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Structural origin underlying the effect of
cooling rate on solidification point∗
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Solidification behaviors of liquid aluminum at different cooling rates were examined via classical molecular dynamics
simulation with an embedded atom method potential. The results demonstrate that solidification point decreases with
increasing cooling rate. To explain this phenomenon, solid-like cluster in liquid was analyzed by the structural analysis
method of bond order parameters. The results reveal that the size of the largest solid-like cluster in deeply undercooled
liquid decreases with the increase of cooling rate, which can provide a structural interpretation to the above phenomenon.
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1. Introduction

Solidification of liquid metal is a fundamental issue in
material sciences since almost all kinds of metals we used have
to undergo such a procedure at least once or more.[1] In experi-
ments, solidification process is always influenced by impurity,
even advanced levitation techniques are employed,[2,3] which
hinders our further understanding of the fundamental princi-
ple of solidification. To overcome the experimental problem,
molecular dynamics (MD) simulation has been widely used
since the problem of impurity does not exist. MD simulation is
a powerful tool to explore the phase transformation and struc-
ture of condensed matter at the level of atomic resolution.[4]

In MD simulation, aluminum (Al) is often selected as a model
metal for investigation[5–8] due to the wide application of Al
as a good engineering material. For example, Shen et al.[9] re-
cently presented different solidification processes of liquid Al
with the respective cooling rate, and they found that the high
cooling rate leads to glass formation, while the low cooling
rate leads to crystallization.

As we know, the cooling rate is an important factor dur-
ing a solidification process, and has a profound effect on the fi-
nal structures.[10,11] However, the dependence of solidification
behavior on cooling rate is still poorly understood. Shibuta et
al.[12] investigated the effect of cooling rate on the solidifica-
tion behavior of molybdenum nanoparticle, and they observed
that the solidification point decreases with increasing cooling
rate. A similar observation was found in bulk nanocrystalline
Al.[13] These studies provide us with a deeper knowledge of
solidification behavior, but one question coming is why the so-

lidification point decreases with increasing cooling rate. It is

well known that, solidification process stems from nucleation

except glass transition. Kelton et al.[14] demonstrated that a

correlation exists between nucleation barrier and icosahedral

short-range order, which is a kind of liquid local structure.

Inspired by their work, we think that the decrease of solidi-

fication point with increasing cooling rate might be associated

with liquid local structure. Recently, liquid local structure has

attracted great attention both in experiments[15–18] and in MD

simulations,[19,20] showing more and more importance in ma-

terial science. Therefore, in this work, we try to provide an

explanation to the above question from the view of liquid lo-

cal structure.

Firstly, the solidification of liquid Al is conducted using

MD simulation with different cooling rate. The cooling rates

we selected differ by an order of magnitude, allowing us to

clearly observe the discrepancy caused by cooling rate. Sec-

ondly, solidification point at each cooling rate is summarized.

At last, we present the result of liquid local structure. Based

on the result and the classical nucleation theory,[1] the corre-

lation between cooling rate and solidification point is well in-

terpreted. Much attention has been directed to the study of the

equilibrium liquid structure, while the liquid structure during

a non-equilibrium process like solidification has been rarely

reported. We believe this work could attract more attention to

further explore the liquid structure at non-equilibrium states.
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2. Simulation details
All simulations were performed under external constant

pressure of zero using the open source code LAMMPS.[21]

The Finnis–Sinclair potential was adopted to describe the
atomic interactions. The original file of the potential for Al is
provided by Mendelev.[22] The potential has already been ap-
plied to predict the solidification and devitrification of Al.[23]

Within the framework of embedded atom method, the total en-
ergy Etot consists of two terms

Etot =
N−1

∑
i=1

N

∑
j=i+1

φi j(ri j)+
N

∑
i=1

Fi(ρi), (1)

where i, j denote different atoms, N the number of atoms, ri j

the distance between atoms i and j, ϕi j(ri j) the pair potential
between atom i and j at a distance of ri j, Fi(ρi) the embed-
ded energy, and ρ i the background charge density at the site of
atom i

ρi = ∑
j

ψi(ri j), (2)

with ψ i(ri j) being the contribution to the charge density at
atom i due to atom j.

The system size (8.1× 8.1× 8.1 nm with 32000 atoms)
we used in simulation is large enough to observe the liquid-
solid transition and exhibit negligible size effect of results.
During simulations, periodical boundary conditions (PBCs)
are used in three directions. Isothermal-isobaric ensem-
ble (NPT) was used and controlled by the Nosé–Hoover
method.[24,25] A time step of 1 fs was applied with Verlet
algorithm[26] to integrate Newton’s equation of motions. The
solidification of liquid Al was performed as follows. Firstly,
the whole system was heated up to 2050 K, much higher than
the experimental melting point (933.47 K), and held there for
600000 steps to make sure that the system is in complete liq-
uid state. Then, the system was cooled linearly in time from
2050 to 50 K at the cooling rate ranging from 2.0× 1010 to
2.0× 1013 K/s, i.e., T (t) = T0 −Qt, where Q is the cooling
rate. Each cooling process was repeated 3 times. At each de-
sired temperature, the configuration was recorded for further
analysis. Table 1 lists the cooling rates and the corresponding
numbers of steps.

Table 1. Cooling rates and correponding numbers of steps.

Q Cooling rate/K·s−1 Number of steps
Q1 2.0 × 1010 1.0 × 108

Q2 2.0 × 1011 1.0 × 107

Q3 2.0 × 1012 1.0 × 106

Q4 2.0 × 1013 1.0 × 105

3. Results and discussion
Figure 1 shows the evolution of the total energy per atom

(E) with decreasing temperature at the four cooling rates. At

Q1, Q2, and Q3, there is an abrupt change of the linear tem-
perature dependence of E, which means liquid Al crystal-
lizes during the cooling. It is observed that, within the tran-
sition region, E drops sharply at Q1 and Q2, while smoothly at
Q3. This means that the nulceation resistance becomes signif-
icantly higher at Q3 than that at Q1 and Q2. For Q1, Q2, and
Q3, we define the solidification point as the temperature where
the linear decrease in E–T curve disappears. It is seen that the
solidification points at the three cooling rates are all far lower
than the simulated melting temperature (Tm), Tm = 912.5 K.
The simulation details of Tm are illustrated in Appendix A. At
Q4, E decreases continuously within the whole temperature
range, and no abrupt change can be observed, which is a typi-
cal feature of glass transition. The glass transition temperature
(Tg) is 350 K, which is determined by the Wendt–Abraham
parameter[27] (seen Appendix B). For Q4, Tg is considered as
the solidification point. From Fig. 1, we can conclude that
the solidification point decreases with increasing cooling rate,
which is consistent with the result of Ref. [12].
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Fig. 1. (color online) E–T curves under various cooling rates. The inset
is the summarized solidification point.

There is now a general consensus that liquid metals are
composed of various kinds of local structure.[15–20] One im-
portant kind of local structure is the solid-like cluster which is
generated by liquid structure fluctuation. Solid-like cluster is
directly related to the solidification process because one proper
solid-like cluster in liquid, especially in deeply undercooled
liquid, is enough to initiate nucleation and induce crystalliza-
tion. In order to further examine the potential mechanism un-
derlying the correlation between cooling rate and solidification
point, we have calculated the maximum size of solid-like clus-
ter at different temperature in liquid using the recorded con-
figurations. To do this, we determine the solid-like cluster by
using the method of bond-order parameters.[28,29] The advan-
tage of this method is that it can efficiently distinguish solid-
like and liquid-like atoms and has little relation to specific type
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of crystal. This method has been successfully applied in pre-
vious studies by other researchers.[30,31] For each atom i, the
normalized order parameter is defined as

q̂lm(i) =
1

AB(i)

B(i)

∑
j=1

Ylm(r̂i j), (3)

where A is a normalization factor, B(i) the number of neigh-
bors of atom i, Ylm a spherical harmonic function, and r̂i j

the unit vector pointing from atom i to j. If the complex in-
ner product ∑m q̂lm(i)q̂∗lm( j) is larger than 0.5, the neighboring
atoms i and j are deemed to be ordered neighbors. On the ba-
sis of predecessor’s work and the usual convention, atoms with
more than 8 ordered neighbors (including 8) are identified as
solid-like.[32] If an atom has less than 8 ordered neighbors, it
is considered to be liquid-like. The validity of the criterion is
demonstrated in Ref. [33]. Using this criterion, solid-like clus-
ter formed by adjacent solid-like atoms can be well located.
The size of the largest solid-like cluster, NMAX, as a function
of temperature is presented in Fig. 2. The temperature range
we focus on is from 650 to 1050 K, because no solid-like clus-
ter is found at a temperature higher than 1050 K, while the
impending nucleation is detrimental to the reasonability of the
information we care about at temperatures lower than 650 K.
The first minimum of pair distribution function g(r) is used
as a cutoff distance for the determination of solid-like cluster.
As shown in Fig. 2, solid-like clusters have already existed
in superheated liquid. Solid-like cluster first appears under
Q1 as temperature decreases. Obviously, the probability of
finding solid-like clusters in undercooled liquid is much larger
than that in superheated liquid. NMAX shows a general trend
of increasing with the decrease of temperature, and increases
rapidly when the temperature is close to crystallization. The
change of NMAX with temperature can be approximated by an
exponential expression, and the fitted results are presented in
the small inserted figure. It is observed that, at Q1, Q2, and Q3,
NMAX grows with decreasing temperature by orders of magni-
tude over a narrow temperature range near crystallization, and
the growth rate becomes higher if the liquid is cooled with a
slower cooling rate. At 650 K, NMAX in the undercooled liq-
uid has a clear difference among the four cooling rates, and
the slower cooling rate produces the larger NMAX. This obser-
vation may uncover why a slower cooling rate causes a higher
solidification point. According to the classical nucleation the-
ory, the Gibbs free energy difference ∆G to form a spherical
nucleus in undercooled liquid consists of a volume term and
an interfacial term,

∆G =
4
3

πr3
∆GV +4πr2

σsl, (4)

where r is the nucleus radius, σ sl the solid/liquid interfacial
energy, and ∆GV the volumetric free energy change. The max-

imum ∆G marked as ∆G∗ is received at a critical radius r∗

∆G∗ =
16πσ3

sl

3∆G2
V
,

r∗ =− 2σsl

∆GV
. (5)

If the size of solid-like cluster is smaller than r∗, the cluster
will dissolve. Otherwise, it will grow further and induce crys-
tallization. From Fig. 2, it is most probable for Q1 to firstly
form a solid-like cluster with a radius larger than r∗. That is
to say, it is easier for the liquid to firstly crystallize at Q1 than
at the other three cooling rates, and consequently the solid-
ification point at Q1 will be higher than that at Q2 and Q3.
The similar discussion can be applied to Q2 and Q3, which
can well explain why the solidification point decreases with
increasing cooling rate. If the cooling rate (like Q4) is high
enough to exceed the critical glass transition cooling rate, the
solidification process is a glass transition rather than crystal-
lization. Then the solidification point should be Tg which is
considerably lower than the crystallization temperature. Be-
cause the solidification mechanism has changed, here we limit
our discussion to the crystallization.
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Fig. 2. (color online) The maximum size of solid-like cluster as a func-
tion of temperature. The inset is the fitting line. The size of solid-like
cluster is characterized by the number of atoms it contains.

4. Conclusions
In summary, a series of MD simulations were performed

to examine the cooling rate effect on the solidification behav-
ior of liquid Al. The observed solidification points are all
far lower than the simulated melting point, which indicates
that the solidifications at the four cooling rates need a quite
large undercooling. At the cooling rate less than or equal to
2.0×1012 K/s, crystallization takes place. At the cooling rate
of 2.0× 1013 K/s, glass transition is obtained and the corre-
sponding glass transition temperature is 350 K. Following the
increase of cooling rate, there is a clear drop of the solidifica-
tion point. In order to elucidate that, solid-like clusters in un-
dercooled and superheated liquid were analyzed. The results
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suggest that, within the temperature range near crystallization,
the maximum size of solid-like cluster diminishes remarkably
if the cooling rate increases a lot. This observation combined
with the classical nucleation theory can reveal the structural
origin underlying the effect of cooling rate on solidification
point.

Appendix A: Simulation details of predicting the
melting temperature with the present potential

In order to determine Tm, a metastable liquid–solid co-
existing (sandwich) structure was established, as shown in
Fig. A1. The sandwich structure was applied successfully
to determine Tm of Au–Cu[34] and Cu–Zr[35] alloys. The
simulation box (4.05 × 4.05 × 16.2 nm subject to PBCs in
three dimensions) contains 16000 atoms, and is equally di-
vided into two parts, namely, the liquid zone and the solid
zone. The liquid zone containing 8000 atoms is in the
middle. The solid zone is on the sides of the liquid zone,
and also has 8000 atoms. All the atoms are equilibrated at
200 K for 50000 steps. Then the middle part is heated up
to 1600 K, and held there for 500000 steps to obtain liquid
state. During simulations, the NPT ensemble is used with
zero external pressure. The initial configuration is illustrated
in Fig. A1. Then the whole system is annealed at differ-
ent external temperatures for 600000 steps to evolve into an
equilibrium end state. Through calculating the average total
energy per atom (E) at different end states, Tm can be de-
termined. The result is presented in Fig. A2. It is obvious
that E increases as the aging temperature increases. A critial

200 K 

200 K  

1600 K  

 

2.954

-3.426

Fig. A1. (color online) Snapshot of the liquid–solid coexisting struc-
ture. The colormap denotes potential energy.

temperature is defined as Tm, where a discontinuous evolution

in E–T curve takes place. For a more common method to

determine Tm, the molar specific heats (Cp) at different tem-

peratures are calculated from the differential of the enthalpy:

Cp = dH (T )/dT . Tm can also be well determined by the jump

in Cp–T curve. As shown in Fig. A3, the configuration crystal-

lizes at 912 K, while it becomes liquid state at 913 K. There-

fore, the average value 912.5 K is taken as Tm. The simulated

melting point agrees quite well with the experimental value,

the deviation being −2.25%.
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Fig. A2. (color online) Total energy per atom and molar specific heat at
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Appendix B: Details of determining glass transi-
tion temperature at Q4

The Wendt–Abraham parameter[27] is for determining

glass transition temperature Tg, which is defined as the ratio

between the first minimum and maximum of g(r) (gmin/gmax).

Temperature dependence of gmin/gmax can be treated as two

distinct linear regions with the respective characteristic slope.

The intersection of the two lines yields a Tg of 350 K, which

is illustrated in Fig. B1. The original data for g(r) is shown in

Fig. B2.
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