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Decoherence of genuine multipartite entanglement for local
non-Markovian-Lorentzian reservoirs
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We study decoherence effects on genuine multipartite entanglement for three and four qubits, spatially separated
and subjected to local Lorentzian reservoirs. Employing recent techniques to compute genuine negativity for multipartite
systems and an exact solvable model, we analyze the dynamics of genuine entanglement for different coupling bandwidths
and detunings. We find that collapses and revivals can occur by varying these parameters for various multipartite quantum

states.

Keywords: genuine negativity, decoherence, random states

PACS: 03.65.Yz, 03.65.Ud, 03.67.Mn

1. Introduction

Quantum entanglement is essential for several practical
applications in the emerging field of quantum information.
This feature inspires us to develop a theory of entanglement
and several methods to partially avoid the unalterable pro-
cess of decoherence.l'?! As we desire to be able to gener-
ate and manipulate entanglement in experiments, therefore it
is essential to study the effects of various environments on
entanglement.®! This problem has received considerable at-
tention for bipartite and multipartite systems.*>3 Some au-
thors have studied only bipartite aspects of entanglement of

multipartite states,[4-16]

nevertheless these studies can cap-
ture only partial information because genuine entanglement is
more distinct in nature than the entanglement among various
partitions. Unless there is an adequate theory of multipartite
entanglement, one can talk about lower bounds of entangle-
ment instead of its exact value.!!”l The precise expression of
multipartite entanglement was only computed for a particular
type of decoherence and definite quantum states.!'”) In addi-
tion, in order to better judge the dynamical behavior of a state,
we need to compare its dynamics with the dynamics of ran-
dom states. In our previous studies, we concentrated on the
dynamics of multipartite states by investigating a computable
measure of genuine multipartite entanglement for several de-
coherence models. 3438

In this work, we extend our study to the dynamics of
genuine entanglement under a specific type of non-Markovian
noise. Although, the approximation of weak interaction and
no back action of environment on the principal system might
be valid for certain circumstances, however in reality most
systems are non-Markovian. It is important to simulate the
effects of non-Markovian environments on genuine entangle-
ment. There are already some studies on the dynamics of en-
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tanglement under non-Markovian reservoirs in both theories

[39-42] We will adopt a model through which

and experiments.
the environment coupling can be tuned across the Markovian
and the non-Markovian regimes. We will then examine the
entanglement evolution of the qubits for different classes of
initial states. Recent progress in the theory of multipartite en-
tanglement has enabled us to study decoherence effects on ac-
tual multipartite entanglement and not on entanglement among
bipartitions. In particular, the ability to compute genuine neg-
ativity for multipartite systems has eased this task.[*>~1 We
find that under the non-Markovian amplitude damping, the
Greenberger—Horne—Zeilinger (GHZ) state appears to be frag-
ile as it does not repeat the collapse and revival of genuine
entanglement for a long time. On the other hand, the W state
turns out to be a most resilient state. All other quantum states
of three and four qubits exhibit similar behavior to W-type
states. We compare the dynamics of chosen quantum states
with the dynamics of random pure states and weighted graph
states.

The rest of this paper is organized as follows. In Sec-
tion 2, we describe the model and equation of motion. In Sec-
tion 3, we discuss the entanglement monotonicity and initial
quantum states, which we study in this work. We present our
main results in Section 4. Finally we summarize the paper in
Section 5.

2. Model for environmental noise

To study the effects of environmental noise on multipar-
tite entangled qubits, we will consider a model in which each
qubit is independently coupled to its local environment that
consists of a wide spectrum of harmonic oscillator modes. The
total Hamiltonian for each qubit thus reads (we take i = 1
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Here @y is the energy separation between the qubit levels |0)
and |1) (with energies +ay/2, respectively), o, is the Pauli-Z
operator, and by is the annihilation operator for the environ-
ment mode with frequency wy. The last term H; in Eq. (1)
describes the interaction between the qubit and its environ-
ment. To be specific, in this work we will consider amplitude-
damping noise which arises from energy exchange between
the qubit and the environment modes. Thus we have[#*-4°]

Hi =Y (0-b} +giosbi) @)
k

where g; are the coupling amplitudes and o4 the rais-
ing/lowering operators for the qubit levels. We shall take the
environment initially in the vacuum state at zero temperature.
In this case, the qubit dynamics under the influence of the cou-

1501 The time evolution for the

pling (2) can be solved exactly.
reduced density matrix pg for a single qubit can then be ex-

pressed as an operator sum !

2
ps(r) = Y Eips(0)E], 3)
i=1

where p5(0) is the initial density matrix for the qubit and E;
are the operation elements for the time evolution of the qubit,
which account for the entire environment effects over the qubit
and satisfy Y7 | E; E; = 1. Explicitly, in the basis {|0),|1)},

we have
_(p@®) O (00

where ¢(r) = /1 —|p(t)|? and p(r) satisfies the equation of
motion>!

oy =— [ azse— oo )

subject to the initial condition p(0) = 1. Note that here we
are using the interaction picture and have introduced the noise
correlation function

1) = ¥ lgPeilo-ane—s)
k

_ / " dwl(o) e @-0)0-7) ©)
0

with J(w) the spectral function for the environment
coupling. [43:49

For the entire system of qubits, since the qubits are not
interacting with each other and their environment noises are
not correlated, each of the qubits evolves independently in ac-
cordance with Eq. (3). The reduced density matrix p for the N

qubits thus evolves as follows:

2N
p(t) =Y Kip(0)K] ()
i=1

with p(0) being the initial density matrix for the N qubits. The
operation elements here are tensor products of the single-qubit
operation elements

N
K= ] E", )
oa=1

where ot = 1 ~ N are the qubit labels and i, = 1,2 denote the
single-qubit operation elements in Eq. (4). In the following
sections we shall analyze the time evolution of the qubit entan-
glement by making use of this result. For explicit calculations,
however, it is necessary to have specific spectral function J(®)
for the qubit-environment coupling. Here we will consider a
Lorentzian spectral function[>?!
1 yA?

J(w)zﬁ(w—abJrA)Mﬂ’ ©)

where 7 is the (phenomenological) decay rate for the upper
qubit level |1), A is the bandwidth of the coupling (thus A ~!
is the noise correlation time), and A is the detuning from the
resonance frequency ay. Utilizing Eq. (9) to Eq. (6), one can
readily obtain the correlation function f and then solve for p(t)
from Eq. (5), yielding!>?!

ool (52))
t A—iA | dr
X {cosh <2 + q sinh (2)}, (10)

d= /(A —iA)2—2yA. (11)

where

With the explicit form for the function p, one can construct
the single-qubit operation elements Eq. (4). By making use of
Egs. (7) and (8) given above, we are now ready for studying
the time evolution of the qubit entanglement. For this purpose,
we will begin in the following section by introducing the en-
tanglement measure for the N-qubit system and discussing the
initial states that will concern us.

3. Multipartite entanglement and quantum
states

In this section, we briefly review the concept of entan-
glement in multipartite systems and introduce the particular
quantum states. The material in this section is already known
in the literature and we cite it appropriately.

Let us take a system of three parties A, B, and C as an
example. A state is defined to be biseparable if we could write
it as a mixture of states across different bipartitions, that is

P™ = P1PAac + P2Pac + P3P (12)
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A state would be genuinely multipartite entangled if not bisep-
arable. This definition is extendable for N parties.

Genuine entanglement can be detected and characterized
via the technique of positive partial transpose mixtures (PPT
mixtures). >4 A bipartite state p = ¥; s i) (j] @ [k) (1] is
PPT if its partially transposed matrix p™ = ¥, pji i) (j| ®
|k)(l] is positive-semidefinite. As separable states are always
PPT*! and therefore the set of separable states with respect
to some partition is contained in a larger set of states which
has a positive partial transpose for that bipartition. The states
which are PPT with respect to fixed bipartition may be called
pg‘l;TC, pg‘iTC, and pg&g. We ask whether a state can be written
as a mixing of PPT states

P = pup - pooft psfll 013
which is called a PPT mixture. Because any biseparable state
is a PPT mixture, any state which is not a PPT mixture must
be genuinely entangled. The main benefit of employing PPT
mixtures instead of biseparable states is that PPT mixtures can
be fully characterized by semidefinite programming (SDP)[>3]
and the set of PPT mixtures serves a very good approximation
to the set of biseparable states and delivers the best known sep-
arability criteria for many cases, however some PPT mixtures
are also genuinely entangled.[*3441 A state is a PPT mixture if
and only if

minTr(Wp) (14)

has a positive solution under the constraint that for all biparti-
tions M|M

W=Py+Qy, with 0<Py<I,0<Qy<I (I5)

The constraints reflect that VV is a decomposable entanglement
witness for any bipartition. If this minimum is negative then
p is not a PPT mixture and hence genuinely entangled.!*344]
Since this is a semidefinite program, the minimum can be ef-
ficiently computed and the optimality of the solution can be
certified.[>>! We use the programs YALMIP and SDPT3[%%]
to solve SDP. We also use implementation which is freely
available.’”! For more explanations, see Ref. [34]-[37], [43]
and [44]. This procedure leads to an entanglement monotone,
also called genuine negativity.[*3 In this paper, we use gen-
uine negativity by denoting it E(p). For bipartite systems, it
is equivalent to negativity >8]
bounded by E(p) < 1/2.15
Two important families of states, namely the GHZ states

and for a system of qubits, it is

and the W states for N qubits are given as

1
= 11---1

|GHZy) ﬁ(IOO 0)+| )

W) :—1N(|00---001>+|00~-010>+- -+410---000)). (16)

A GHZ state always has the maximum value of mono-
tone, that is, E(|GHZy){(GHZy|) = 1/2, whereas for the W
state, the numerical value depends on the number of qubits.
For three qubits E(|W3)(Ws|) ~ 0.443 and for four qubits
E(|Wy)(W4|) ~ 0.366.

Several interesting states for four qubits are the Dicke
state |D5 4), the singlet state |¥s 4), the cluster state |CL), and
the so-called x-state | y4), given as

1

Ds4) = —=[|0011) +|1100) + (0101

D2.4) \@[I )+ [1100) +[0101)
+0110) +1001) +[1010)],
1

Y 4) = —=|0011) + 1100

¥6.4) = = [l0011) +[1100)

- %(|0101> +(0110)+[1001) + |1010>)},

ICL) = %[|0000>+\0011>+|1100>—|1111>],
) = —
X4) = NG

+10010) +|0100) +[1000)], 17)

[V2[1111) +|0001)

respectively. All these states are maximally entangled with re-
spect to multipartite negativity,

E(|D24)(D24|) = E(|¥s4)(¥s4]) = E(ICL)(CL|)
= E([xa)(xal) = 1/2.

Further details about these states may be seen in Ref. [2].

To get the relative behavior of these states, we compare
their dynamics with those of random pure states and weighted
graph states. The generation of these random states is de-
scribed in Refs. [34]-{37].

4. Results

In this section, we present our main results. First we
would present results for three qubits and then for four qubits.

4.1. Three-qubits case

Let us first consider the Markovian limit, which may be
obtained by taking the initial values of A = 10y and A = 0.
In Fig. 1, we plot the genuine negativity for the GHZ state
(black solid line), the W state (green dotted line), mean values
of random pure state (MRS) (red thick dashed line), and the
weighted graph state (MWGS) (blue thick dashed dotted line).
Each of the mean value curves is the average of 100 random
curves. We find that the GHZ state is the most fragile state and
looses its genuine entanglement at about yz =~ 0.74. On the
other hand, the W state is quite robust and remains genuinely
entangled for a sufficiently long time. The mean values of ran-
dom pure states and weighted graph states exhibit dynamics
similar to the W state and also remain genuinely entangled for
long times.
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Fig. 1. (color online) Genuine negativity for various states is plotted
against parameter yt. We have taken the Markovian regime with initial
values of L = 10y, and A = 0.

Let us now explore the effect of non-Markovian reservoirs
on genuine entanglement with and without detuning. Figure 2
shows the time evolution of genuine negativity for the GHZ
state (black solid line), the W state (green dotted line), the
mean value of genuine negativity for random pure states MRS
(red thick dashed line) and the mean value of genuine neg-
ativity for weighted graph states MWGS (blue thick dashed-
dotted line). We have chosen the initial values of A = 0.1,
and A = 0. We observe that non-Markovian reservoirs de-
lay the lifetime of genuine entanglement of the GHZ state till
Yt = 3.65 and after that there is no revival of its genuine en-
tanglement. Whereas the genuine negativity of the W state
comes to an end at yf ~ 8.15 and revives again at yr ~ 8.35.
In comparison, the genuine negativity for both random states
and weighted graph states comes to an end at y¢ ~ 7.7 and
revives at Yt = 8.85. In this respect the dynamics of these ran-
dom states resemble the W state.
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=2 \\
0.10} \
N
0 4 8 12 16 20

vt
Fig. 2. (color online) Genuine negativity is plotted against parame-
ter yt for various states in the non-Markovian regime with a relatively
short reservoir correlation time with zero detuning, that is A = 0.1y and
A=0.

In Fig. 3, we depict the genuine negativity for various
states in a non-Markovian regime. We take a relatively short
reservoir correlation time and positive detuning with A = 0.17,
and A = 8y. First, we note that again genuine negativity for
GHZ does not exhibit any revivals and comes to an end at

Yt ~ 4.2, which means that positive detuning has slightly de-
layed the end of genuine negativity. On the other hand, the ef-
fect of positive detuning on the dynamics of genuine negativity
for the W state is remarkable. There is no more collapse and
revival of the genuine negativity and furthermore, the W state
stays genuinely multipartite entangled for a very long time.
This is due to the fact that enlarging detuning actually tends to
decouple the qubits from reservoirs, hence the larger the de-
tuning, the larger the decoupling will be and it will be no sur-
prise that for sufficiently large detuning, the genuine entangle-
ment of states under consideration is not effected at dawn all.
The dynamics of random states and weighted graph states re-
semble each other and exhibit a revival peaked around Y7 ~ 55,
however, the actual amount of entanglement after yr ~ 10 is

very small.
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Fig. 3. (color online) Same as Fig. 2 with initial values of A = 0.17y and
A =8y.

Let us now consider a relatively long reservoir correlation
time by taking A = 0.01Y, and zero detuning A = 0 in the non-
Markovian regime. Figure 4 shows genuine negativity plotted
against parameter Y. We observe that a relatively long reser-
voir correlation time has further delayed the collapse of gen-
uine negativity of the GHZ state to yt ~ 11.1. Moreover, for
the GHZ state there is also one revival of genuine negativity
at vyt ~ 38.3 and again it collapses at Yyt ~ 51, after that there
are no further collapses and revivals. The genuine negativity
of the W state comes to an end at yr ~ 23.1 with a revival at
Yt /= 23.6, it again collapses at Yt =~ 67.5 with again a revival at
Yt = 68.2. The random pure states and weighted graph states
again exhibit similar behavior to each other and to the W state.

Finally, we consider a relatively long reservoir correla-
tion time with positive detuning, that is, for initial values of
A =0.01y, and A = 8y. Figure 5 shows genuine negativity
plotted for the GHZ state, W state, and mean values of ran-
dom states. We find that genuine negativity for the GHZ state
collapses at yt ~ 11.2, which is almost identical to the zero
detuning case but the revival of genuine negativity is delayed
to yt =~ 72.6, almost twice as later as the zero detuning case.
For the W state there are no more collapses and revivals of
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genuine negativity and the state becomes quite robust similar
to the short correlation time. Once again the random states
exhibit similar behavior to the W state, except the difference
is that after yr ~ 15, the amount of genuine negativity is very
small at all times other than the interval 65 < yt < 85.

0.50 : : : :
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3 \
o.1of \-
0 50 40 60 0100

Fig. 4. (color online) Genuine negativity is plotted against parameter
vt for various states. We have taken the non-Markovian regime with
relatively long reservoir correlation times and zero detuning for initial
values of A =0.01yand A = 0.
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Fig. 5. (color online) Same as Fig. 4 but for initial values of A = 0.01y
and A = 8.

4.2. Four qubits

Here we present results for various quantum states of four
qubits discussed in the earlier section.

Figure 6 depicts genuine entanglement E(p) plotted
against parameter Y7 for various states. We have set A = 107,
and A = 0 to achieve the Markovian limit. All the specific
states except the W state show similar dynamics for some time
before taking different trajectories. In comparison, the GHZ
state again turns out to be the most fragile state and loses its
genuine entanglement at y¢ ~ 0.56 earlier than the three-qubits
case. The W state is quite robust and decays asymptotically
similar to the three-qubits case. The monotone becomes zero
at yt ~ 0.67 and yt ~ 0.98 for |x4) and |CL) states, respec-
tively. Interestingly, the Dicke state |D24) and |S4) state ex-
hibit almost the same dynamics as their curves overlap and de-
cay asymptotically. The mean values of random states (MRS)
and weighted graph states (MWGS) almost exhibit similar be-
havior as for the three-qubits case.

0.500

0.366

E(p)

vt

Fig. 6. (color online) Genuine negativity for various states is plotted
against parameter y¢. We have taken the Markovian regime with initial
values of A = 10y and A = 0.

To study the effects of non-Markovian reservoirs, we
first set A = 0.1y, and A = 0, which corresponds to a non-
Markovian regime with a relatively short reservoir correlation
time with zero detuning. Figure 7 shows genuine entangle-
ment plotted against parameter Yt for specific and random
states. One obvious effect of non-Markovian reservoirs is to
delay the end of genuine entanglement of all states. We ob-
serve that genuine entanglement of the GHZ state comes to
an end at yr ~ 3.2 with no revivals. The only clear revival
is for the W state, whose genuine entanglement comes to an
end at yt ~ 8.2 but revives immediately at Yz ~ 8.4. There are
also revivals for S4 and D, 4 states with genuine entanglement
ending at Yt ~ 7.9 and yt ~ 7.8 with revivals at yt ~ 8.7 and
vt = 8.8, respectively. However, the amount of genuine entan-
glement during the revival interval is too small to be noticed
in the figure. The genuine entanglement of )4 and CL states
end at yr ~ 3.5 and yr = 4.3 respectively, with no revivals.
The mean values of random states and weighted graph states
exhibit a similar dynamics with negligible revivals.

0.500

N —— GHZ
- -w

0.366

——Dy 4

X,

._.CL

— — MRS

- —  MWGS

E(p)

N\
N
4

8 12 16 20
¥t

Fig. 7. (color online) Genuine negativity is plotted against parame-
ter yt for various states in the non-Markovian regime with a relatively
short reservoir correlation time with zero detuning, thatis A = 0.1y, and
A=0.

We set A = 84 to study the effects of detuning with a
short reservoir correlation time. In Fig. 8, we plot genuine
entanglement against parameter y¢ for specific and random
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states. It can be observed that the W state, S4 state, and D5 4
state turn out to be the most robust states as a result of set-
ting the chosen value of detuning. Whereas the GHZ state,
Xa state, and CL state are still fragile as their genuine entan-
glement vanishes at yt ~ 3.5, yt = 4.5, and yt ~ 5.5, respec-
tively with no revivals. The mean values of random states and
weighted graph states exhibit similar behavior with a revival
but a very small amount of genuine entanglement.

0.500

0.366§

E(p)

Fig. 8. (color online) Same caption as Fig. 7 but with A = 0.1y, and
A =38A.

To study non-Markovian effects with a relatively large
reservoir correlation time, we set A = 0.01. Figure 9 depicts
genuine entanglement plotted against parameter Yt for the zero
detuning case, that is A = 0. The GHZ state first loses its gen-
uine entanglement at y¢ ~ 10 and later exhibits a revival only
between yt ~ 42.5 and yt ~ 47. The genuine negativity for
the x4 state becomes zero at yt ~ 11 with a revival only be-
tween Yt ~ 39.5 and yt ~ 50. The genuine negativity for the
D; 4 state first becomes zero at yt ~ 22.5, then immediately
reappears at yt ~ 24.5, again it becomes zero at Yt ~ 66.5
and reappears at Yt ~ 69.5, each time with smaller amplitude.
The S4 state exhibits almost the same behavior as the D 4
state. The genuine negativity for the CL state first becomes
zero at Yt ~ 13, exhibits two revivals between yr ~ 35.5 and
Yt = 54.5, and between yt ~ 87 and yt ~ 91.5. The W state
exhibits quite robust behavior as expected. Throughout the
dynamical process, it remains genuinely entangled except at
Yt ~ 68 where it is zero, however, the amount of entangle-
ment between ¥z =~ 16 and yr ~ 31.5, and between Yyt ~ 58.5
and yt ~ 78.5 is very small. The mean values of random pure
states and weighted graph states exhibit similar behavior with
one clearly observable revival.

Finally, we set A = 0.017y, and A = 8A to study the non-
Markovian effects with a relatively long reservoir correlation
time with positive detuning. The results are shown in Fig. 10.
Interestingly, the GHZ state exhibits no revival whereas D5 4
and Sy states again exhibit similar behavior with a strictly pos-
itive but small value of genuine negativity throughout the dy-
namical process. The state y4 exhibits one revival but it is too
small to be observable at this scale. The CL state loses its gen-
uine negativity at yt ~ 13.5 with a revival between Yt ~ 69 and
Yt =~ 86. The W state remains genuinely entangled as was the

case for three qubits. The mean values for random pure states
and weighted graph states show almost the same behavior as
the CL state.

At this stage, we want to remind the readers that our
method to detect the genuine entanglement is not always per-
fect. If this measure is positive then the state is guaranteed to
be genuinely entangled, however, if it is zero, then in general,
we do not know whether the state is entangled or not, except
for the GHZ state.

0.500

\
0.366 [

E(p)

Fig. 9. (color online) Genuine negativity is plotted against parameter
vt for various states in the non-Markovian regime with a relatively long
reservoir correlation time with zero detuning, that is A = 0.01y and
A=0.

0.500

0.366 ki

E(p)

Fig. 10. (color online) Same caption as Fig. 9 but with A = 0.01Yy, and
A =8A.

5. Discussion and summary

We have studied the behavior of genuine multipartite en-
tanglement under non-Markovian amplitude damping. Using
a computable entanglement monotone for multipartite quan-
tum systems, we have observed the collapses and revivals of
genuine entanglement for various quantum states of three and
four qubits. We have compared the dynamics of the chosen
quantum states with the dynamics of random pure states and
weighted graph states so that we can make meaningful state-
ments about their behavior under decoherence. For the three-
qubits case, we have found that under the Markovian limit
the GHZ state is fragile, whereas the W state is quite robust.
The random states behave similarly to the W state. For the
non-Markovian limit, we have two situations, that is, a short
reservoir correlation time and a long reservoir correlation time,
each case with or without detuning. For zero detuning and a
short correlation time, the GHZ state is again fragile and ex-
hibits no revivals, whereas the W state exhibits the collapse
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and revival phenomenon. Again the random states have a sim-
ilar behavior to the W state. For positive detuning with a short
correlation time, the GHZ state again reflects its fragility with
no revivals, whereas the W state has remarkable dynamics.
There are no collapses and revivals for the W state in this case
and it stays genuinely multipartite entangled for a very long
time. The random states again show similar dynamics like
the W state but with a very small amount of monotone. For
a long correlation time and zero detuning, the GHZ state ex-
hibits only a single collapse and revival, whereas the W state
exhibits multiple collapses and revivals. The random states
follow the same dynamics as the W state. For a long cor-
relation time and positive detuning, the GHZ state again ex-
hibits single collapse and revival, whereas the W state does
not undergo collapses and revivals and remains genuinely en-
tangled for a very long time. The random states have similar
trajectories like the W state with less amount of monotone.
For four qubits, the Markovian limit case is identical to the
three-qubits case. For the non-Markovian limit, a short corre-
lation time and positive detuning, the GHZ state, x4 state, and
CL state are fragile with no revivals, whereas the W state, Sy
state, and D; 4 state are the most robust states as they remain
genuinely entangled throughout the dynamical process. For
a long correlation time and zero detuning, all states exhibit
multiple collapses and revivals except the GHZ state which
shows only a single revival. Finally, with positive detuning,
the GHZ state shows no revivals whereas all other states show
multiple revivals and the W state remains genuinely entangled
all the time. We stress here that our conclusions are based
on a criterion whose positive value for a given quantum state
is guaranteed to be genuinely entangled, however, for states
which are not detected by this criterion, we are not certain
about their entanglement properties. Nevertheless, this study
has increased our understanding about these multipartite en-
tangled states and is helpful for preparation of these states in
experiments.

Acknowledgments

I would like to thank Dr. Wu Shin-Tza for our valu-
able discussion, reading the manuscript, and his positive com-
ments. [ am also grateful to Dr. Farhan Saif for his kind
hospitality at the Quaid-I-Azam University, where the final
part of this work was done. I am also thankful to the ref-
eree for his/her comments which brought some clarity to the
manuscript.

References

[1] Horodecki R, Horodecki P, Horodecki M and Horodecki K 2009 Rev.
Mod. Phys. 81 865

[2] Giihne O and T6th G 2009 Phys. Rep. 474 1

[3] Aolita L, de Melo F and Davidovich L 2015 Rep. Prog. Phys. 78
042001

[4] YuT and Eberly J H 2002 Phys. Rev. B 66 193306

[5] YuT and Eberly J H 2003 Phys. Rev. B 68 165322

[6] Yu T and Eberly J H 2004 Phys. Rev. Lett. 93 140404

[7]1 Eberly J H and Yu T 2007 Science 316 555

[8] Diir W and Briegel H J 2004 Phys. Rev. Lett. 92 180403

[9] Hein M, Diir W and Briegel H J 2005 Phys. Rev. A 71 032350

[10]

(1]
[12]

[13]

[14]
[15]
[16]

[17]
[18]

[19]
[20]

[21]
[22]

[23]
[24]
[25]
[26]
[27]
(28]
[29]

[30]
[31]

(32]
[33]
[34]
[35]
[36]
[37]
(38]
[39]
[40]
[41]

[42]
[43]

[44]
[45]

[46]

[47]

(48]

[49]
[50]
(51]

[52]
[53]
[54]
[55]
[56]

[57]
(58]
[59]

120303-7

Aolita L, Chaves R, Cavalcanti D, Acin A and Davidovich L 2008 Phys.
Rev. Lett. 100 080501

Simon C and Kempe J 2002 Phys. Rev. A 65 052327

Borras A, Majtey A P, Plastino A R, Casas M and Plastino A 2009
Phys. Rev. A 79 022108

Cavalcanti D, Chaves R, Aolita L, Davidovich L and AcinA 2009 Phys.
Rev. Lett. 103 030502

Bandyopadhyay S and Lidar D A 2005 Phys. Rev. A 72 042339
Chaves R and Davidovich L 2010 Phys. Rev. A 82 052308

Aolita L Cavalcanti D, Chaves R, Dhara C, Davidovich L and Acin A
2010 Phys. Rev. A 82 032317

Carvalho A R R, Mintert F and Buchleitner A 2004 Phys. Rev. Lett. 93
230501

Lastra F, Romero G, Lopez C E, Franca Santos M and Retamal J C
2007 Phys. Rev. A 75 062324

Giihne O, Bodoky F and Blaauboer M 2008 Phys. Rev. A 78 060301(R)
Lépez C E, Romero G, Lastra F, Solano E and Retamal J C 2008 Phys.
Rev. Lett. 101 080503

Rau A R P, Ali M and Alber G 2008 Europhys. Lett. 82 40002

Ali M, Alber G and Rau A R P 2009 J. Phys. B: At. Mol. Opt. Phys. 42
025501

Ali M 2010 J. Phys. B: At. Mol. Opt. Phys. 43 045504,

Ali M 2010 Phys. Rev. A 81 042303

Ali M 2014 Chin. Phys. B 23 090306

Ali M and Jiang H 2014 Chin. Phys. Lett. 31 110301

Man Z X, Xia Y J and An Nguyen Ba 2012 Phys. Rev. A 86 052322
Man Z X, Xia Y J and An Nguyen Ba 2012 Phys. Rev. A 86 012325
Weinstein Y S, Feldman J, Robins J, Zukus J and Gilbert G 2012 Phys.
Rev. A 85032324

Filippov S N, Rybar T and Ziman M 2012 Phys. Rev. A 85 012303
Filippov S N, Melnikov A A and Ziman M 2013 Phys. Rev. A 88
062328

Yang M J and Wu S T 2014 Phys. Rev. A 89 022301

Wu S T 2014 Phys. Rev. A 89 034301

Ali M and Giihne O 2014 J. Phys. B: At. Mol. Opt. Phys. 47 055503
Ali M 2014 Phys. Lett. A 378 2048

Ali M and Rau A R P 2014 Phys. Rev. A 90 042330

Ali M 2014 Open. Sys. & Info. Dyn. 21 1450008

Ali M 2015 Chin. Phys. Lett. 32 060302

Yu T and Eberly J H 2009 Science 323 598

XuJ S, Li CF, Gong M, et al. 2010 Phys. Rev. Lett. 104 100502
Zhang Y J, Man Z X, Zou X B, Xia Y J and Guo G C 2010 J. Phys. B:
At. Mol. Opt. Phys. 43 045502

Man Z X, Xia Y J and An Nguyen Ba 2010 New. J. Phys. 12 033020
Jungnitsch B, Moroder T and Giihne O 2011 Phys. Rev. Lett. 106
190502

Novo L, Moroder T and Giihne O 2013 Phys. Rev. A 88 012305
Hofmann M, Moroder T and Giihne O 2014 J. Phys. A: Math. Theor.
47 155301

See, for example, Nielsen M A and Chuang I L 2000 Quantum Compu-
tation and Quantum Information (Cambridge: Cambridge University
Press)

Preskill J Lecture Notes on Quantum Information and Quantum Com-
putation, available at
http://www.theory.caltech.edu/people/preskill/ph229.

Breuer H P and Petruccione F 2002 The Theory of Open Quantum Sys-
tems (Oxford: Oxford University Press)

Wu S T 2012 Chin. J. Phys. 50 118

Garraway B M 1997 Phys. Rev. A 55 2290

Kraus K 1983 States, Effects, and Operations: Fundamental Notions
of Quantum Theory (Berlin: Springer-Verlag)

Breuer H P, Laine E M and Piilo J 2009 Phys. Rev. Lett. 103 210401
LiJ G, Zou J and Shao B 2010 Phys. Rev. A 82 042318

Peres A 1996 Phys. Rev. Lett. 77 1413

Vandenberghe L and Boyd S 1996 SIAM Rev. 38 49

Lofberg J 2004 YALMIP: YALMIP: a toolbox for modeling and opti-
mization in MATLAB CACSDO04: Proc. Computer Aided Control Sys-
tem Design Conf. (Taipei, Taiwan, 4 September 2004) p. 2849
mathworks.com/matlabcentral/fileexchange/30968.

Vidal G and Werner R F 2002 Phys. Rev. A 65 032314

Jungnitsch B, Moroder T and Giihne O 2011 Phys. Rev. A 84 032310


http://dx.doi.org/10.1103/RevModPhys.81.865
http://dx.doi.org/10.1103/RevModPhys.81.865
http://dx.doi.org/10.1016/j.physrep.2009.02.004
http://dx.doi.org/10.1088/0034-4885/78/4/042001
http://dx.doi.org/10.1088/0034-4885/78/4/042001
http://dx.doi.org/10.1103/PhysRevB.66.193306
http://dx.doi.org/10.1103/PhysRevB.68.165322
http://dx.doi.org/10.1103/PhysRevLett.93.140404
http://dx.doi.org/10.1126/science.1142654
http://dx.doi.org/10.1103/PhysRevLett.92.180403
http://dx.doi.org/10.1103/PhysRevA.71.032350
http://dx.doi.org/10.1103/PhysRevLett.100.080501
http://dx.doi.org/10.1103/PhysRevLett.100.080501
http://dx.doi.org/10.1103/PhysRevA.65.052327
http://dx.doi.org/10.1103/PhysRevA.79.022108
http://dx.doi.org/10.1103/PhysRevA.79.022108
http://dx.doi.org/10.1103/PhysRevLett.103.030502
http://dx.doi.org/10.1103/PhysRevLett.103.030502
http://dx.doi.org/10.1103/PhysRevA.72.042339
http://dx.doi.org/10.1103/PhysRevA.82.052308
http://dx.doi.org/10.1103/PhysRevA.82.032317
http://dx.doi.org/10.1103/PhysRevLett.93.230501
http://dx.doi.org/10.1103/PhysRevLett.93.230501
http://dx.doi.org/10.1103/PhysRevA.75.062324
http://dx.doi.org/10.1103/PhysRevA.78.060301
http://dx.doi.org/10.1103/PhysRevLett.101.080503
http://dx.doi.org/10.1103/PhysRevLett.101.080503
http://dx.doi.org/10.1209/0295-5075/82/40002
http://dx.doi.org/10.1088/0953-4075/42/2/025501
http://dx.doi.org/10.1088/0953-4075/42/2/025501
http://dx.doi.org/10.1088/0953-4075/43/4/045504
http://dx.doi.org/10.1103/PhysRevA.81.042303
http://dx.doi.org/10.1088/1674-1056/23/9/090306
http://dx.doi.org/10.1088/0256-307X/31/11/110301
http://dx.doi.org/10.1103/PhysRevA.86.052322
http://dx.doi.org/10.1103/PhysRevA.86.012325
http://dx.doi.org/10.1103/PhysRevA.85.032324
http://dx.doi.org/10.1103/PhysRevA.85.032324
http://dx.doi.org/10.1103/PhysRevA.85.012303
http://dx.doi.org/10.1103/PhysRevA.88.062328
http://dx.doi.org/10.1103/PhysRevA.88.062328
http://dx.doi.org/10.1103/PhysRevA.89.022301
http://dx.doi.org/10.1103/PhysRevA.89.034301
http://dx.doi.org/10.1088/0953-4075/47/5/055503
http://dx.doi.org/10.1016/j.physleta.2014.05.030
http://dx.doi.org/10.1103/PhysRevA.90.042330
http://dx.doi.org/10.1177/0394632015586143
http://dx.doi.org/10.1088/0256-307X/32/6/060302
http://dx.doi.org/10.1126/science.1167343
http://dx.doi.org/10.1103/PhysRevLett.104.100502
http://dx.doi.org/10.1088/0953-4075/43/4/045502
http://dx.doi.org/10.1088/0953-4075/43/4/045502
http://dx.doi.org/10.1088/1367-2630/12/3/033020
http://dx.doi.org/10.1103/PhysRevLett.106.190502
http://dx.doi.org/10.1103/PhysRevLett.106.190502
http://dx.doi.org/10.1103/PhysRevA.88.012305
http://dx.doi.org/10.1088/1751-8113/47/15/155301
http://dx.doi.org/10.1088/1751-8113/47/15/155301
http://dx.doi.org/10.1103/PhysRevA.55.2290
http://dx.doi.org/10.1103/PhysRevLett.103.210401
http://dx.doi.org/10.1103/PhysRevA.82.042318
http://dx.doi.org/10.1103/PhysRevLett.77.1413
http://dx.doi.org/10.1137/1038003
http://dx.doi.org/10.1103/PhysRevA.65.032314
http://dx.doi.org/10.1103/PhysRevA.84.032310

	1. Introduction
	2. Model for environmental noise
	3. Multipartite entanglement and quantum states
	4. Results
	4.1. Three-qubits case
	4.2. Four qubits

	5. Discussion and summary
	References

