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Design of broad angular phase retarders for the complete
polarization analysis of extreme ultraviolet radiation∗
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A method of designing broad angular phase retarders in the extreme ultraviolet (EUV) region is presented. The design
is based on a standard Levenberg–Marquardt algorithm combined with a common merit function. Using this method, a
series of broad angular EUV phase retarders were designed using aperiodic Mo/Si multilayers. At photon energy of 90 eV,
broad angular phase retarders with 30◦, 60◦, and 90◦ phase retardations have been realized in the angular range of 39◦–51◦.
By analyzing and comparing the performances of the designed broad angular phase retarders, we found that the Mo/Si
multilayer with more layers could obtain higher phase retardation in broader angular range when used to design the broad
angular phase retarder. Broad angular phase retarders possess lower sensitivity toward changing incident angle compared
with the traditional phase retarders designed with transmission periodic multilayers, and can be used for the polarization
control of broad angular EUV sources.
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1. Introduction
Accurate evaluation of the polarization state of the syn-

chrotron radiation, e.g., the extreme ultraviolet (EUV) radia-
tion, is fundamentally important for many scientific research
studies such as magnetic circular dichroism (MCD)[1–3] and
Faraday effect.[4,5] To achieve a complete polarization analy-
sis of the synchrotron radiation, a phase retarder, which can in-
troduce a phase retardation between the two orthogonal (s- and
p-polarized) components of the electric field, is necessary.[6,7]

However, in the EUV region, the nature of materials (the close-
ness of the refractive index and the high absorption index)
makes the realization of EUV phase retarders nearly impos-
sible.

In 1990, Kortright and Underwood first predicted the high
potential of transmission multilayers as phase retarders in the
EUV region.[8] Then, Kortright et al.,[9] Nomura et al.,[10] and
Yamamoto et al.[11] fabricated and characterized EUV phase
retarders respectively, and proved the potential of transmission
Mo/Si multilayer as EUV phase retarders. After that, the com-
plete polarization analysis of EUV synchrotron radiation was
performed by Kmura et al.,[12,13] Schafers et al.,[7] and Wang
et al.[14] successively with the use of EUV transmission multi-
layers. In addition, broadband Mo/Si multilayer transmission
phase retarders for EUV were also successfully prepared by
Wang et al.,[15] and used for the polarization analysis of EUV
radiation in a broad wavelength range.[16]

However, as predicted by Yamamoto et al.[17] and Kim

et al.,[18] the phase retardation of the EUV multilayer phase
retarders always exhibits a sharp oscillation with varying in-
cident angle near the maximum phase retardation, making the
polarization characteristics of the EUV multilayer phase re-
tarders unstable and very sensitive to the incident angle. For
example, for a traditional EUV multilayer quarter-wave plate
working at 90 eV and 45◦ grazing incidence, 0.5◦ deviation of
the incident angle will cause 17% drop of the phase retardation
(from 90.29◦ to 74.68◦ ) according to our simulation. To make
things worse, when obtaining a larger phase retardation by in-
creasing layers of the transmission multilayer, the phase retar-
dation curve will become even sharper, and the instability of
the phase retarder will increase. The polarization characteris-
tics of the phase retarders could become stable if the phase re-
tarders were angle-insensitive, i.e., broad angular. Moreover,
the broad angular EUV phase retarders can also be used for the
polarization control of broad angular EUV sources, e.g., laser-
produced plasma EUV sources.[19] But until now, the broad
angular EUV phase retarders have not been studied.

In this work, we explore the possibility of designing
broad angular phase retarders in the EUV region using ape-
riodic multilayers. Due to their powerful ability of spectral
and phase control, the aperiodic multilayer structures have
been widely used in the design of various EUV optical ele-
ments, like broadband and narrowband reflection mirrors,[20]

chirped mirrors,[21] broadband polarizers,[22] and broad angu-
lar analyzer.[23] Using a standard Levenberg–Marquardt (LM)
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algorithm,[24] a series of broad angular EUV phase retarders
with various phase retardations are designed. The achieve-
ment of broad angular EUV phase retarders will open a door
for the polarization control of broad angular EUV sources.

2. Theoretical method
To achieve a broad angular phase retardation, the multi-

layer structure with optimized layer thicknesses, i.e., the ape-
riodic multilayer structure, should be used. In our design, the
LM algorithm was used for this purpose. The LM algorithm is
a standard technique used to solve the nonlinear least-square
problems. This nonlinear least-square algorithm involves an
iterative improvement to parameters in order to reduce the sum
of the squares of the errors between the target data and the
measured data. Therefore, the design of a broad angular phase
retarder can be realized by minimizing the merit function (MF)
in the LM algorithm, which is written as

MF =

(
1
n

n

∑
j=1

(∆φ(θ j)−∆φ0)
2

)1/2

, (1)

where ∆φ(θ j) is the calculated phase shift at grazing incident
angle θ j, ∆φ0 is the desired phase retardation, and n is the
calculated number of angles in the desired angular range. By
minimizing the MF, the layer thickness of each layer in a mul-
tilayer can be optimized by the LM algorithm, and a broad an-
gular phase retarder with ∆φ0 phase retardation in the desired
angular range can be obtained. To avoid over-emphasizing
perfect phase retardation and speeding up the optimization, a
criterion MF ≤ 1 was used in the LM algorithm, which also
indicates the design requirement of the broad angular phase
retarders.

As a local optimization algorithm, the optimization re-
sult of the LM algorithm strongly relies on the seed structure.
In our design, we chose the transmission Mo/Si multilayer
with periodic structure as the seed structure in each optimiza-
tion, because the periodic Mo/Si multilayer can achieve both
large phase retardations and impressive transmissions near the
Bragg angle. By optimizing the thickness of each layer of a
seed multilayer, the sharp phase retardation curve of the peri-
odic multilayer can become flat in the desired angular range,
and a broad angular phase retarder can be achieved.

The optical constants of Mo and Si used in the simu-
lation were derived from the handbook edited by Henke et
al.,[25] and the inter-diffusion effect between the Mo and Si
layers in the multilayer structure was also considered to give
a reasonable prediction on the polarization characteristics of
the multilayers.[26] To improve the efficiency of optimization,
the period thickness d and the thickness ratio γ of the seed
multilayer structure were also designed to maximize the phase

retardation of the center angle in the desired range (45◦ in all
cases), which were 10.4 nm and 0.4, respectively, according to
our simulation. The optimized thicknesses of the Mo and Si
layers were in the ranges of 3–6 nm and 4–7 nm, respectively.
Besides, the bilayer number N of seed multilayer was consid-
ered to be a variable of the optimization, and its influence on
the design results was studied.

3. Results and discussion

Using the theoretical method described in Section 2, peri-
odic Mo/Si multilayers with various N (changing from 5 to
50 with the step of 5) were optimized for the broad angu-
lar phase retarders working at 90 eV. Although a phase re-
tardation angle range of a few tens of degrees is sufficient to
completely analyze the polarization characteristics of the syn-
chrotron radiation, the reliability of the results will be partic-
ularly high with a phase retarder that introduces large enough
phase retardation, e.g., 90◦.[6] So, three desired phase retar-
dations ∆φ0 = 30◦,60◦,90◦ were considered in the design. In
addition, to determine the relationship between the optimiza-
tion results and the desired angular range (described by angu-
lar bandwidth ∆θ), the cases of ∆θ = 2◦, 4◦, 6◦, 8◦, 10◦, 12◦

were studied for each ∆φ0. Furthermore, because the transmis-
sion Mo/Si multilayers show maximal transmissivity near the
quasi-Brewster angles (near 45◦ in the EUV region) for the
p-polarized incident light, in order to ensure the high output
of the designed phase retarders, we set the center angle of the
desired range to be 45◦ for all cases.

In Fig. 1, the MFs of the optimized Mo/Si multilayers
with different N are shown. With the increase of N, all MF
curves go down first and then converge to the values less than
1, fulfilling the design requirement MF ≤ 1. The results in-
dicate that all desired broad angular phase retarders can be
realized by using Mo/Si transmission multilayers with large
enough N. For example, by optimizing the thickness of the
layers, the Mo/Si transmission multilayers with more than 30
bilayers can all realize 90◦ phase retardation in the angular
range from 43◦ to 47◦ (∆θ = 4◦), however, with different
transmissions.

Figure 2(a) exhibits the phase retardation ∆φ of the op-
timized Mo/Si transmission multilayers with N = 30,40,50,
and near 90◦ phase retardations have been achieved in the an-
gular range from 43◦ to 47◦ (∆θ = 4◦) by all three optimized
multilayers. However, the s- and p-component transmissions
Ts and Tp (Fig. 2(b)), and transmission ratio Ts/Tp (Fig. 2(c))
of these multilayers show totally different behaviors. The av-
erage Ts and Tp of the optimized multilayers in the desired
angular range (from 43◦ to 47◦ ) decrease from 4.27% and
15.34% to 0.55% and 5.17% when N increases from 30 to
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50. The lower transmission of the multilayer with more lay-
ers may be attributed to the absorption of its redundant layers.
Furthermore, with the increase of N, the curve of transmission
ratio Ts/Tp becomes flatter in the desired angular range, which
means that Ts/Tp for different incident angle tends to be the
same. The forming of such a flat Ts/Tp curve is beneficial for
the perfect conversion of linearly to circularly polarized light
in the broad angular region, because the throughputs of s- and
p-polarized components can be equal in the broad angular re-
gion when the azimuth angle α of the broad angular phase
retarder fulfills α = arctan(

√
Tp/Ts).[11]
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Fig. 1. (color online) The MFs of the optimized Mo/Si multilayers with
bilayer number N changing from 5 to 50. The desired phase retarda-
tions ∆φ0 of the optimized Mo/Si multilayers are (a) 30◦, (b) 60◦, and
(c) 90◦.
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Fig. 2. (color online) (a) Phase retardation ∆φ , (b) s- and p-component
transmissions Ts and Tp, and (c) transmission ratio Ts/Tp of broad angu-
lar 90◦ phase retarders with angular bandwidth ∆θ = 4◦ designed with
Mo/Si transmission multilayers of N = 30, 40, 50 respectively.

Besides, for a particular desired phase retardation ∆φ0, if
one wants to realize phase retarders with broader desired an-
gular band ∆θ , Mo/Si multilayers with larger N are needed.
For example, to design a 90◦ phase retarder (i.e., quarter-
wave plate) working in the angular range from 44◦ to 46◦

(∆θ = 2◦), Mo/Si transmission multilayers with at least 35 bi-
layers (N = 35) are needed according to our analysis. How-
ever, to realize a 90◦ phase retarder working in the angular
range from 39◦ to 51◦ (∆θ = 12◦), at least 50 bilayers (N = 50)
are needed. In other words, the Mo/Si transmission multilayer
with larger N could achieve broader angular phase retardation
in the EUV region.
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By comparing the optimization results shown in
Figs. 1(a)–1(c), we find that larger phase retardation ∆φ0 needs
more layers in the multilayer for a particular angular band-
width ∆θ . The Mo/Si multilayer with larger N could be used to
achieve larger phase retardation ∆φ0 in a broad angular range
for EUV. For instance, to obtain broad angular phase retarders
with 30◦, 60◦ and 90◦ phase retardation working in the angu-
lar range of 39◦–51◦ (∆θ = 12◦), Mo/Si multilayers with 20,
35, and 50 are needed, respectively (Fig. 3(a)). The average
Ts and Tp of the optimized multilayers in the desired range
decrease from 19.95% and 32.57% to 1.42% and 4.9% when
N increases from 20 to 50 (∆φ0 increases from 30◦ to 90◦)
(Fig. 3(b)), just like the transmission performance of the mul-
tilayers shown in Fig. 2(b).
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Fig. 3. (color online) (a) Phase retardation ∆φ and (b) s- and p-
component transmissions Ts and Tp of broad angular 30◦, 60◦, and 90◦

phase retarders with bandwidth ∆θ = 12◦ designed with Mo/Si trans-
mission multilayers of N = 20,35,50 respectively.

To study the structural characteristics of the designed
broad angular phase retarders, the thickness distributions of
the three optimized Mo/Si multilayers in Fig. 3 are shown
in Fig. 4. Distinguished from the seed multilayers with pe-
riodic structures, all optimized multilayers show aperiodic
structures with oscillating thickness distributions. The aperi-
odic structure characteristics of the optimized multilayers are
predictable, because the periodic multilayers can only obtain
a large phase retardation at the low- and high-angle sides of

the Bragg peak, and cannot realize the broad angular phase
retardation.[9] In addition, the oscillating bilayer thickness dis-
tributions exhibited in Fig. 4, which are beneficial for forming
large phase retardations at different incident angles, are con-
sidered to be the reason for realizing the broad angular phase
retardations. Furthermore, approximately the same oscillation
amplitude of the bilayer thickness among the three optimized
multilayer structures should be related to the same bandwidth
∆θ .
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Fig. 4. (color online) The thickness distributions of the optimized Mo/Si
multilayers in (a) 30◦, (b) 60◦, and (c) 90◦ phase retarders showed in
Fig. 3.

In practice, the fabrication of transmission Mo/Si multi-
layers without substrates or supporting membranes, i.e., free-
standing transmission multilayers, still remain a great chal-
lenge, because the problems such as mechanical integrity will
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arise for the free-standing structures.[27] So, a low-absorption
membrane, typically a 100 nm silicon nitride (Si3N4) mem-
brane, is usually used to support the transmission Mo/Si multi-
layer. In Fig. 5, the influences of the 100 nm supporting Si3N4

membrane on the performances of a designed broad angular
90◦ phase retarder with N = 30 and ∆θ = 4◦ are shown.

Compared with the designed free-standing phase retarder,
the one with a 100 nm supporting Si3N4 membrane presents
nearly the same mean phase retardation (90.17◦ vs. 89.99◦ )
and a slightly larger standard deviation (0.46◦ vs. 0.05◦ ) in
the desired angle region (43◦ to 47◦ ), as shown in Fig. 5(a).
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Fig. 5. (color online) (a) Phase retardation ∆φ , (b) s- and p-component
transmissions Ts and Tp, and (c) transmission ratio Ts/Tp of a designed
broad angular 90◦ phase retarder (N = 30 and ∆θ = 4◦) without (square)
and with (circle) a 100 nm supporting Si3N4 membrane respectively.

On the other hand, because of the absorption of the support-
ing membrane, the transmissions of both polarization compo-
nents decrease when the supporting Si3N4 membrane is used
(Fig. 5(b)). Fortunately, the transmission ratio is almost un-
changed (Fig. 5(c)). The little change of phase retardation and
transmission ratio caused by the supporting membrane indi-
cates its small influence on the polarization characteristics of
the designed phase retarder.[6]

4. Conclusion
In this paper, we described a method for designing broad

angular phase retarders in the extreme ultraviolet region. A se-
ries of broad angular phase retarders with different phase retar-
dations and different angular bandwidths were designed using
Mo/Si multilayers with different layers. Particularly, by using
a Mo/Si multilayer with 50 bilayers, a 90◦ broad angular phase
retarder working at 90 eV in the angular range of 39◦–51◦ was
obtained, providing 1.42% and 4.9% average transmissions
for s- and p-polarized components, respectively. In addition,
the polarization characteristics of the designed broad angular
phase retarders were analyzed and compared. Compared with
the traditional phase retarders designed with transmission pe-
riodic multilayers, the designed broad angular phase retarders
possess lower sensitivity toward changing incident angle, and
can be used for the polarization control of broad angular EUV
sources.

References
[1] Chen C T, Sette F, Ma Y and Modesti S 1990 Phys. Rev. B 42 7262
[2] Li Z M, Xu F Q X, Wang L W, Wang J, Zhu J F and Zhang W H 2007

Chin. Phys. Lett. 24 2667
[3] He Z X, Zheng H Z, Huang X J, Wang H L and Zhao J H 2014 Chin.

Phys. B 23 077801
[4] Chen K, Cui M Q, Yan F, Zhao J, Sun L J, Zheng L, Ma C Y, Xi S B

and Zhao Y D 2008 Chin. Phys. Lett. 25 1110
[5] Dong L J, Du G Q, Yang C Q and Shi Y L 2012 Acta Phys. Sin. 61

164210 (in Chinese)
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