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A note on local unitary equivalence of isotropic-like states∗
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We consider the local unitary equivalence of a class of quantum states in a bipartite case and a multipartite case. The
necessary and sufficient condition is presented. As special cases, the local unitary equivalent classes of isotropic state and
Werner state are provided. Then we study the local unitary similar equivalence of this class of quantum states and analyze
the necessary and sufficient condition.
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1. Introduction
Entanglement is one of the most extraordinary features of

quantum physics. It plays a vital role in quantum information
processing, including quantum teleportation, quantum cryp-
tography, quantum computation, etc.[1] Two entangled states
are said to be equivalent in implementing the same quantum
information task if they can be obtained from each other via
local operation and classical communication (LOCC). In par-
ticular, all the LOCC equivalent quantum pure states are inter-
convertible by local unitary operators (LU).[2] As many prop-
erties like quantum correlation,[3] quantum entanglement,[4]

and quantum discord[5,6] keep invariant under local unitary
transformations, it is significant to classify and characterize
quantum states in terms of local unitary transformations.

There are a lot of researches to deal with the LU prob-
lem, one approach is to construct invariants of local unitary
transformations.[7–14] Usually the invariants of mixed states
are dependent on pure state decomposition. Recently, the in-
variants of bipartite states independent of the pure states de-
composition are studied in Ref. [15]. The LU problem for
multipartite pure qubits states has been solved in Refs. [16]
and [17]. By exploiting the high order singular value decom-
position technique and local symmetries of the states, Ref-
erence [18] presents a practical scheme of classification un-
der local unitary transformations for general multipartite pure
states with arbitrary dimensions, which extends the results of
n-qubit pure states[16,17] to those of n-qudit pure states. For

mixed states, Reference [19] solved the LU problem of arbi-
trary dimensional bipartite non-degenerated quantum systems
by presenting a complete set of invariants, such that two den-
sity matrices are locally unitary equivalent if and only if all
these invariants have equal values. In Ref. [20] the case of
multipartite systems is studied and a complete set of invari-
ants is presented for a special class of mixed states. Recently,
we have studied the local unitary equivalence of multipartite
mixed states by using the technology of matrix realignment
and partial transpose[21] and solved the LU problem for multi-
qubit mixed states with Bloch representation.[22]

In this paper, we study the LU problem for a special class
of quantum states. The necessary and sufficient condition is
provided. Especially, the local unitary equivalence class of
isotropic states[23] and Werner states[24] are obtained. Then
we study the local unitary similar equivalence of this class of
states and give the necessary and sufficient condition.

2. Local unitary equivalence
Two multipartite mixed states ρ and ρ ′ in H1⊗H2⊗·· ·⊗

Hn are said to be equivalent under local unitary transforma-
tions if there exist unitary operators Ui on the i-th Hilbert space
Hi such that

ρ
′ = (U1⊗U2⊗·· ·⊗Un)ρ(U1⊗U2⊗·· ·⊗Un)

†. (1)

First, we consider the case of a bipartite system. Let
H be an N-dimensional complex Hilbert space with |i〉, i =
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1,2, . . . ,N being an orthonormal basis. A general pure state on
H⊗H is in the form of

|φ〉=
N

∑
i, j=1

ai j|i〉⊗ | j〉, ai j ∈ C, (2)

with the normalization ∑
N
i, j=1 ai ja∗i j = 1 (x∗ denotes the com-

plex conjugation of x). Let A denote the matrix given by
(A)i j = ai j, we call A the matrix representation of pure state
|φ〉. The following quantities are associated with the state |φ〉
and given by Eq. (2).

Iα = Tr(AA†)α , α = 1,2, . . . ,N, (3)

where A† denotes the adjoint of the matrix A. As is well
known, two bipartite pure states |φ1〉 and |φ2〉 in H ⊗H are
local unitary equivalent if and only if their matrix representa-
tions give the same values of quantities (3).

Here we mainly consider the local unitary equivalence of
quantum states

ρ1 =
p0

N2 IN⊗ IN +
K

∑
i=1

pi|φi〉〈φi|, (4)

and

ρ2 =
p0

N2 IN⊗ IN +
K

∑
i=1

pi|ϕi〉〈ϕi| (5)

with pi ≥ 0 for i = 0, . . . ,K, ∑
K
i=0 pi = 1, and pi 6= p j for

1≤ i < j ≤ K, 1≤ K ≤ N2.
Lemma 1 Two arbitrary dimensional bipartite non-

degenerate density matrices are equivalent under local unitary
transformations if and only if there exist eigenstate decom-
positions ρ = ∑i pi|ψi〉〈ψi| such that the following invariants
have the same values for both density matrices:

Js = Tr2(Tr1ρ
s), s = 1, . . . ,N2, (6)

Tr[(AiA
†
j)(AkA†

l ) · · ·(AhA†
p)]. (7)

Proposition 1 For two bipartite mixed states in Eqs. (4)
and (5), they are local unitary equivalent if and only if the
corresponding matrix representations of |φi〉 and |ϕi〉 yield the
same values of the invariants (7).

Proof If ρ1 and ρ2 are local unitary equivalent, then |φi〉
and |ϕi〉 are local unitary equivalent under the same local uni-
tary operators. Therefore, |φi〉 and |ϕi〉 give rise to the same
values of the invariants (7).

On the other hand, if |φi〉 and |ϕi〉 give rise to the same
values of invariants (7) by Lemma 1, |φi〉 and |ϕi〉 are local uni-
tary equivalent under the same local unitary operators, hence
ρ1 and ρ2 are local unitary equivalent.

Remark 1 In fact, if the eigenvalues are not all positive
in Proposition 1, then the conclusion still holds true. Propo-
sition 1 can be used to solve the local unitary equivalence of

mixed state with only one degenerate eigenvalue. Because if
one state has only one degenerate eigenvalue, then it can be
transformed into the form like Proposition 1. That is,

ρ = λ1|v1〉〈v1|+ · · ·+λs|vs〉〈vs|+
N2

∑
i=s+1

λ0|vi〉〈vi|,

equivalently,

ρ = λ0IN2 +(λ1−λ0)|v1〉〈v1|+ · · ·+(λs−λ0)|vs〉〈vs|,

where λi 6= λ j, i 6= j, i, j = 0,1, . . . ,s.
Now we can analyze the LU problem in a two-qubit

system. First, when the quantum state has non-degenerate
eigenvalues, then Lemma 1 is sufficient to determine the lo-
cal unitary equivalence. Second, when the quantum state has
eigenvalues with multiplicity not larger than 2, then one can
solve the local unitary equivalence by the method proposed in
Ref. [21]. Finally, if there is only one degenerate eigenvalue,
then Proposition 1 can be used to deal with the LU problem
of quantum states. Therefore, the LU problem of two-qubit
quantum states can be solved in this way.

This proposition can also be used to judge which states
are equivalent to isotropic states[23] under local unitary trans-
formations, which are invariant under the transformation of the
form (U ⊗U∗)ρ(U ⊗U∗)†. The isotropic state can be written
as the mixture of the maximally mixed state and the maximally
entangled state |ψ+〉= 1√

d ∑
d−1
a=0 |aa〉,

ρisot =
p

d2 Id⊗ Id +(1− p)|ψ+〉〈ψ+|,

where 0 ≤ p ≤ 1. Following Proposition 1, the state that is
local unitary equivalent to the isotropic states is in the form of

ρ =
p

d2 Id⊗ Id +(1− p)|ψ ′〉〈ψ ′|,

where |ψ ′〉 is a maximally entangled state.
Subsequently, we consider the states that are local unitary

equivalent to Werner states.[24] We need the technique of par-
tial transpose of states. For a density matrix ρ in H1⊗H2 with
elements ρmµ,nν = 〈em⊗ fµ |ρ|en⊗ fν〉, the partial transposi-
tion of ρ is defined by[25]

ρ
T2 = (I⊗T )ρ = ∑

mn,µν

ρmν ,nµ |em⊗ fµ〉〈en⊗ fν |,

where ρT2 denotes the transposition of ρ with respect to the
second system, |en〉 and | fν〉 are the bases associated with
spaces H1 and H2 respectively. The LU problem of the original
states can be transformed into that of theirs partial transposed
states,[21] since two mixed states ρ1 and ρ2 in H1⊗H2 are local
unitary equivalent if and only if ρ

T2
1 and ρ

T2
2 are local unitary

equivalent.
The arbitrary dimensional Werner states[24] are invariant

under the transformations (U ⊗U)ρ(U ⊗U)† for any unitary
U . They can be written as

ρw =
1

d3−d
[(d− f )Id⊗ Id +(d f −1)∑

i j
|i j〉〈 ji|],

120305-2



Chin. Phys. B Vol. 24, No. 12 (2015) 120305

where −1≤ f ≤ 1. The partial transpose of ρw is

ρ
T2
w =

1
d3−d

(d− f )Id⊗ Id +
(d f −1)
d2−1

|ψ+〉〈ψ+|.

Therefore, the state that is local unitary equivalent to the
Werner states is in the form of

ρ =
1

d3−d
(d− f )Id⊗ Id +

(d f −1)
d2−1

(|ψ ′〉〈ψ ′|)T2 ,

where |ψ ′〉 is a maximally entangled state.
Now we consider the multipartite case. Before showing

the equivalence of multipartite quantum states under local uni-
tary transformations, we give a short review of the high order
singular value decomposition developed in Ref. [26]. For any
tensor A with order d1×d2×·· ·×dN , there exists a core ten-
sor Σ such that

A = (U1⊗U2⊗·· ·⊗UN)Σ , (8)

where Σ forms the same order tensor as A . Any (N − 1)-
order tensor Σin=i obtained by fixing the n-th index to i,

has the following properties 〈Σin=i,Σin= j〉 = δi jσ
(n)2

i , with
σn

i ≥ σn
j and ∀i ≤ j for all possible values of n. Here,

the singular value σn
i symbolizes the Frobenius norm σn

i =

‖Σin=i‖ ≡
√
〈Σin=i,Σin=i〉, where the inner product 〈A,B〉 ≡

Σi1Σi2 · · ·ΣiN bi1i2···iN a∗i1i2···iN .
To calculate the core tensor Σ, one first expresses A in

matrix unfolding form An. Then one derives the singular value
decomposition of the matrix An =UnΛnVn. The core tensor is
then given by

Σ =⊗N
n=1U†

n A . (9)

Lemma 2 Two multipartite pure states are local unitary
equivalent if and only if they have the same core tensor up to
the local symmetry ⊗N

n=1P(n), where P(n) is a block-diagonal
matrix consisting of unitary blocks with the same partitions as
those of the identical singular values of An.

By Proposition 1 and Lemma 2, one can obtain the fol-
lowing result easily.

Proposition 2 Two multipartite mixed states of the form

ρ1 =
p

NM · · ·T
IN⊗ IM⊗·· ·⊗ IT +(1− p)|φ〉〈φ |

and

ρ2 =
p

NM · · ·T
IN⊗ IM⊗·· ·⊗ IT +(1− p)|ϕ〉〈ϕ|

are local unitary equivalent if and only if |φ〉 and |ϕ〉 have the
same core tensor up to the local symmetry ⊗N

n=1P(n).
Remark 2 Two multipartite mixed states

ρ1 =
p

NM · · ·T
IN⊗ IM⊗·· ·⊗ IT +(1− p)ρ

and

ρ2 =
p

NM · · ·T
IN⊗ IM⊗·· ·⊗ IT +(1− p)ρ ′

are local unitary equivalent if and only if the corresponding
density matrices ρ and ρ ′ are local unitary equivalent. There-
fore, the local unitary equivalence of two quantum states does
not change under the disturbance of the white noise. For ex-
ample,

ρ1 =
p
8

I2⊗ I2⊗ I2 +(1− p)ρ

and

ρ2 =
p
8

I2⊗ I2⊗ I2 +(1− p)ρ ′

with

ρ =
q
2
(|000〉+ |111〉)(〈000|+ 〈111|)+(1−q)|111〉〈111|

and

ρ
′ =

q
2
(|001〉+ |010〉+ |100〉)(〈001|+ 〈010|+ 〈100|)

+ (1−q)|111〉〈111|,

are not local unitary equivalent because ρ and ρ ′ are not local
unitary equivalent.[20]

3. Local unitary similar equivalence
Definition 1 If there exists a unitary matrix U such that

(U ⊗U∗)ρ1(U ⊗U∗)† = ρ2, we call states ρ1 and ρ2 being
local unitary similar equivalent.

In Ref. [27] the author studies the unitary invariants
and unitary similar equivalence, and the following Specht’s
theorem[28] has been presented. Next we use them to deal
with the local unitary similar equivalent problem for bipartite
mixed states.

Lemma 3 Let A and B be both n× n complex matri-
ces. Then A and B are unitary similar, i.e, there is a unitary
matrix U , such that UAU† = B, if and only if tr(ω(A,A†)) =

tr(ω(B,B†)) holds for each word ω , where ω(A,A†) is the re-
sult of taking any monomial ω(x,y) in noncommuting vari-
ables x and y and replacing x with A and y with A†.

The proof of Specht’s theorem can also be applied to two
finite sets {Ai}t

i=1 and {Bi}t
i=1 of n×n matrices.[27,29]

Lemma 4 Let {Ai}t
i=1 and {Bi}t

i=1 be both n × n
complex matrices. There is a unitary matrix U such that
U†AiU = Bi for i = 1,2, . . . , t if and only if for every word
ω(x1,y1,x2,y2, . . . ,xt ,yt) in the noncommuting variables xi

and yi we have

tr(ω(A1,A
†
1,A2,A

†
2, . . . ,At ,A

†
t ))

= tr(ω(B1,B
†
1,B2,B

†
2, . . . ,Bt ,B

†
t )).
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For pure states |ψ〉 and |φ〉 with coefficient matrices A
and B respectively, if U ⊗U∗|ψ〉= |φ〉, then UAU† = B. Uti-
lizing this relation, we can obtain the necessary and sufficient
condition for local unitary similar equivalence problem.

Proposition 3 For two bipartite mixed states in Eqs. (4)
and (5), they are local unitary similar equivalent if and only if

tr(ω(A1,A
†
1,A2,A

†
2, . . . ,AK ,A

†
K))

= tr(ω(B1,B
†
1,B2,B

†
2, . . . ,BK ,B

†
K))

holds true for each word ω(x1,y1,x2,y2, . . . ,xt ,yt) in the non-
commuting variables xi and yi, with Ai and Bi being both the
coefficient matrices of |φi〉 and |ϕi〉 respectively.

4. Conclusions
In this work, we study the LU problem for a special class

of states. The necessary and sufficient condition is provided.
Consequently, the local unitary equivalent classes of isotropic
state and Werner state are obtained. Then we investigate the
local unitary similar equivalence for this class of state and ob-
tain the necessary and sufficient condition.
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