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Effects of channel noise on synchronization transitions in delayed
scale-free network of stochastic Hodgkin–Huxley neurons∗
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We numerically study the effect of the channel noise on the spiking synchronization of a scale-free Hodgkin–Huxley
neuron network with time delays. It is found that the time delay can induce synchronization transitions at an intermediate
and proper channel noise intensity, and the synchronization transitions become strongest when the channel noise intensity
is optimal. The neurons can also exhibit synchronization transitions as the channel noise intensity is varied, and this
phenomenon is enhanced at around the time delays that can induce the synchronization transitions. It is also found that the
synchronization transitions induced by the channel noise are dependent on the coupling strength and the network average
degree, and there is an optimal coupling strength or network average degree with which the synchronization transitions
become strongest. These results show that by inducing synchronization transitions, the channel noise has a big regulation
effect on the synchronization of the neuronal network. These findings could find potential implications for the information
transmission in neural systems.
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1. Introduction

The cerebral cortex is a highly interconnected network of
neurons, and structural and functional brain networks in hu-
mans and other animals have witnessed small-world architec-
tures over a wide range of scales in both space and time.[1–4]

Meanwhile, by using functional magnetic resonance imag-
ing, power-law distributions were obtained upon linking cor-
related fMRI voxels,[5] and the robustness against simulated
lesions of anatomic cortical networks has also been found
to rely mostly on the scale-free structure.[6] Synchronization
is an important phenomenon that occurs in many biological
and physical systems, and it has been extensively studied in
many realistic systems, such as neuronal networks, biologi-
cal systems, ecological systems, and so on.[7,8] In biological
systems, the synchronization phenomenon is of significance
to the information transmission in the neural systems, and
particularly, it is correlated with many physiological mech-
anisms of normal and pathological brain functions.[9–13] In
recent decades, many synchronization phenomena have been
found in various neuronal systems, such as coupling-induced
synchronization in coupled bursting neurons[14–16] and small-
world neuronal networks,[17,18] adaptive coupling-enhanced
synchronization in delayed neuronal networks,[19] synchro-
nization induced by subthreshold stimulus and time delay in
neuronal networks,[20–27] and frequency synchronization in-
duced by the arrangement of heterogeneous neurons in a ring-

coupled neuronal network.[28] In recent years, a novel phe-
nomenon of synchronization transitions has gained growing
attention, and many phenomena of synchronization transitions
induced by time delay and neuronal coupling have been found
in coupled neurons and neuronal networks.[29–40]

Neurons are noisy units. Neuronal noise arises from
many different sources, such as the quasi-random release of
neurotransmitters by synapses and the random synaptic in-
put from other neurons (external synaptic noise), as well as
the random switching of ion channels (internal channel noise).
The synaptic noise reflects the stochastic dynamics of chem-
ical reactions occurring in synapses and can also represent
the influence of the external fluctuation, while the channel
noise reflects the fluctuation arising from stochastic opening–
closing of the channel gates, which is inherent to the neurons.
Therefore, the channel noise could be more important than
the synaptic noise in neuronal systems. Since the pioneer-
ing work on neuronal dynamics by Hodgkin and Huxley,[41]

the role of noise in the generation and propagation of the
membrane potential of neurons has been extensively stud-
ied, and stochastic resonance (SR) and coherence resonance
(CR) have been found in various neuronal systems.[42–44] In
recent years, many noisy phenomena have been found in
various neuronal systems, for example, SR in hybrid scale-
free neuronal networks,[45] spatial CR in excitable media[46]

and neuronal networks,[47] channel noise CR in neuronal
networks,[48,49] correlated Gaussian noise optimized mean fir-
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ing rate in two-dimension neuronal networks,[50] noise en-
hanced propagation of pacemaker signals and weak signal
across neuronal networks,[51–53] and channel noise decreased
mean latency and jitter of the first spikes in response to sub-
threshold signal[54,55] and degraded signal detection capability
of neuronal networks,[56] phase noise-enhanced response to
subthreshold signals in a Hodgkin–Huxley (HH) neuron,[57]

channel blocking on the spatiotemporal dynamics of neu-
ronal networks,[58] the effect of inhomogeneous distribution
of ion channels on collective electric activities of neurons in a
ring network,[59] and double CR in FitzHugh–Nagumo neu-
ron driven by harmonic velocity noise.[60] In addition, the
noise-enhanced synchronization has been found in excitable
media,[61] thermally sensitive neurons,[62] and scale-free neu-
ronal networks.[63] Very recently, synchronization transitions
induced by the synaptic noise have also been observed in neu-
ronal networks.[64] However, it is not clear if and how the
channel noise can induce synchronization transitions in neu-
ronal networks.

In this paper, we study the effect of the channel noise on
the synchronization of scale-free HH neuron networks with
time delays. We aim to investigate how the channel noise
influences the synchronization of the neuronal network, and
particularly, whether the channel noise can induce synchro-
nization transitions in the neuronal network. We first study the
effect of the channel noise on the synchronization transitions
induced by time delay, and then investigate how the channel
noise induces the synchronization transitions in the neuronal
networks. The effects of coupling strength and network av-
erage degree are studied and the mechanisms are briefly dis-
cussed. Finally, we conclude this study.

2. Model and equations
The dynamics of the membrane potentials of a stochastic

HH neuron is given by

C
dV
dt

=−gNam3h(V −VNa)−gKn4(V −VK)−GL(V −VL), (1)

dx
dt

= αx (V )(1− x)−βx (V )x+ξx (t) , (x = m,h,n), (2)

where capacity C = 1 µF · cm−2; VNa = 50 mV, VK =

−77 mV, VL = −54.4 mV are the reversal potentials for the
sodium, potassium, and leakage currents, respectively; gK =

36 mS · cm−2 and gNa = 120 mS · cm−2 are the maximal con-
ductances of the potassium and sodium ions, respectively, and
GL = 0.3mS · cm−2 is the leakage conductance. The opening
and closing rates of gating variables m, h, and n are

αm(V ) =
0.1(V +40)

1− exp [−(V +40)/10]
,

βm(V ) = 4exp [−(V +65)/18] , (3a)

αh(V ) = 0.07exp [−(V +65)/20] ,

βh(V ) = {1+ exp [−(V +35)/10]}−1 , (3b)

αn(V ) =
0.01(V +55)

1− exp [−(V +55)/10]
,

βn(V ) = 0.125exp [−(V +65)/80] . (3c)

And ξm,n,h (t) are Gaussian white noises with zero mean and
auto-correlation functions〈

ξm (t)ξm
(
t ′
)〉

=
2

NNa

αm (V )βm (V )

αm (V )+βm (V )
δ
(
t− t ′

)
, (4a)

〈
ξh (t)ξh

(
t ′
)〉

=
2

NNa

αh (V )βh (V )

αh (V )+βh (V )
δ
(
t− t ′

)
, (4b)

〈
ξn (t)ξn

(
t ′
)〉

=
2

NK

αn (V )βn (V )

αn (V )+βn (V )
δ
(
t− t ′

)
. (4c)

With an assumption of homogeneous ion channel den-
sities ρNa = 60 µm−2 and ρK = 18 µm−2, the numbers of
sodium and potassium ion channels on membrane patch size
S are given by NNa = ρNaS and NK = ρKS, respectively. The
intensity of channel noise is determined by patch size S, and
the smaller S corresponds to bigger noise intensity.

We employ the scale-free network developed by Barabási
and Albert.[65] The present network comprising N = 100 neu-
rons starts with m0 connected nodes, and subsequently ev-
ery new node is attached to m (≤ m0) different nodes already
present in the network, whereby the probability p that a new
node will be connected to node i depends on its degree ki in
accordance with p = ki/∑

j
k j. This growth and preferential

attachment scheme yields a network with an average degree
〈k〉 = ∑

i
ki/N = 2m and a power-law degree distribution with

the slope of the line equaling −2.9 on a double logarithmic
graph. Here, we set m = m0.

The membrane potential dynamics of the delayed scale-
free stochastic HH neuron network can be written as

C
dVi

dt
= −gNam3

i hi(Vi−VNa)−gKn4
i (Vi−VK)−GL(Vi−VL)

+∑ j εi j [Vj(t− τ)−Vi(t)], (5a)

dxi

dt
= αxi (Vi)(1− xi)−βxi (Vi)xi +ξxi (t) ,

(x = m,h,n), (5b)

where Vi is the membrane potential of neuron i (1 ≤ i ≤ N);
∑ j εi j [Vj(t− τ)−Vi(t)] is the delayed electrical coupling; and
εi j is the coupling strength, εi j = ε if there is coupling be-
tween neurons i and j, and εi j = 0 otherwise; Vj (t− τ) is the
membrane potential of neuron j at earlier time t− τ , where τ

(in units of ms) is the information transmission delay between
neurons i and j, and the summation takes over all neurons.

The synchronization of the neuronal network is quantified
by standard deviation σ defined as[66]

σ = [〈σ (t)〉] , (6)
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with

σ (t) =

√√√√√ 1
N

N
∑

i=1
Vi (t)

2−
(

1
N

N
∑

i=1
Vi (t)

)2

N−1
,

where 〈·〉 denotes the average of σ(t) over time, and [·] is the
average over different network realizations for each set of pa-
rameters. Larger σ(t) represents larger deviation between the
neurons, and smaller σ(t) shows higher synchronization.

Numerical integrations of Eqs. (5a) and (5b) are carried
out using the explicit Euler algorithm with a time step of
0.001 ms. The parameters of all neurons are assumed to be
identical except for distinct initial values of the potential Vi0.

3. Results and discussion
3.1. Effect of channel noise on synchronization transitions

induced by time delay

In this section, we study how the channel noise influences
the synchronization transitions induced by time delays. Let
〈k〉 = 4 and ε = 0.1. In Fig. 1, we display the spatiotemporal
patterns of the membrane potentials of the neurons for dif-
ferent time delays τ when patch size S = 8 µm2. It is seen
that the neurons intermittently become synchronous and non-
synchronous as τ increases, exhibiting synchronization tran-
sitions. Quantitative characterization of this phenomenon by
standard deviation σ plotted against τ is displayed in Fig. 2. It
is seen that σ passes through a few peaks as τ increases (see
the green curve).
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Fig. 1. (color online) Spatiotemporal patterns of the membrane potentials for different time delays τ at 〈k〉 = 4, ε = 0.1, and S = 8.
The neurons intermittently become synchronous and non- synchronous as τ increases, exhibiting synchronization transitions.
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Fig. 2. (color online) The σ in dependence on τ for different S at 〈k〉= 4
and ε = 0.1. For intermediate S, the σ peaks grow and become higher,
indicating that the synchronization transitions induced by time delay are
stronger.

Now we study the effect of the channel noise on the syn-
chronization transitions induced by time delay. In Fig. 2, σ is
also plotted as a function of τ for different patch sizes S. For
small patch size S = 1 µm2, the σ peaks are very low, indicat-
ing that there are very weak synchronization transitions. As
S increases, the σ peaks grow and become highest at around
intermediate patch sizes S = 8–15 µm2, and then they become
low again. This shows that the synchronization transitions by
time delay closely depend on the channel noise and occur only
when the channel noise intensity is proper, and particularly, the
synchronization transitions become strongest when the chan-
nel noise is optimal. It is also shown in Fig. 2 that the σ peaks
make a shift to larger τ as S increases, which represents that
the time delay for inducing the synchronization transitions in-
creases as the channel noise intensity decreases.
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This phenomenon can be understood as follows. The in-
formation transmission delay introduces phase slips in the fir-
ing activity of neurons and adjusts the phases of the neurons,
and this can make the neurons become synchronous or non-
synchronous, exhibiting the synchronization transitions. On
the other hand, without external stimuli and synaptic noise, the
channel noise is required to make the neurons fire a spike train.
When the channel noise intensity is too high (i.e., too small S),
the spiking behaviors of the neurons are disordered and non-
synchronous; when the channel noise intensity is too low (i.e.,
too big S), the neurons fire few spikes, and it is also difficult for
the spiking behaviors to become synchronous; for an interme-
diate channel noise intensity, the spiking behaviors are moder-
ately synchronized, and the time delay can change the phases
of the spiking behaviors easily. Therefore, the synchronization

transitions by time delay are stronger and strongest when the
channel noise intensity is intermediate and optimal.

3.2. Synchronization transitions induced by channel noise

In this section, we study if and how the channel noise in-
duces synchronization transitions in the neuronal network. We
set 〈k〉= 8, ε = 0.1, and τ = 24. In Fig. 3, the spatiotemporal
patterns of the membrane potentials of the neurons for differ-
ent patch sizes S are displayed. It is seen that the neurons
intermittently become synchronous and non-synchronous as S
increases, performing synchronization transitions. This phe-
nomenon is quantified via σ in dependence on S in Fig. 4. It
is seen that σ passes through a few peaks as S increases from
3.2 to 4.2, which shows that the channel noise can induce syn-
chronization transitions.

             










Neurons

T
im
e
/
m
s

<k>/↪ ε/.↪ τ=24

S/. . . . . . .

Fig. 3. (color online) Spatiotemporal patterns of the membrane potentials for different S at 〈k〉= 8, ε = 0.1, and τ = 24. As S increases,
the neurons intermittently become synchronous and non-synchronous, exhibit synchronization transitions.
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Fig. 4. Dependence of σ on D at 〈k〉 = 8, ε = 0.1, and τ = 24. As S
increases, σ passes through a few peaks within a narrow range of patch
size (2.6 µm2 < S < 4.2 µm2), which quantitatively characterizes the
occurrence of the synchronization transitions.

We have also studied the synchronization transitions by
channel noise for other time delays, and the results are pre-
sented via a contour plot of σ as functions of S and τ in Fig. 5.
It is seen that σ changes in zigzag shape at time delays around
τ = 24 and τ = 43, which indicates the occurrence of synchro-
nization transitions. This shows that the synchronization tran-
sitions are delay-dependent and enhanced at around the time
delays that can induce synchronization transitions. The spik-
ing behaviors at around the time delays that can induce syn-
chronization transitions are more sensitive to the disturbance
of noise, and their phases can be changed by noise more easily,
and thus the synchronization transitions by the channel noise
are stronger at around these time delays.
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Fig. 5. (color online) Contour plot of σ as functions of S and τ at 〈k〉= 8
and ε = 0.1. For certain time delays, σ changes in zigzag shape as S
increases, indicating the occurrence of the synchronization transitions
induced by the channel noise.
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Fig. 6. The σ in dependence on D for different coupling strengths ε

at 〈k〉 = 8 and τ = 24. As ε increases, the σ peaks grow and become
highest at around intermediate ε = 0.1, and then become low again.
This indicates that there is an optimal coupling strength with which the
synchronization transitions by channel noise become strongest.

In what follows, we study the effects of coupling strength
ε and network average degree 〈k〉. In Fig. 6, σ is plotted
against S for different ε at 〈k〉 = 8 and τ = 24. For small
coupling strength ε = 0.05, σ changes a little as S increases,
which indicates that the synchronization transitions are very
weak. As ε increases, the σ peaks grow higher and become
highest at ε = 0.1, and then they drop again and become very
low at ε = 0.9. This shows that there is an optimal cou-
pling strength with which the synchronization transitions by
the channel noise become strongest. This phenomenon can be
discussed briefly. For too small coupling strength, the neu-
rons are coupled so weakly that the spiking behaviors have a
low synchronization, and it is difficult for the channel noise to
make the neurons exhibit synchronization transitions, and thus
the synchronization transitions are very weak; for too large
coupling strength, the neurons are highly synchronized, and it

is also difficult for the channel noise to make the neurons ex-
hibit synchronization transitions; for an intermediate coupling
strength, the spiking behaviors are moderately synchronized
and can be changed by the channel noise more easily. There-
fore, the synchronization transitions are stronger and strongest
when the coupling strength is proper and optimal.

In Fig. 7, σ is plotted against S for different average de-
grees of 〈k〉 at ε = 0.1 and τ = 24. As 〈k〉 increases, the σ

peaks grow and become highest at around 〈k〉 = 8, and then
become low again. This shows that there is an optimal average
degree by which the synchronization transitions by the channel
noise become strongest. The network average degree reflects
the intensity of connections among the neurons. When the av-
erage degree is optimal, the firing behaviors can be changed
by the channel noise more easily. Therefore, the synchroniza-
tion transitions by the channel noise are stronger and strongest
when the average degree is proper and optimal.
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Fig. 7. Dependence of σ on D for different average degrees 〈k〉 at
ε = 0.1 and τ = 24. As 〈k〉 increases, the σ peaks grow and become
highest at around 〈k〉 = 8, and then become low again. This indicates
that there is an optimal average degree with which the synchronization
transitions by channel noise become strongest.

From Figs. 6 and 7, it is also found that the σ peaks move
to a smaller S as ε or 〈k〉 increases. This shows that the chan-
nel noise for the synchronization transitions increases as the
coupling strength or average degree increases, this is because
the synchronization of the neurons increases as the coupling
strength or average degree increases.

The synchronization transitions induced by the channel
noise can be briefly explained as follows. The time delay
can introduce phase slips in the neuronal firing behaviors
and can induce synchronization transitions in the neuronal
network.[30,67] In the absence of external stimuli and exter-
nal noise, the channel noise is required for the neurons to fire
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spike trains. Under different channel noise intensities, the neu-
rons can fire spikes with different phases, and in this case, a
phase slip introduced by the time delay has different effects
on these spiking behaviors. Therefore, the spiking behav-
iors intermittently become synchronous or non-synchronous
when the channel noise is varied, exhibiting the synchroniza-
tion transitions.

As stated in the introduction, synchronization is corre-
lated with many physiological mechanisms of normal and
pathological brain functions. Physiological experiments have
demonstrated the existence of synchronous firing in different
areas of the brain of some animals like cats and monkeys. The
synchronization of coupled neurons has been suggested as a
mechanism for binding globally distributed into a coherent
motion, and the presence or absence of synchronization can re-
sult in normal function or dysfunction of a biological system,
and too much synchrony can lead to disease.[9–12] The syn-
chronization transitions by channel noise show that the chan-
nel noise can intermittently enhance and reduce the synchro-
nization of the neuronal network, and thus could have a subtle
regulation effect on the normal and pathological functions in
the brain. These findings may find potential implications for
the information transmission in neural systems like the brain.

It should be noted that the present work is different from
the previous works by Sun et al.[68] and Ao et al.[69] In
Ref. [68], Sun et al. studied the effect of the channel block
on the spiking regularity in clustered neuronal networks and
found that the spiking regularity can be resonantly enhanced
by fine-tuning of the non-blocked channels. In Ref. [69], Ao
et al. investigated the effects of the channel noise on the
spiking dynamics of two coupled stochastic HH neurons, and
they found that the time delay can induce in-phase and anti-
phase transitions, and the phenomenon changes with varying
channel noise level. In this work, we study the effect of the
channel noise on the synchronization of a scale-free stochastic
HH neuron network with time delays and observe the chan-
nel noise-induced synchronization transitions. Therefore, the
model of neuronal network studied and the phenomena ob-
served in this paper are different from those in the previous
studies.

4. Conclusion
We have numerically studied the effect of the channel

noise on the synchronization of a scale-free HH neuron net-
work with time delays. It is found that the time delay can in-
duce synchronization transitions when the channel noise inten-
sity is intermediate and proper, and the phenomenon becomes
strongest when the channel noise intensity is optimal. More
importantly, the channel noise can also induce synchroniza-
tion transitions in the neuronal network, and the phenomenon

is delay-dependent and enhanced at around the time delays
that can induce synchronization transitions. This phenomenon
also depends on the coupling strength and the network aver-
age degree, and becomes strongest when the coupling strength
or network average degree is optimal. These results show that
the channel noise has a subtle regulation effect on the syn-
chronization of the neuronal network. This implies that the
channel noise could play an important role in the information
transmission in neural systems like the brain.
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