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Stability of magnetic tip/superconductor levitation systems
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The vertical stability of a magnetic tip over a superconducting material is investigated by using the critical state and the
frozen image models. The analytical expressions of the stiffness and the vibration frequency about the equilibrium position
are derived in term of the geometrical parameters of the magnet/superconductor system. It is found that the stability of the
system depends on the shape of the superconductor as well as its thickness.
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1. Introduction
A permanent magnet (PM) flying over a superconductor

(SC) is a magnificent feature of superconductors. It has at-
tracted the attention of researchers all over the world due its
potential in constructing mechanical systems for various appli-
cations such as contactless transportation (maglev), magnetic
bearing, and rotor flywheel system. Stability of these mechan-
ical systems is a major concern of engineers who rely on this
phenomenon in their constructions.[1,2] This phenomenon may
occur when the superconductor in its Meissner state as well as
mixed state. In the Meissner state, the magnet above a finite
superconductor could be stable in the vertical direction, while
in the horizontal direction, the magnet cannot be stable unless
it is placed over a concave superconducting surface. While in
the mixed state, the stability is observed in both vertical and
horizontal directions, which is attributed to the flux pinning
through the high temperature superconducting material.

Various approaches were proposed in the literature to at-
tack the problem of a magnet levitating above a superconduc-
tor by introducing different models such as the diamagnetic
model,[3–6] Bean’s critical state model,[7–9] and the frozen im-
age model.[10]

Most of the published experimental and theoretical stud-
ies were focusing on the possibility of achieving optimal stable
levitation of a magnet flying above a superconductor. For ex-
ample, Davis et al.[11] used Bean’s model to investigate the
stability of a magnet levitated over a large slab of supercon-
ductor. Braun et al.[12] measured and calculated the vibra-
tion frequencies of a magnet levitated over a high tempera-
ture superconductor. Yang et al.[13] calculated the levitation
force and vibrations about the equilibrium position for a levi-
tated magnet above a superconducting plane using the image
model. Cansiz[14] used the frozen image model to study the vi-
brations of a magnet above infinite space of a superconducting
material. Alzoubi et al.[15] calculated the frequency of vibra-

tion in the small magnet/superconducting disk system using
the dipole–dipole interaction model. Recently, Del-Valle et
al.[16] discussed the vertical and lateral stability in the very
long magnetic superconducting bar system using Bean’s criti-
cal model and the energy minimization method.

In this work, we study the dynamical properties, the stiff-
ness, and the vibration frequency of a system consisting of
a magnetic tip placed above a superconductor in the critical
state. The superconductor is assumed to be very thin with
shape of either a ring or a disk. Based on the critical state
model, we will derive analytical expressions of the stiffness
and the frequency as a function of the dimensional parameters
of both the magnet and the superconductor. In addition, we
will calculate the stiffness and the frequency of the system by
assuming that the tip is placed over a semi-infinite supercon-
ductor using the frozen image model.

2. The model
Figure 1 shows the configuration of the system in this

study. A magnetic tip of length h levitates a distance z above
a superconducting ring of inner radius a, outer radius b, and
thickness l. The magnetic wire lies along the symmetry axis
of the superconductor, extending from z =−h to z = 0, and it
is magnetized along the z direction.
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Fig. 1. Schematic diagram of a magnetic tip/superconducting ring system.
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The levitation force acting on the magnet above the su-
perconductor arises from the interaction between the induced
magnetization and the change in the magnetic field of the tip,
which is given by[17]

𝐹 =
∫
(𝑀SC ·∇)𝐻 dV. (1)

Due to the cylindrical symmetry of the present problem, the
levitation force has only the vertical component

Fz =
∫

MSC
∂H
∂ z

dV, (2)

where the integration is performed over the entire volume of
the superconductor. The induced magnetization MSC (dipole
moment per unit volume) of the superconductor is defined
as[18]

𝑀SC =
𝑚SC

VSC
. (3)

The dipole moment of the superconductor is given by 𝑚SC =∫
(𝑟×𝐽)d3r/2, where 𝐽 is the current flux density within the

superconductor.
At any point in space, the magnetic field H generated by

the magnetic tip can be calculated using the following equa-
tion:

𝐻 =
∫ (3𝑟(𝑟 · d𝜇′)

r5 − d𝜇′

r3

)
, (4)

where d𝜇′ = (MPM/h)dz′𝑧̂ and 𝑟 = ρ𝜌̂+(z− z′) 𝑧̂.
Based on Bean’s critical state model, the critical current

density Jc through the SC volume is independent of the mag-
netic field or constant. Therefore, the induced magnetization
of the superconducting ring is given by

Mz =
Jc(b3−a3)

3(b2−a2)
. (5)

The above relation is reduced to Jcb/3 for the superconducting
disk.

In the present work, we assume that the superconducting
ring is very thin (i.e., the aspect ratio b/L� 1). Therefore, the
magnetic energy of the PM/SC system may be expended as

Um (z+L) =Um (z)+U ′m (z)L+ · · · . (6)

The magnetic energy of the magnetic tip and superconducting
ring system Ur is given by:

Ur =
2
3

LMPMπJ

(
b3−a3

)
(b2−a2)

(
h− z√

b2 +(h− z)2

+
z−h√

a2 +(h− z)2
=

z√
b2 + z2

− z√
b2 + z2

)
. (7)

If we excite the magnetic tip to make it oscillate about its
stable equilibrium position, the total energy of the system
U = mgz+Um can be expended as

U =U (z0)+

(
∂U
∂ z

)
z0

(z−z0)+

(
∂ 2U
∂ z2

)
z0

(z−z0)
2 + · · · , (8)

where the second term equals zero at equilibrium and
(∂ 2U/∂ z2) represents the stiffness of the system (K). There-
fore, the stiffness of the magnetic tip and superconducting ring
system Kr is given by:

Kr =
2
3

LMPMπJ
(b3−a3)

(b2−a2)

(
−3(h− z)

(b2 +(h− z)2)3/2

+
2(h− z)

(a2 +(h− z)2)3/2 +
3(h− z)3

(b2 +(h− z)2)5/2

− −(h− z)
(a2 +(h− z)2)3/2 +

3(h− z)2(−h+ z)
(a2 +(h− z)2)5/2

+
3z3

(b2 + z2)5/2 −
3z3

(a2 + z2)5/2 −
3z

(b2 + z2)3/2

+
3z

(a2 + z2)3/2

)
. (9)

Modeling the PM/SC system as a mass/spring system, we may
obtain the frequency of the small vertical vibration using the
following relation between the frequency and the stiffness:

f =
1

2π

√
K/m. (10)

The magnetic energy (Ud) and the stiffness (Kd) of the mag-
netic tip/superconducting disk system are given by

Ud =
2
3

LMPMπJb
(

h− z√
b2 +(h− z)2

+
z√

b2 + z2

)
, (11)

Kd =
2
3

LMPMπJb
(

−3(h− z)
(b2 +(h− z)2)3/2 +

3(h− z)3

(b2 +(h− z)2)5/2

+
3z3

(b2 + z2)5/2 −
3z3

(b2 + z2)3/2

)
. (12)

In addition to the previous calculations based on Bean’s crit-
ical state model, the frozen image model is used to calculate
the stiffness of the system assuming that the magnetic tip levi-
tates above a semi-infinite superconductor at height zo. Based
on frozen image model, the total magnetic energy of the sys-
tem is due to the interaction between the magnetic tip and
its frozen image located at −zo and its movable diamagnetic
image.[10,18] The potential energy of the system is given by

Us =−
∫

(d𝜇f + d𝜇d) ·𝐻, (13)

where d𝜇f and d𝜇d are the magnetic moment elements of the
frozen and the diamagnetic images, and 𝐻 is the magnetic
field of the tip. Performing the integral, we obtain the total
energy

Us =
2µ2

−2h2z+(2z)3

118404-2



Chin. Phys. B Vol. 24, No. 11 (2015) 118404

+
µ2

(zo +2z)(h−2(zo +2z))(h+2(zo +2z))
, (14)

The stiffness of the PM/SC system is

Ks =
µ

h2

2
(

4

(h−2z)3 +
1
z3 −

2

(zo +2z)3 −
4

(h+2z)3

− 8
(h−2(zo +2z))3 +

8
(h+2(zo +2z))3

)
. (15)

3. Results and discussion
The dependence of the stiffness of the PM/SC system on

the height of the magnet (z) is shown in Figs. 2–4. The geo-
metrical and physical parameters of the system are chosen as
follows: the inner and the outer radii of the superconducting
ring are 0.1 cm and 0.3 cm, respectively, and the thickness L
is 0.001 cm; the length and the mass of the magnetic tip are
0.05 cm and 0.1 g, respectively, and its magnetic dipole mo-
ment µ equals 0.2 G·m. The critical current density Jc is taken
to be 104 A/m2.

Figure 2 shows the variation of the magnetic stiffness of
the magnetic tip/superconducting ring system as a function of
the height of the tip above the center of the SC ring. It is clear
that the stiffness K has a negative value (unstable position)
when the height of the magnetic tip above the center of the
superconducting ring is less than a certain value, z = 0.05 cm.
We may notice that the center of the ring represents the least
stable position, while the most stable position is at z = 0.1 cm.
Beyond this height, the stiffness is positive but decreases as
the height increases.
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Fig. 2. The stiffness of the magnetic tip/superconducting disk system (K)
as a function of the levitation height z obtained using the critical state
model.

In Fig. 3, we study the dependence of the stiffness of the
magnetic tip/superconducting disk system on the height of the
tip above the surface of the SC disk. Contrary to the previous
PM/SC ring system, the stability region (K > 0) in this system
lies between the surface of the superconducting disk and a cer-
tain height z = 0.18 cm, beyond which the magnet is unstable
in the vertical direction. The most stable position is slightly
above the surface of the SC disk. When the SC is filling half

the space, figure 4 shows the calculated stiffness as a function
of the height z by using the forzen image model. It is clear
that the stiffness is always positive (stable position) and it de-
creases as the height increases. This trend is in agreement with
the experimental trend reported by Cansiz.[11]
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Fig. 3. The stiffness of the magnetic tip/superconducting ring system (K)
as a function of the levitation height z obtained using the critical state
model.

0.08 0.12 0.16 0.20

8

6

4

2

0

K
/
1
0

3
 D

y
n
e
. c

m
-

1

z/cm

Fig. 4. The stiffness of the magnetic tip/semi-infinite superconductor sys-
tem (K) as a function of the levitation height z obtained using the frozen
image model.
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Fig. 5. (color online) The vibration frequency of the magnetic tip over
the SC ring as the function of the height z obtained using the critical state
model.

When the magnet is displaced from its equilibrium po-
sition, it will oscillate with a frequency f given by Eq. (10).
Figure 5 shows the vibration frequency of the tip above the su-
perconducting ring as a function of the height z. The frequency
follows the trend of the stiffness K, therefore, after reaching its
maximum value around z = 0.08 cm, the frequency decreases
as the height increases.
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In Fig. 6, it can be seen that when the tip is close to
the surface of the supeconducting disk (z < 0.08 cm), the vi-
bration frequency is almost independent of the height z. If
z > 0.08 cm, the frequency drops rapidly as the height in-
creases. It should be noted that in the case of thin supercon-
ducting films, both experimental[19] and theoretical studies[9]

reported that the maximum force between the magnet and the
thin superconductor occurs above the surface of the supercon-

ductor rather than on its surface. Our present study is in agree-
ment with the reported results[9] in the sense that the position
of the maximum stiffness and frequency is located above the
surface of the superconductor. The variation of the vibration
frequency of the magnetic tip with the distance between the
tip and the semi-infinite superconductor is presented in Fig. 7.
It is clear that the frequency of the tip decreses as the height z
increases.
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Fig. 6. The vibration frequency of the magnetic tip over the SC disk as the
function of the height z obtained using the critical state model.
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Fig. 7. (color online) The vibration frequency of the magnetic tip over the
semi-infinite superconductor as the function of the height z obtained using
the frozen image model.

4. Conclusion
The stiffness of the magnetic tip and superconducting ring

(disk) system as well as the vibration frequency were cal-
culated using the critical state model and the frozen image
model. The analytical expressions of the stiffness and the fre-
quency of vibration about the equilibrium position as a func-
tion of the geometrical parameters of the system were derived.
For the thin superconducting disk or ring, the position of the
maximum stability is at a distance from the surface of the su-
perconductor.
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