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For lower dimensional Fermi—Pasta—Ulam (FPU) chains, the ot-chain is completely integrable and the Hamiltonian of
the B-chain can be identified with the Hénon—Heiles Hamiltonian. When the strengths o,  of the nonlinearities depend on
time periodically with the same frequencies as the natural angular frequencies, the resonance phenomenon is inevitable. In
this paper, for certain periodic functions ¢(r) and J(z) with resonance frequencies, we give the existence and stability of
some nontrivial exact periodic solutions for a one-dimensional ot3-FPU model composed of three particles with periodic

boundary conditions.
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1. Introduction

Consider the time-dependent Hamiltonian

1
H(g.p)= Y, Spj+V(t.qin1—q)), (1)
JEZ/nZ
where
1 ot t
V(t,z) = Ezz + %Z:ﬁ + @f‘ +h.o.t.,

where h.o.t. denotes the high order terms of z*, o () and B(r)
are continuous 27-periodic functions, which characterise the
strength of the nonlinearities. The lattice dynamics corre-
sponding to Hamiltonian (1) is governed by the following sys-

tem of coupled equations

§i+V.(t.qj—qj-1)—V.(t,qj11—q;) =0,
qj:CIH»na nEN, (2)

where g; denotes the displacement of the j-th oscillator with
respect to its rest point position.

When H is independent of time, equation (2) is called
a Fermi—Pasta—Ulam (FPU) system which was initially intro-
duced to answer various sophisticated questions related to irre-
versible statistical mechanics and to test the simplest and most
widely believed assertions of equilibrium statistical mechan-
ics such as equipartition of energy, ergodicity by Fermi, Pasta,
and Ulam in 1955.11 The chain is called an ¢-chain if B =0,
a # 0 and a B-chain if o =0, B # 0.1>3] Starting from the
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first numerical results of FPU, both theoretical and numeri-
cal findings are discussed in close connection with the prob-
lems of ergodicity,!*>! integrability, >’ chaos and stability of
motion, (8131

The FPU model with the time-dependent nonlinear term
is used to explore the relation between the thermodynamic en-
tropy change due to irreversible processes and the change of
information loss as a chaotic dynamical system (see Ref. [14]
for instance). Although the time-dependent FPU Hamilto-
nian (1) can be considered as a perturbation of the harmonic
oscillator by rescaling a small parameter, g; < €g;, the dynam-
ics of inharmonic lattices display a rich variety of features: pe-
riodic motions,!!317] quasi-periodic invariant tori,!'®! discrete

19-21] Motivated by the recent paper,!!”!

solitons and breather. !
where the authors prove the existence and multiplicity of peri-
odic solutions of Eq. (2) under certain appropriate conditions
with non-identical action potential V, we perform the calcula-
tion of periodic orbits and study their stability by the averag-
ing theory for the three particles time-dependent FPU chains.
Compared with Ref. [17], where the potentials have a linear
growth at infinity, the classical model (2) does not meet the
conditions in this case. The objective of this paper is to pro-
vide a system of nonlinear equations whose simple zeros pro-
vide periodic solutions of Eq. (2).

The rest of this paper is organized as follows. We shall
present the basic results from averaging theory in Section 2
and introduce the procedure of reducing to standard form in
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Section 3. Finally, in Section 4 we shall apply these theories
to three particles time-dependent FPU chains where the pe-
riod of &, B taken by T = 27/+/3 is resonant with the basic
frequency. For autonomous three particles FPU chains, the o-
chain is completely integrable and the Hamiltonian of the 8-
chain can be identified with the Hénon-Heiles Hamiltonian.
To some extent, the existence of all these periodic solutions
is attributed to the existence of resonance terms for o and 3.
We find nine periodic solutions with six of them being unsta-
ble when we take the “test” functions o = at + cos /3¢, for
any o € R and B(¢) = 1; we obtain seventeen periodic so-
lutions with fifteen of them being unstable while specifying
o = o + cosv/3¢ and B@) = cos2+/3t.

2. Basic idea of the averaging method

The method of averaging is a transformation procedure
leading to a systematic perturbation expansion complete with
error bounds on the difference between exact and approximate

(221 and it is an important tool in the rigorous study

solutions,
of differential equations with a small parameter for proving
properties of the exact problem based on properties of the ap-
proximate problem. A good example of applying the method
of averaging to a beam dynamics problem is given by Ellison
and Shih. %!

Consider the following system of the standard form of av-

eraging
X =ef(t,x€), x€e QCR", e, 3)

where f: R x Q x[0,1] = R" is C"(r > 1), bounded on
bounded sets and T-periodic in ¢, and €2 is a bounded and open
subset of R"”. The associated autonomous averaged system is
defined as

— 7= 1 T
= ef(0):i=ep [ Sx0), ©

Now we state the averaging theorem, and the proof can
be found in Refs. [24] and [25].

Theorem 1 (averaging theorem) There exists a C" change
of coordinates x = ¥+ ew(¢, %, €) under which equation (3) be-
comes

¥ = ef(%)+Efi(t, 7€),
where f: R x Q x [0,1] — R" is T-periodic in . Moreover:

(i) If x(r) and x(¢) are solutions of Egs. (3) and (4) with
the initial values x(f) = xo and %(t) = Xy, respectively, and
|xo — Xo| = O (e), then |x(z) — %(¢)| = O(€) on a time scale
t~1/e

(ii) If ag is a non-degenerate rest point of Eq. (4), so that
f(ap) =0and Df(dp) is nonsingular. Then there exists € > 0
such that, for all 0 < € < €p, equation (3) possesses a unique
T-periodic orbit x(;a., €) such that

x(t;ac,€) — agp, as € — 0.

(iii) If the rest point ag of Eq. (4) is hyperbolic, then the
T-periodic orbit x(z;a., €) of Eq. (3) is hyperbolic, and its un-
stable dimension is one greater than that of the rest point.

(iv) If x*(¢) € W*(x(t;ac,€)) is a solution of Eq. (3) ly-
ing in the stable manifold of the hyperbolic periodic orbit
x(t;ac,€), (1) € Wi(ap) is a solution of Eq. (4) lying in the
stable manifold of the hyperbolic fixed point ag and |x*(0) —
2(0)] = O(e) , then |x*(t) — &(t)| = O(€) for t € [0,+oo).
Similar results apply to solutions lying in the unstable man-
ifolds on the time interval ¢ € (—oo,0)].

We remark that in the change of coordinates, w(t, %, €) is
given by

w50 = [ 17(6,5.0) ~ (D), s)

3. Procedure of reducing to standard form

Consider the system

{Z—%Aq—i-eh(t,q,p,e), ©)
where ¢, p € R", A is a real n X n symmetric matrix and pos-
itive semi-definite, € is a sufficiently small real parameter and
h:RxR"xR"x[0,69] — R" is a smooth T-periodic func-
tion. We are concerned in this section with the procedure of
reducing Eq. (6) to standard form.

Firstly, since A is symmetric and positive semi-definite,
it is always orthogonally diagonalizable and has only real and
non-negative eigenvalues 41,43, ...,A4,. Therefore, there ex-
ists an orthogonal matrix B such that BABT = A and BTB =1,
where A = diag(A1, A2, ..., 4,), I is the identity matrix and BT
denotes the transpose of matrix B. Now we take an orthogonal
transformation by

qg=Bq, p=Bp,

and let A; = coiz, i=1,2,..., then system (6) becomes

qi = pis
{ ji= G+ h(t,B'q. B pe), i=12,...,
where 711- denotes the i-th row of the vector Bh.

Consequently, in case there exists i such that @; = 0 and
hi(t,B*gG, B'p,e) = 0, we can solve g;(t) directly. For @; >
0,i € {1,2,...,n}, to obtain a system of a differential equation
in the standard form for averaging, instead of amplitude-phase
variables in the usual way we introduce the symplectic trans-
formation by

1 _ _ .
u = api cos W;t + g; sin wjt, 8)

v; = —p;sinw;t + @;g;cos wit, ; >0,
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which transforms system (7) into

1 -
= 65 Cos Wjt - h,’([,BTQ(M,V),BTﬁ(u,V), E)a
v),€), @; > 0.

©)
i -
Vi = —esinwyt - h;(¢, BT G(u,v), BT p(u,

We denote the index sets by . = {i: 1 <i<n,w; =0},
J ={i:1<i<n,w; >0}, respectively. We rescale fori € .7,

i = qi,v; =€ 2p;; for j € F ;= e’l/zuj,ﬁj = e’]/Zvj
Then we have the system in the standard form
ii; = €'/2v;,
‘L/i - 61/27:1,‘([7316(127V),BTﬁ(ﬁ7\7),6),i S f;
) 1 -
il :el/zacosa),-t-h'(t BTq(a,v),B p(i,v),¢€),
i
;= —¢'2sinwjt-h;(t,BTq(a,v), BT (i, 7),¢€),j € 7.
(10)

Usually, system (10) is a quasi-periodic system while the
frequencies @; are rational independent. The form of averag-
ing corresponds to taking quasi-periodic averaging. For seek-
ing periodic solutions, we assume that all positive eigenvalues
A; are identical so that @; =
that w;/w; € Q.

, or all positive eigenvalues such

4. Existence and stability of periodic solutions

In this section, we take

1 ot 1
50+ : 3( )3 6[34&14 +hot(er’),

V(t,z) =

where @, are T-periodic functions with T = 27/+/3. We
may visualize the time-dependent FPU system (n = 3) as a per-
turbed linear system with, putting € = 0, frequency @ = /3. It
is apparent from the choice of the period T that the adjustable
external frequency is resonant with the basic frequency. Then
the time-dependent Hamiltonian is defined by

1 1 ot
Hgp) = ¥ art -0+ 5 g g
JELJ3L
t
+ PO gt o)

which corresponds to the Hamilton system

q=p,
(a1 —a3)* — (@2 —q1)?
p=—Aq—ea(t) (612—611)2 (43—42)
( — @) — (91— 43)° (11)
(1 —q3)° (612—41)
—€B(t) (612—611) (CI3—6]2) +0(e?),
(03— ) — (1 —q3)°

where the real 3 x 3 symmetric matrix A is given by

2 —-1-1
A= -1 2 -1
-1 -1 2

Obviously, A is positive semi-definite.
Now we take an orthogonal transformation by

-1/v2 0 1/V2

—1/V6 \/2/3 =1/v6 | q,

1/vV3 1/V/3 1/V/3

—1/vV2 0 1/V2

p=1| -1/v6 \2/3 =1/V6 | p, (12)
1/vV3 1/V/3 1/V/3

BN
I

then system (11) transforms into
q@1 = P1,42= p2,43 = P3s

pr = =341+ %e[ﬁa(t)@%—q‘%)
- 3B(1)q1 (3 +33)] + 0(€),

=
|

X (13)
P2 = 3@+ =eqo[-2V2a(t)§)
—=3B() (@1 + @)+ 0(&),
p3 = 0.

In view of system (13), since equations of g3, p3 are inte-
grable, we drop these equations in the subsequent discussion.
System (13) has the periodic solution if and only if we take
g3 =p3=0.

We introduce a symplectic transformation by

D1 .
U] = —=CoS \/§t + g1 sin \@t,
V] = —pjsin V3t + \@cjl cos \@t,
D2 _ .
= ——cos \/§t+ sin \/ZsTt7
\ﬁ q2

vy = —ppsin 3+ \/§¢72 cos \/§t,

(14)

which transforms system (13) into the standard form of aver-
aging
V3
i = —-€cos V3i[V2a(1)(g; — 33)
=3B(Na1(q1 +33)]+ 0(e),

b1 =~ Sesinv/A[V2a () (@ - )
=3B(1)a1(Gt + @)+ (&),

(15)
. V3 _
iy = —-€qrcos V3t[=2v2a(t)q
= 3B(1)(@ +@)]+ O(e),
3
vy = —5652 Sin\ﬁt[—Z\ﬁ(X(l)Q]
= 3B(1)(q + @)+ O(),
where
_ . vicosv3t . vy cos /3t
=u 51n\/§t+7, =u sm\@t—i— _—
q1 1 \/?»’ q2 2 \ﬁ
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4.1. Case I: a(t) = ap+cos/3t, B(t) = 1,Vap €R

Substituting o(f) = o + cos+/3t,
tem (15) and taking an average on a period 7, we obtain the

B(t) =1 into sys-

averaged equation

= = [VeR -3+t (Vo-om)
— 6ty it — (V6 +371) (ﬁ§+‘7%)}»

Vv = 16[271/[1 —1—2142(\@4— 3\71)\72
+ i1y (27013 — 2v/67) + 972 + 3&5)} :
(16)
Wi = —1—66[2ﬁlﬁ2(\@+ 3v1) + 33
+ 72(9i3 + 2V/67; 4 377 +3v§)] :
7 = 16{27u1u2+2u1(\f—|—3v1)vz

+ i1 (273 + 2V/67) + 397 + 9v2)} :

In order to find the rest points of system (16), we have to
solve the algebraic equations while letting the right-hand of
system (16) equal zero. It seems that the algebraic equations
are very complicated, but it is easy to solve. We have found
nine non-degenerate rest points listed in Table 1. From Ta-
ble 1, we know that the real part of eigenvalues of Jacobi ma-
trix corresponding to the first three rest points are zero, while
the others are nonzero which implies these rest points are un-
stable. Applying the averaging theorem (see Theorem 1), we
conclude our result in the following.

Theorem 2 For any real number o, let a(r) = op +
cosV/3t, B(t) = 1, and P = (1, 7! v(l),ug>,vg>) i=1,2,...,9,
be given in Table 1, then there exists €y > 0 such that, for all
0 < € < €, equation (11) has at least nine nontrivial 27t/ V3-

periodic solutions (qgi) (t;e),qg) (t;e)7qgi) (t;€) satisfying that

fori=1,2,...,9,
i Lor. (i _(i
q(l)(t;e) — W, [sm\/§t (3u5)+\f3ug))
+ cosV/3t (ﬁﬁ§i> +\7§i))] ,ase— 0,
i 1 (i) . (i
qg)(t;e) =3 (\@ug)sm\@t%-\@vg)cosﬁt) ,ase€—0,
q(>(t e)—>L [sm\[t (3141 ‘[’42 )

3v2
+ cosV/3t (\@ﬁi” — Vgi))} ,ase—0.

Moreover, six of them (qgi) (t;e),qé” (t;6)7qgi) (t;€) (i =

4 9) are unstable.

Proof Proceeding as discussed above, in view of Ta-
ble 1, we have found nine non-degenerate rest points P, =
@ v a2l §0), i=1,2,...

Theorem 1, there exists a constant ¢y > O such that, for all

,9, of system (16). Applying

0 < € < €, equation (15) has at least nine nontrivial 27 /+/3-
periodic solutions (u&’) (t;e),v(ll)(t;e),ug> (t;e),vg)(t;e)) satis-
fying that

W (130, (130), 68 (156,05 (15€)

—P,ase—0, fori=1,2,...,9.

Furthermore, for each i € {4,...,9}, the Jacobi matrix corre-
sponding to rest point P; has an eigenvalue with positive real
part, which yields that periodic solutions (u<]i> (t;€), v@ (t;€),
ugi) (t;€), vgi) (t;€)), (i =4,...,9) are unstable. System (13)
has the periodic solution if and only if we take gz = p3 = 0.
Now together with symplectic transformations (12) and (14)
and returning to the original equation (11), we complete the

proof of Theorem 2. g

Table 1. Nine non-degenerate rest points of system (16).

Non-degenerate rest point (", 5\, 2\, 5" Type Eigenvalue {1, 42,43, A4}
X (0, \/W) null Re(A1234) =0
Py (o, ~1/1/6,0,1 /ﬂ) null Re (A1234) =0
Py (o, ~1/v6,0, —1/\/5) null Re (A1234) =0
P ( ,(3—/13)/2v/6,1/\/7V/13 + 23, o) unstable  Re (4;) Re(Ay) <0, Re(A34) =
Ps: (o,(37m)/2¢6,71/\/m,0) unstable  Re(A;) Re(4) <0, Re(Az4) =
(\/ﬁ/ —12), (VI3 —=3)/4v6,—1/2¢/23+7/13,(3 — V13) /4{) unstable  Re(A;)-Re(4y) <0, Re(Az4) =
Pr: (VIVI3=23/(-12),(VI3=3)/46,1/2V/23+7V13,(VI3-3)/4v2)  unstable  Re(A1)-Re () <0, Re(A4) =
P (m/lz,(m_a)/4¢6,_1/z\/m,(m_a)/z;\/é) unstable  Re(A;) Re(A) < 0, Re(Az4) =0
Py (\/m/lz, (VI3—3)/4v/6,1/2/23 +7V/13,(3 — \/ﬁ)/4ﬁ) unstable  Re (4;) Re(Ay) < 0, Re(A34) =

120401-4
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From Theorem 2, we know that the existence of periodic
solutions of Hamilton system (11) are unrelated to the choice
of coefficient ¢g. In fact, for autonomous three-dimensional
FPU chains, the a-chain, which does not contain a resonant
term, is completely integrable. We plot the curves of peri-
odic solutions in Fig. 1, and in Fig. 2 we plot the parametric
curves generated by periodic solutions of system (11) in the
configuration space (q,42,q3). From Fig. 2, we can see that
the periodic solutions have two kinds of different properties:

one kind of periodic solutions run linear motion (see Fig. 2(a))
while the other kind of periodic solutions move on a closed
curve (see Fig. 2(b)) in the configuration space (g1, 42,43)-
In Fig. 1, all of the expressions for variables qg)(t €),
( €), and qg)(t €) are given as follows q(1>( €) =
[(3u§ +fu2 )sm\ft—i—(\fvl —|—v2 )cosft]/Sf—f—
O(€) (red), q2 (t €) = (\fuz sm\ft—i—ﬂvz cos+/3t)/3 +
O(e) (green), qg)(, €) = [sm\ft(?m] — V30 g)) +
cos V3t (v30\) — #0)]/3v/2+ 6/(e) (blue), i =1,2,...,9.

(a) Graphs of ¢% q) ¢

(b) Graphs of ¢} ;7 ¢

(c) Graphs of ¢ ¢} q”

(d) Graphs of ¢ ¢ ¢

—0.10- |

(g) Graphs of ¢7 ¢ q”

Fig. 1. (color online) The profiles of 27/+/3-periodic solutions of system (11) with q(i)

(a)

(h) Graphs of ¢% ¢ q®

(i) Graphs of ¢y ¢y ¢”

D(t:0), 45 (:¢), and ¢ (13€), i = 1,2,....9.

—0.05 ¢,
0.05
—0.05
0 q>
0.05
—0.10
0.10 005 q
(b)

Fig. 2. (color online) The profiles of parametric curves generated by periodic solutions of system (11)
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4.2. CaseII: a(t) = ap +cos/3t, B(t) = cos2v/3t

In this subsection, in order to investigate the variety of the
number of periodic solutions, we add a resonant term cos 2/3¢
for the coefficient B. Substituting o(¢) = a4 cos/3t, B(t)=
cos2+/3¢ into system (15), we obtain the averaged equation

it = 2 (VBu? V613 + Vvt — 201 — Verd —2ui3)
v = —é(%? +up (9u%+\@v1) - \/6142\/2) :

Wy = fg(ﬁmufrw (\/ngvl) V2+Vg) )

71 = %(—914%142 — 91@ +v6urv; + \/éulvz) .

a7

Similar to the previous subsection, we obtain seventeen
non-degenerate rest points for system (17) listed in Table 2 and
fifteen of them are unstable. By using an averaging theorem

we conclude the result below without proof.

Theorem 3 Assume that o(r) = ag + cosv/3t, B(t) =
cos2v/3t. Let B = (@, &\, @, &), i=1,2,...,17, be
given in Table 2, then there exists ¢y > 0 such that, for all
0 < e < €, equation (11) has at least 17 nontrivial 277:/\5—
periodic solutions (q(li) (t;e),qgi) (t;e),qgi) (t;€)) satisfying that,
foreachie {1,...,17},

1
32
+ cos \fSt(\/gﬁgi) —|—\7<2i>)]7 as € — 0,

i 1 e (i
qé)(t;e) — g(\@ﬂg)sm\[’)t—i—ﬁvg)cosﬂt), ase—0,

¢ (1:6) = ——=[sinv/3r(3a{" +v/3i)

- 3\% [sinv/3t(3a\" — v3al)

+ cos \@t(\@ﬁgi) 717<2i>)], as € — 0.

Moreover, fifteen of them (qgi)

{1,...,17}\ {10, 13} are unstable.

)

()

(t; 6)7 q> ©

(t:€),q5 (t;€)), i €

Table 2. Seventeen non-degenerate rest points of system (17).

70 50

(i) 50

Non-degenerate rest point point 7, : (i1}, 9", iy, % Type Eigenvalue {11,242, 23,44}
B (0, \/T,fﬁ/s,o) unstable Re (A13) < O,Re (Az4) >0
P (0, V273, \/2/3,o> unstable Re (A1) < 0,Re (Aas) > 0
Py (0,-(1/2)/3/2,0,-3/22) unstable Re(A12) = 0,Re(A34) < 0
p, (0, 41/2)@,0,3/2@) unstable Re (A1) = 0,Re (A34) < 0
By (0, \/ﬁ,o,o) unstable Re (A1) = 0,Re (A34) < 0
By (_1/\/67 ~1/V6,1/3V/2, _1/ﬁ) unstable Re(A13) < 0,Re(Az4) >0
Br: (1/V/6,-1/v6,-1/3v2,-1/2) unstable Re(A13) < 0,Re(A24) > 0
B (71/¢6, ~1/V6,~1/3/2, 1/ﬂ) unstable Re (A13) < 0,Re (Aa4) >0
Py (1/\/6, —1/v/6,1/3V2, 1/\5) unstable Re (A1) < 0,Re(A24) >0
Po: (o, ~1/21/6,0, —1/2\/5) Null Re(A1234) =0
B (4/2@, ~1/21/6,1/6, 71/2\@) unstable  Re(A;)-Re () < 0,Re (A34) =0
P (1/2\/5, ~1/2v/6,~1/6, 4/2@) unstable  Re (A1) Re(Ay) < 0,Re (A34) =0
Pis: (0., ~1/2v/6,0, 1/2\/5) Null Re(Mip34) =0
P (—1/2\6, —1/2v/6,~1/6, 1/2\&) unstable  Re (A1) Re(4) < 0,Re (A34) =0

Bis: (1/2\/5,71/2\@, 1/6,1/2ﬂ)
Pig : (071/\/6771/3,0)
P+ (0,1/v6,1/3,0)

(

unstable  Re(A;)-Re(42) <0,Re(A34) =0

unstable  Re(A;)-Re(A2) < 0,Re(A34) =0
(A1) ) (

unstable  Re(4;)-Re(A;) <0,Re(A34) =0

5. Conclusions and further discussions

We have used the averaging theory, one of the important
tools in the area of dynamical systems, for studying analyti-
cally the existence of periodic orbits and their stability adapted
to three particles time-dependent FPU chains. To some extent,

the existence of all these periodic solutions is attributed to the

existence of resonance terms for ¢ and 3. We have found nine
periodic solutions with six of them being unstable when we
take the “test” functions @ = oy + cos v/3t, for any o € Rand
B(#) = 1, and obtained seventeen periodic solutions with fif-
teen of them being unstable when specifying a = o+ cos v/3t
and f(t) = cos2v/3t. The main results on the periodic orbits
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for three-dimensional time-dependent FPU chains are summa-
rized in Theorem 2 and Theorem 3.

When considering the FPU model with a larger number of
particles, we know that the linear spectrums, the frequencies
of the normal models, are dense in the closed interval [0,2].
There will occur multiple rationally independent frequencies,
which leads to a quasi-periodic system. For instance, for FPU
chains composed of four particles, the transformed systems
have the linear spectrums 2 and v/2. Therefore, the applica-
tion of the averaging method for larger FPU systems becomes
much more difficult, even for a theoretical point of view. This
problem may be a good topic for further study, and we also ex-
pect some related results both on the theoretical and numerical

aspects.
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