triad in-
teraction; then the growth of 3D disturbances leads to the tur-
bulent boundary layer. On the other hand, at a high level of
environmental disturbances, bypass transition occurs, whose
typical process is as follows:!! low-frequency disturbances
penetrate into the boundary layer and streamwise streaks are
generated; >8] the growth of streaks is rapid so that secondary
instability is triggered immediately, resulting in the growth of
high-frequency disturbances; more and more turbulent spots
occur somewhere in the boundary layer, and they merge to
form a turbulent boundary layer. In the secondary instabil-
ity stage of bypass transition, because the fundamental dis-
turbances, i.e., low-frequency streaks, vary along both wall-
normal and spanwise directions, an eigenvalue problem of
2D basic flow comes into being. For the bypass transition
of a boundary layer under isotropic and axisymmetric FST,
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Zhang et al.!'! investigated the development of streaks and the
secondary instability. For other typical cases, i.e., spanwise-
localized FST, Zhang et al. U1 gtudied the streaks in the bound-
ary layer by calculating nonlinear boundary-region equations,
and found that there is a strong streak at the center and a weak
one on each side. While the central one is high-speed, the other
two are low-speed, and vice versa. However, secondary insta-
bility of the streaky boundary layer has not been investigated.
Furthermore, for the boundary layer over complex geometry,
such as the junction of an aircraft’s nose and front wing, and
the inlet of an aeroengine with a disturbance generator, in or-
der to investigate its transition, the spanwise variation of basic
flow should be taken into consideration from the beginning,
implying that the fundamental instability of the boundary layer
involves the eigenvalue problem of 2D basic flow. This kind
of eigenvalue problem of 2D, even 3D, basic flow is named
global linear instability. [°!

The parameters of TS waves in natural transition are ob-
tained by solving the eigenvalue problem of Orr—Sommerfeld
(OS) equations, whose basic flow varying along the wall-
normal direction is 1D. For this problem, there have been ma-
ture methods, such as the Muller method.!?! However, it is
hard to apply these methods to 2D basic flow due to the enor-
mous computation cost. Floquet theory is used to investigate
the inviscid problem of 2D basic flow successfully,!!%!! and
it is also useful in other fields.!'>!3] Although Floquet the-
ory is convenient for the inviscid problem, it is quite com-
plicated for a viscous problem and the computation cost is
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e.l1415] Vaughan and Zaki!'>! employed viscous Flo-

expensiv
quet theory to streaky boundary layer instability, and found
three kinds of unstable modes, i.e., inner mode, sinuous type
outer mode, and varicose type outer mode. Phase speed of in-
ner mode is low, while that of outer mode is high. The eigen-
function of the inner mode concentrates symmetrically at the
bottom of the high-speed streak. The eigenfunction of the sin-
uous type outer mode concentrates antisymmetrically at two
‘shoulders’ of the low-speed streak, while that of the varicose
type outer mode concentrates symmetrically at the ‘head’ and
two ‘shoulders’ of the low-speed streak.

As the development of computational mathematics,
Arnoldi iteration has been used to boundary layer instabili-
ty.l1-18] The main idea is that the linearized disturbance equa-
tions are treated as a linear operator, and the eigenvalue prob-
lem of the operator is solved by iteration. By means of pro-
jection onto a small Krylov subspace, the eigenvalue problem
of a large matrix is transformed to a small matrix, making
the problem much easier to solve. Furthermore, many eigen-
modes can be found by one run of Arnoldi iteration. In the
conventional Arnoldi method,'®18] the finite element method
is used to solve disturbance equations, so that it can be ap-
plied to complex geometry problems conveniently. However,
for high-Reynolds-number problems, the convergence speed
of the finite element method becomes slow, even unattain-
able. Furthermore, there are shock waves in high-speed com-
pressible flow, especially in supersonic and hypersonic flows,
which are hard for the finite element method to deal with. As
a result, the conventional Arnoldi method is often applied to
low-Reynolds-number incompressible problems. On the other
hand, for the finite difference method there is no Reynolds-
number limitation, although it can only be applied to regular
geometry problems. Usually, in mechanism investigations, the
geometry of the flow field is regular, so the finite difference
method is effective for them. Furthermore, the finite difference
method is effective for compressible, supersonic and hyper-
sonic flows with shock waves. In common engineering prob-
lems, especially in aeronautics and aerospace, the Reynolds
number is quite high usually, and there are shock waves in
flow fields sometimes. Consequently, it is necessary to re-
place the finite element method in the conventional Arnoldi
method by the finite difference method as done by Merle et
al."") and in this paper. The method is applied to the instabil-
ity of the boundary layer in this paper, while it is applied to the
instability of the lid-driven cavity by Merle et al.['”! The per-
formance of the Arnoldi method at a large Reynolds number
is investigated, including accuracy and convergence. As the
starting point, the incompressible problem is considered in this
paper. In addition, in the conventional Arnoldi method,!7!8]
the eigenvalue package LAPACK!"! is used. In this paper, a
more advanced package ARPACK?! is used, whose interface

is more convenient to edit.

The governing equations and numerical method of the
Arnoldi method used in this paper are described in Section 2.
The finite difference method is employed to solve linear sta-
bility equations, so that we can avoid the limit of the finite
element method mentioned above. For the application of our
Arnoldi method in investigation of the boundary layer instabil-
ity, its effectiveness should be verified first. In Section 3, three
comparative cases are examined in the sequence from easy to
hard. Although the Arnoldi method in this paper is for 2D ba-
sic flow, its verification in 1D basic flow is still necessary as
the starting point. The first case is for 2D disturbance on 1D
basic flow (only depends on the wall-normal direction), and
the results are compared with those of LST. The second case
is for 3D disturbance in 1D basic flow, and the results are also
compared with those of LST. The last case is for 3D distur-
bance in 2D basic flow, and the Reynolds number grows grad-
ually so that the results can be compared with those of inviscid
Floquet theory.l'" In Section 4, the Arnoldi method is applied
to secondary instability analysis on the streaky boundary layer
under spanwise-localized FST obtained by Zhang et al.!'! The
conclusions are drawn from the present study in Section 5.

2. Governing equations and numerical method

Starting from the full Navier—Stokes (NS) equations, the
linearized disturbance equations are obtained.

The nondimensional incompressible NS equations in 3D
Cartesian coordinates are

@_Fﬂ_kaiw_o
ox dy dz
u Ju Jdu u
tu—+v—+w

ot ox 9y oz
dp 1 (d*u J*u d%u
= Tox Re<axz+ayz+azz)’
dv  dv  dv dv

E+M$+Vafy+wafz

EANTE N
dy Re\odx* 0y? 0z2)’
dw dw  dw aw
W—Fug—l—va—y—&—wa—z
ap 1(82w *w 82w>

"9 TRe\ a2 Ty a2 M

where x, y, and z represent streamwise, wall-normal and span-
wise directions, respectively; u, v, and w represent instanta-
neous velocity components in three directions, respectively; p
is the instantaneous pressure. The equations have been nondi-
mensionalized by free-stream velocity U* and local boundary
layer displacement thickness 0*, and the Reynolds number is
Re=U"0%/v*, where v* is the kinematic viscosity in the free-
stream.
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The instantaneous quantities are decomposed into the
sum of basic flow and disturbance as follows:

q(x,y,z,t) =U(

(u,v,w, p)T represents the vector of instantaneous
(U,V,W,P)T the vector of basic flow, ¢’ =
(u' V', W', p))T the vector of disturbance, and € the amplitude

¥.2) + €4 (x,,2,1), 2)

where q =
quantities, U =

of disturbance.

Substituting Eq. (2) into Eq. (1) and subtracting the equa-
tions corresponding to the basic flow, the disturbance equa-
tions are obtained. Then neglecting the nonlinear terms, the
linearized disturbance equations are obtained as follows:

aiu/ + aivl + aw/ — 0
ox dy dz
&u’ 8U 8U 8u’ ou’' ou’'

ap 8214' % 82u’
- 8x+<8x2 * ay? * 3Z2>
v 9V Vv W av v v
e T UtV VT

_ _87[) (821/ 2% 82\1/)

Jy o T T oz
ow' aw W W o o
Pt U Yy W
~dp 1 (oW 9t %W
_az+<ax2+ay2+az2)' ®)

The periodic assumption is used in the streamwise direc-
tion as follows:

q(x,y,z,t) =4(y,z,1)e'“ +c.c., 4)

where § = (i1,7,W,p)T, o is the streamwise wave number,
c.c. represents complex conjugate. Substituting Eq. (4) into
Eq. (3), the equations of § are obtained as follows:

106A+@+%—0
dy dz

% afUAJranJrlocU +Va +Wa

oy oz Vs
~ iapr L (—azar 2800
- PT Re a2 072 )’

9 N Y viavo v w2’

o Ty " TSy T 2
o dp 1 2 2% 9%
——ay‘f'Re(—Ot V+87y2+8712 s

ow oW aW 8A ow
o dp 1 5. 0W %W
__(9Z+R€<_a W+T})2+TZZ . (5)

Equation (5) is the linear stability equations of 2D basic flow,
and is the governing equation to be solved in this paper. A non-
slip condition is imposed on the wall, and the perturbation at
the top boundary is set to be zero as the far-field condition.

Equation (5) is a linear equation of §. For a stream-
wise wave number &, equation (5) difines a linear evolution
operator B(t, o) which evolves disturbances forward in time,
namely

(j(y7zat) :B([,Ol)(j(y,z,O). (6)

Setting the time ¢ to be a fixed value T, the operator becomes

4(y,z,T) = B(T,®)4(y,z,0), (7

where B(T, o) is also a linear operator, for which there is an
eigenvalue problem as follows:

B(T’ OC)Q(%Z) :)‘Q(yvz)7 ®)

where A and ¢(y,z) are the eigenvalue and eigenfunction of
B(T, ), respectively.

On the other hand, the evolution of § fromt=0tot =T
can also be described by complex frequency  as follows:

d(,z,T) = e T 4(y,z,0), )

where ® = @, + i®;, whose real and imaginary parts represent
frequency and growth rate, respectively. Then an eigenmode
can also be described as

B(T,0)q(y.z) =e “Tq(y,2). (10)

In view of Eqs. (8) and (10), the relationship between eigen-
value A and complex frequency @ is

A =c o7, (11)

and o is used to represent the eigenvalue in the paper below.
The numerical method to solve Eq. (5) is presented below.
In the spanwise direction, § is expressed as a Fourier se-
ries, namely

Z a,(v,1)e"P?, (12)

Nn=—oo

4(y,z,t) =

where f is the fundamental wave number in the spanwise di-
rection. This implies that the uniform grid and periodic bound-
ary condition are employed in this direction.

For the stable calculation of Eq. (5), 2D basic flow U (y, z)
is decomposed into the sum of the one-dimensional part U, (y)
and two-dimensional part Uy (y,z) as follows:

U(y,z) =Uu(y) +Uyp(y,2), (13)

where Uy, is the spanwise mean value of U, namely

L./2
Ud( U (»,2)dz, (14)
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with L, = 27 /B being the fundamental wave length; Uy, is ex-
pressed as a Fourier series

o0
Up(y2) = Y, Unly)eP, (15)
n=—oo

Non-uniform grids with a denser distribution near the
wall are employed in the wall-normal direction. For the ap-
plication of a high order difference scheme, the equations are
transformed into the computational coordinate, in which the
grids are uniform, by the transformation 1 = 1n(y). The trans-

formation in this paper is as follows:

nn
= 5 16
YT T n(1-n?) 1o
where y is the domain size and b is a constant given as
V1+8k—3
by = %. 17

Here, constant k; is the rate of top space over bottom space.
The n derivatives are approximated by the fourth-order
central difference schemes as follows:

of _ —fiva+8fin1 —8fj 1+ fjo

*f _ —fira 16541 —=30f +16f;-1 — fi2 (19)
an?; 12A12 .

For the points next to the top and bottom boundaries, they are
replaced by the lower order ones.

For the time splitting, third-order difference scheme is
employed, namely

al _ llfn - 18fnfl +9fn72 _zfn73
otn 6At '

For the first and second step, first- and second-order

(20)

schemes are used, respectively.

The evolution of § from t = 0 to t = T is obtained by
solving Eq. (5). The eigenvalue problem of operator B(T, ),
i.e., the eigenmode including eigenvalue A and eigenfunction
d(y,2), is calculated by Arnoldi iteration. This process is im-
plemented by utilizing the package ARPACK.!?!! The algo-
rithm of Arnoldi iteration is illustrated briefly below, more de-
tails can be seen in Refs. [17] and [21].

Letting the operator B(T, &) act on an arbitrary initial vec-
tor §o k times, which is of unit norm, i.e.,

go|| = 1, one ob-
tains a Krylov sequence [§o,Bdo,B*qo, - .., B qo] with k+ 1
vectors, whose corresponding sequence of normalized vectors
is

Tk+1 = [qAquAlanZa"'vék]
jo Bdo B*4 B*g
= @a q07 qu---a <l y (21)
ap a1 ap ag

where a; are norms of the vectors, and §; are normalized vec-
tors, i.e., ||g;|| = 1. If the vector gy is N-dimensional, Ty

isan N x (k+ 1) matrix. with N being the product of the dis-
cretized point number of §y on the y—z space and 4, i.e., the
number of three velocity components and pressure, and is a
large number usually. The action of B(T, &) on discretized g
can be represented by an N x N matrix M, which is so large
that its eigenvalue problem is quite hard for a conventional
method. k is the size number of the Krylov sequence, which is
set by the user and can be a small one.

The action of the operator B(T,c) on matrix T =
[G0,4G1,G2,- - -,Gk—1] can be described as

k+1
BT} = Ty DY, (22)

where D,({kﬂ)

is a (k+ 1) x k matrix whose elements are
Djj = a;8; j+1 , where &; ; is Kronecker delta. Equation (22)
is the fundamental relationship of Krylov sequences 7 and
Ti+1, and the remainder is an algebraic manipulation of the
equation.

T} and T} are expressed in terms of QR decompositions
k+1
BQ Ry = Qk+le+lD1(( ), (23)

where Qi = [Go,G1,32,---,Gk—1] is an N X k matrix with or-
thogonal columns, Ry is a k X k upper triangular, and similarly
for Q41 and Ryy;. The k and (k + 1) matrices agree where
they overlap, e.g. Qy and Q.1 are the same except that Qx4
contains one more column gy.

Defining a (k+ 1) X k matrix

HY = R DMV R (24)
equation (23) can be expressed as
BQi = Qe HY. (25)

Here, H, ,EkH) is an upper Hessenberg and the last row has only
one mom-zero element denoted as h*, i.e., hi* = hy x_1. By let-
ting H}, be the k x k matrix and consisting all of rows but for
the last row of H,Ekﬂ)

last column of Q. 1, from Eq. (25) to obtain

, one can explicitly separate off gy, the

BQy = Qi H; + I Gréf, (26)

where é] = [0,0,...,1] is a 1 x k unit vector. Equation (26)
describes the projection of B(T, &) onto the orthonormal basis
Q. The extent to which the resulting small k x k matrix Hj,
fails to exactly capture the action of B(T, ) is quantified by
the last term.

Letting ¥} = [vg,v1,v2,...,Vk_1] be the k x k matrix
whose columns are normalized eigenvectors of Hj, with cor-
responding eigenvalues (Ao, A1, Az,..., A1), then diagonal-
izing H} in Eq. (26) gives

BQY: = QY Hi Y+ h*Gvé Y, (27
BY, = WAy +h Giéf 1, (28)
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where Ay is the k x k diagonal eigenvalue matrix of Hy, and
Y, is the N x k matrix of normalized approximate Ritz eigen-
vectors of B(T, &), namely

Q1Y =W = [Yo,Y1,92,. .., Pr—1). (29)

The residual error of eigenmode %); and A; is exactly ex-
pressed by the last term in Eq. (28), namely

g = |[BY;— Ayl = [|h* qeé; )|
= |h*[|v;[k—1]], (30)

where the scalar v;[k — 1] = éJv; is the last component of
eigenvector v;.

In general, if §p becomes N-dimensional after discretiza-
tion, the action of operator B(T, &) can be represented by an
N x N matrix M, which is so large usually that it is quite hard
to solve its eigenvalue problem directly. In Arnoldi iteration,
B(T, ) is projected onto a k-dimensional Krylov space. Be-
cause k is much smaller than N, it is much easier to solve the
eigenvalue problem of the k x k matrix Hy, that is, one can uti-
lize the QR method. From the eigenmode of Hj, both eigen-
mode of B(T,a) and its residual error can be obtained, see
Egs. (29) and (30). If the residual error is small enough, the
eigenmode is accurate and the iteration stops. If the residual
error is large, the iteration is kept on and the sequence T} |
is renewed until the residual error becomes smaller than a pre-
set threshold, which is taken to be on the order of 1071 in this

paper.

3. Verification of the Arnoldi method

In this section, the Arnoldi method is verified by three
comparison cases. Then it is applied to global linear insta-
bility analysis on the streaky boundary layer under spanwise-
localized FST.

For the first case, the basic flow is a Blasius boundary
layer, and only 2D disturbance is taken into consideration.
Because the assumption of parallel flow is employed, the ba-
sic flow is only dependent on y, resulting in the fact that the
results of LST obtained by the Muller method are effective,
which can be taken as a reference.!?) The wall-normal domain
is y; = 14.5, which is about five times the boundary layer thick-
ness. Grid number is Ny = 500, and the transformation ratio in
Eq. (4) is ky = 100. In the spanwise direction, domain size is
71 = 0.4, and grid number is N, = 4.

Figure 1 shows the growth rate @; and frequency @
against streamwise wavenumber & of 2D disturbance at Re =
1000. The points at upper and lower branches of the neutral

curve and at the maximal growth curve are indicated.

300 N — Y .
i maximal 2 g
0.004 ]
0.002}F H0.10
5 of---- 1 s
—0.002f 40.05
—0.004f ]
L — e w |
_ v v v v v v v v v v v v 1o
0.006,5 0.1 0.2 0.3 0.4 0.5

«

Fig. 1. Growth rate @; and frequency @, against streamwise wavenum-
ber « of 2D disturbance at Re = 1000

Figure 2 shows the plots of residual error & against it-
eration number n; at upper and lower branches of the neutral
curve and at maximal growth curve at Re = 1000 and 4000.
The residual errors decay monotonically during iterations. Be-
cause the finite difference method is employed, instead of the
finite element method, there is no divergence problem.

07 v
(a) A\ ——A— upper
B X — 55— lower n
10-5 — 66— maximal
¢ 1079
10-13
10171 S
10 20 30 40 50 60
i
10~ @
—A—— upper —
(b) —8— lower
105 —6—— maximal
1079 T
10-13 | X -
10-17
0 20 40 60 80 100
n;

Fig. 2. Plots of residual error & against iteration number n; at upper and
lower branches of the neutral curve and at the maximal growth curve
of 2D disturbance at Re = 1000 (a) and 4000 (b). Time period for each
iteration is 20, and time step is 0.01.

Figure 3 shows the neutral curve and maximal growth
curve of 2D disturbances from the Arnoldi method and LST,
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and figure 4 shows the corresponding maximal growth rate.

These figures show that the results of the Arnoldi method

agree with those of LST, even at a large Reynolds number.

0.20

0.05

Fig. 3. Neutral and maximal growth curves of 2D disturbance.

Figures 5 and 6 show the eigenfunction |i| at Re =
1000 and 4000, respectively. The results at upper and lower
branches of the neutral curve and at the maximal growth curve
are taken into consideration, and all of them from Arnoldi

——
A neutral curve (Arnoldi) ]
neutral curve (LST)

O max growth (Arnoldi)
— — — max growth (LST)

o

Wi

The second case is also for the Blasius boundary layer,
but 3D disturbance is considered. The LST results of Zhou
and Zhao!? are still taken as a reference. The domain size

0.005

0.004

0.003

0.002

0.001

agree quite well with those from LST.

=

o max growth (Arnoldi)
- — — —max growth (LST)

PO TR T SN TR S NN T S T Y — TR S A S S N

o8
=
[en]

Re/103

Fig. 4. Maximal growth rate of 2D disturbance.

e 6

(a) | -

o Arnoldi 1
LST 1

o

Arnoldi
L

ST

(b)

[e]

Arnoldi (

LST

b)

la]

and grid in the wall-normal direction are the same as in the
first case. In the spanwise direction, domain size is set to be
71 =2x/f3, grid number is N, = 8.

b T T T
i o Arnoldi (c)
i LST

I o Arnoldi ()
LST

Fig. 6. Eigenfunction |i| of 2D disturbance at Re = 4000. (a) Upper branch of neutral curve, (b) lower branch of neutral curve, and (c) maximal growth curve.
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Figure 7 shows the growth rate @; and frequency @
against streamwise wavenumber ¢ of 3D disturbances at § =
0.12 and Re = 1000. The points at the upper and lower
branches of neutral curve and at the maximal growth curve
are indicated.

e 0.15

0.004 |- ]
0.002_— d0.10
§ of----FF - ] 3
—0.002 | 1095

—0.004 - |

I —8—w 1

PR RS B ST S RS SRS MR RR N g

0 0.1 0.2 0.3 0.4 0.5

[e%

Fig. 7. Growth rate @; and frequency @, against streamwise wavenum-
ber o of 3D disturbance at § = 0.12 and Re = 1000.

— 77—
_7 L)
107 A — A upper (a) 7
——8— lower
109+ —O—— maximal B
10— 11
W 10—13_
10—15_
10—17_
10-19 .
n;
B B e e e BN e
A (b)
1079 ——A—— upper .
—8— lower
10-11 —6—— maximal
%y 10—13_
10—15_
10—17 -
P PR BRI BRI BT N B

40 60 80 100 120

ni

Fig. 8. Plots of residual error € against iteration number r; at upper and
lower branches of the neutral curve and at the maximal growth curve of
3D disturbance at Re = 1000 and 4000. (a) Re = 1000 and 8 = 0.12.
Time period for each iteration is 20, and time step is 0.01. (b) Re = 4000
and B = 0.20. Time period for each iteration is 34, and time step is
0.017.

Figure 8(a) shows the plots of residual error & against it-
eration number n; at upper and lower branches of the neutral
curve and at the maximal growth curve of 3D disturbance at
Re = 1000. Unlike the first case, residual errors rise slightly at
levels from 1013 to 1074, After that, they decay until conver-
gence. Figure 8(b) shows the results at Re = 4000. The resid-
ual errors decay until convergence monotonically, and there is
no divergence problem.

Figure 9 shows the neutral curve and maximal growth
curve of 3D disturbance at Re = 1000, and figure 10 shows the
corresponding maximal growth rate. Only the part of § > 0
is shown, because the part of f < 0 is exactly symmetric with
respect to it. These Figures show that the results of the Arnoldi
method agree with those of LST quite well.

0.16 —————1—————1———1—
A neutral curve (Arnoldi) |
neutral curve (LST)

O max growth (Arnoldi)
— — — — max growth (LST)

Wy

0.08

Fig. 9. Neutral and maximal growth curves of 3D disturbance at
Re =1000.

0.004 ————— 11—
i O max growth (Arnoldi) i
- — — — —max growth (LST) 7
1 =1 )
0.003 i S g ]

~
[ o ]
= N -
5 0.002 F h=N .
L N _
I o ]
\
L N _
0.001 | N -
I = ]
= \ -
L \ J
oL v v
0 0.1 0.2 0.3
B

Fig. 10. Maximal growth rate of 3D disturbance at Re = 1000.

Figure 11 shows the eigenfunction || at B = 0.12 and
Re = 1000. The results at upper and lower branches of the
neutral curve and at the maximal growth curve are taken into
consideration, and all of them from Arnoldi agree with quite
well with those from LST.
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Fig. 11. Eigenfunction |i| of 3D disturbance at § = 0.12, Re = 1000. (a)

it at the upper branch of the neutral curve; (b) |i| at the lower branch
of the neutral curve; (c) |i| at the maximal growth curve.
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Fig. 12. Neutral and maximal growth curves of 3D disturbance at
Re = 4000.

124701-8

0 —
L m] max growth (Arnoldi) ]
b ---- max growth (LST) ]
0.004F ~ 8| 5
I “® ]
L N ]
L ‘g ]
0.003_— N ]
- L \ ]
3 L \:L i
0.002 - \ -
L h ]
L ] ]
- \ -
L \ ]
0,001_ N :
L N ]
- N B
- N -

0 T B | T S S R | NI = TR
0 0.1 0.2 0.3 0.4

B

6

oo

Arnoldi
LST

Fig. 14. Eigenfunctions [i| of 3D disturbance at § = 0.20, Re = 4000.
() |u| at the upper branch of the neutral curve; (b) |i| at the lower branch
of the neutral curve; (c) |u| at the maximal growth curve.
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Figures 12-14 show the results of 3D disturbance at a
larger Reynolds number Re = 4000. The situation is similar
to that at Re = 1000.

The third case is for 2D basic flow. The streaky bound-
ary layer in Ref. [10] (Fig. 6(b), also see Fig. 15 in this paper)
is taken into consideration, which is dependent on y and z.
The streak is due to the low-frequency and long-wave-length
disturbance,*°! while the secondary instability is for high-
frequency and short-wave-length disturbance. As a result, the
parallel assumption is still available.

Fig. 15. Basic flow in Ref. [10] (Fig. 6(b)): Contours of streamvise
velocity U.

In Ref. [10], although the streaky basic flow is vicious
with Reynolds number Re = 468, only the instability analy-
sis result from the inviscid Floquet theory is given, which is
taken as reference. The Floquet theory is for the inviscid flow,
implying that the Reynolds number is Re = +oo. However,
the Arnoldi method is for the viscous flow, implying that the
Reynolds number must be limited. For comparison with the
result of Floquet theory, one can increase the Reynolds num-
ber in the Arnoldi method gradually.

The streamwise wave number is o = 0.28 in this case.

The wall-normal domain is y; = 86. Grid number is
N, = 200, and the transformation ratio in Eq. (4) is kc = 300. In
the spanwise direction, domain is z; = 9.875, and grid number
is N, = 64.

Tables 1 and 2 show frequency @, and growth rate wj,
respectively. At a low Reynolds number, i.e., Re = 45, the re-
sults from the Arnoldi method are apparently different from
those from the inviscid Floquet theory because of the viscous
effects. As the Reynolds number increases, the results of the
Arnoldi method change towards the inviscid values because
the viscous effect becomes weak.

Table 1. Arnoldi and Floquet!'%): frequency .

Re Arnoldi Floquet
45 0.235
224 0.231
468 0.230
+-o0 (inviscid) 0.230

124701-9

Table 2. Arnoldi and Floquet!'"): growth rate a;.

Re Arnoldi Floquet
45 0.0081
224 0.0144
468 0.0151
oo (inviscid) 0.0144
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Fig. 16. Plots of residual error & against iteration number n; at Re = 45,
224, and 468. Time period for each iteration is 11.11, and time step is
0.01111.
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Fig. 17. (a) Arnoldi (Re = 468) and (b) Floquet (Fig. 12(a) in Ref. [10]):
eigenfunction |i| (solid line: contours of eigenfunction |u|; dashed line:
critical layer.)
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Figure 16 shows the plots of residual error & against iter-
ation number n; at Re = 45, 224, and 468. The residual errors
decay monotonically during iterations. As the Reynolds num-
ber increases, there is no divergence problem.

Figure 17 shows the eigenfunction || from the Arnoldi
method at Re = 468 and that from the Floquet theory
(Fig. 12(a) in Ref. [10]). Furthermore, the critical layer is also
indicated in the figure, where the streamwise velocity of basic
flow U equals the phase speed of disturbance C; = @;/a. The
agreement between the results from the two methods is quite
good.

The studies of the above three cases show that the Arnoldi
method works in the instability analysis of the boundary layer.
It is still effective at a large Reynolds number because the fi-
nite difference is employed to solve disturbance equations. As
a result, although the Arnoldi method is for incompressible
flow in this paper, it is promising to extend it to compressible

flow, especially super and hypersonic flows.

4. Secondary instability of streaky boundary
layer under spanwise-localized FST

The verified method is applied to the secondary instabil-
ity of the streaky boundary layer under the spanwise-localized
free-stream turbulence. Zhang et al.!!l investigated the streaks
under FST with different levels, and compared their numer-
ical results with experimental data of Westin et al.* at
x* = 160 mm, Re = 446. In the present paper, the secondary
instability is studied for the free-stream turbulence level of
£ = 0.03. Because the streaks are of low-frequency, their time
period is quite long. The streamwise size of the streaks is long
as well. The dependences of the streaky boundary layer on
x and ¢ can be treated as being parametric when short wave-
length (on the order of boundary layer thickness) and relevant
high-frequency instability are considered as noted by Ricco et
al.""!) At fixed x and ¢, the streaky basic flow depends on y and
z only. In the case of the long time period, the following four

time phases
¢ =157/128,377/128,817m/128,1217m/128

are taken, because the amplitude of the streamwise perturba-
tion velocity u;, is relatively high at these instants as shown in
Fig. 18. The central streak is low-speed at ¢ = 37x/128, and
is high-speed at the other three ones.

The wall-normal domain is y; = 24.2. Grid number is
N, = 200, and the transformation ratio in Eq. (4) is k; = 100.
In the spanwise direction, domain is z; = 20.3, and grid num-
ber is N, = 256.

6 T T T 6 T T T
(a) (b)

10

Fig. 18. Streamwise perturbation velocity u;, at x* = 160 mm at time phases
¢ =1571/128 (), 37m/128 (b), 817/128 (c), and 1217/128 (d) under lo-
calized FST with level & = 0.03 (solid contour lines: positive values, and
dashed contour lines: negative values. Contour spacing: 0.02).
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Fig. 19. Curves of growth rate @; (a) and phase speed C; (b) against stream-
wise wavenumber ¢ at different time phases.
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Figure 19(a) shows the plots of the growth rate @; against
streamwise wavenumber ¢, and the result of 2D TS waves for
the Blasius flow is shown as well. Unstable disturbances are
found at all four time phases, and their growth rates are much
higher than that of the most unstable TS wave, implying that
the contribution of secondary instability to bypass transition is
much stronger than that of TS waves. The high growth rate
can also explain why a bypass transition happens much ear-
lier than a natural transition. It is interesting that the growth
rate is always sensitive to steamwise wavenumber o ~ 0.7
at different instants. This reminds us to pay attention to the
‘dangerous’ wavenumber in the following investigation. Fig-
ure 19(b) shows the phase speed C;. It is between 0.5 and
0.6 at ¢ = 37x/128, indicating these unstable modes are in-
ner modes.[ "1 It is higher than 0.9 at other instants, indicating
these modes are the outer mode. %!

Figure 20 shows the plots of residual error & against it-
eration number n; at the ‘dangerous’ wavenumber @ = 0.72

at four time phases. The residual errors decay monotonically

during iterations, but the convergence speeds are different. At
¢ = 157 /128, the convergence speed is much quicker than the
other cases. At ¢ = 1217/128, it is the slowest one in the four

cases.

L~ AU L AL L L B L B L L B
1021 ° — A $=157/128 n
— 85— $=37r/128
—Oo— $=81x/128
—— ¢ =1217/128
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Fig. 20. Plots of residual error & against iteration number n; at ot = 0.72
and different time phases. Time period for each iteration is 2.91, and time
step is 0.00485.
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Fig. 22. Contours of modulus (a), real part (b), and imaginary part (c) of eigenfunction u at ¢ = 377/128.
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0
—10 -5 0 5 10

Fig. 23. Contours of modulus (a), real part( b), and imaginary part (c)
of eigenfunction i at ¢ = 817/128.

Figures 21-24 show eigenfunction distributions of the
unstable mode at & = 0.72 at four instants, respectively, in-
cluding modulus|u|, real part i, and imaginary part ;. The
streamwise velocity of streaky basic flow is shown as well. At
¢=157/128, eigenfunction appears at the bottom of the high-
speed center streak, and both real and imaginary parts are sym-
metric in the spanwise direction. The eigenfunction distribu-
tion and low phase speed (see Fig. 19(b)) of the mode indicate
that it is the inner mode.!'> At ¢ = 377/128, an eigenfunction
appears at two ‘shoulders’ of the low-speed center streak, and
both real and imaginary parts are antisymmetric in the span-
wise direction. The eigenfunction distribution and high phase
speed (see Fig. 19(b)) of the mode indicate that they are in the
sinuous type outer mode.!'>! At ¢ = 817/128 and 1217/128,

an eigenfunction appears at two ‘shoulders’ of each low-speed
side streak, and both real and imaginary parts are antisymmet-
ric in the spanwise direction. The eigenfunction distribution
and high phase speed (see Fig. 19(b)) of the modes indicate
that they are in the sinuous type outer mode.!">! Figure 19(a)
shows that the growth rates at ¢ = 157/128 and 377/128 are
much higher than those at ¢ = 817/128 and 1217/128, im-
plying that the unstable modes at the central streak are more
unstable than those at side streaks.

Solid thick lines:
dashed thick lines: negative contours of eigenfunction; thin

positive contours of eigenfunction;

lines: contours of streamwise velocity of the streaky boundary

layer with contour spacing 0.05.

Fig. 24. Contours of modulus (a), real part (b), and imaginary part (c)
of eigenfunction i at ¢ = 1217/128.
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5. Conclusions

The Arnoldi method is used to investigate the boundary
layer instability. During the iteration, the finite difference
method is employed to solve disturbance equations, so that the
limits of the finite element method at a large Reynolds number
and for shock waves are avoided. The method is verified by
three calculation cases, i.e., 2D disturbance on 1D basic flow,
3D disturbance on 1D basic flow, and 3D disturbance on 2D
basic flow. It should be noted that the method still works at a
large Reynolds number.

The verified method is applied to secondary instability of
the streaky boundary layer under spanwise-localized FST, and
three kinds of unstable modes are found, i.e. an inner mode
at the high-speed center streak, a sinuous type outer mode at
the low-speed center streak, and a sinuous type outer mode
at low-speed side streaks. The growth rates of these modes
are much higher than that of TS waves, so the contribution of
secondary instability is dominant in bypass transition. This is
also the reason for the early occurrence of bypass transition.
The modes at the strong center streak are much more unstable
than those at weak side streaks, implying that they play the key
roles in secondary instability, and that they have the potential
to induce turbulent spot and lead to transition consequently.

Acknowledgment

The authors are grateful to Prof. Brandt Luca of KTH
Royal institute of Technology for providing the data in
Ref. [10], and also to Dr. Liu Jian-Xin of Tianjin University
for useful suggestions.

References

[1]

[2]

[3]
[4]

[5]
[6]
[7]
[8]
[9]
[10]
(1]
[12]
[13]
[14]
[15]
[16]
(17]
[18]

[19]
[20]

[21]

[22]

124701-13

Zhang Y, Zaki T, Sherwin S and Wu X 2011 6th AIAA Theoretical Fluid
Mechanics Conference, June 27-30, 2011, Hawaii, USA, AIAA 2011

Zhou H and Zhao G F 2004 Hydrodynamic instability (Beijing: Na-
tional Defense Industry Press) p. 147 (in Chinese)

Klebanoft P 1971 Bull. Am. Phys. Soc. 10 1323

Suder K L, O’Brien J E and Reshotko E 1998 NASA Tech. Mem. (Tech-
nical Report) 100913

Kendall J M 1990 AIAA Paper 85-1695

Roach P E and Brierley D H 1992 Numerical Simulation of Unsteady
Flows and Transition to Turbulence (Cambridge: Cambridge Univer-
sity Press) p. 319

Westin K J A, Boiko A V, Klingmann B G B, Kozlov V V and Alfreds-
son P H 1994 J. Fluid Mech. 281 193

Matsubara M and Alfredsson P H 2001 J. Fluid Mech. 430 149
Theofilis V 2011 Ann. Rev. Fluid Mech. 43 319

Andersson P, Brandt L, Bottaro A and Henningson D S 2001 J. Fluid
Mech. 428 29

Ricco P, Luo J and Wu X 2011 J. Fluid Mech. 677 1
Wang F Q, Zhang H and M X K 2012 Chin. Phys. B 21 020505

ZhuH X, Wang T T, Gao J S, Li S, Sun Y J and Liu G L 2014 Chin.
Phys. Lett. 31 030503

Liu Y, Zaki T A and Durbin P A 2008 J. Fluid Mech. 604 199
Vaughan N J and Zaki T A 2011 J. Fluid Mech. 681 116

Ma D J, Sun D J and Yin X Y 2007 Chin. J. Comput. Phys. 24 7 (in
Chinese)

Barkeley D, Blackburn H M and Sherwin S J 2008 Int. J. Numer. Meth.
Fluids 57 1435

Blackburn H M, Barkeley D and Sherwin S J 2008 J. Fluid Mech. 603
271

Merle X, Alizard F and Robinet J C 2010 Computers & Fluids 39 911
Anderson E, Dongarra J and Ostrouchov S 1991 Implementation guide
for LAPACK, UT CS-91-138, August 1991

Lehoucq R B, Sorensen D C and Yang C 1998 ARPACK user’s guide:
solution of large scale eigenvalue problem by implicitly restarted
Amoldi method, Philadelphia, SIAM

Wesin K J A, Bakchinov A A, Kozlov V V and Alfredsson P H 1998
Eur. J. Mech. B 17 823


http://dx.doi.org/10.1017/S0022112094003083
http://dx.doi.org/10.1017/S0022112000002810
http://dx.doi.org/10.1146/annurev-fluid-122109-160705
http://dx.doi.org/10.1017/S0022112000002421
http://dx.doi.org/10.1017/S0022112000002421
http://dx.doi.org/10.1017/jfm.2011.41
http://dx.doi.org/10.1088/1674-1056/21/2/020505
http://dx.doi.org/10.1088/0256-307X/31/3/030503
http://dx.doi.org/10.1088/0256-307X/31/3/030503
http://dx.doi.org/10.1017/jfm.2011.177
http://dx.doi.org/10.1002/fld.v57:9
http://dx.doi.org/10.1002/fld.v57:9

	1. Introduction
	2. Governing equations and numerical method
	3. Verification of the Arnoldi method
	4. Secondary instability of streaky boundary layer under spanwise-localized FST
	5. Conclusions
	References

