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Defocusing role in femtosecond filamentation: Higher-order Kerr
effect or plasma effect?∗
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The femtosecond filamentation in the classical and high-order Kerr (HOK) models is numerically investigated by
adopting multi-photon ionization (MPI) cross section with different values. It is found that in the case that the MPI cross
section is relatively small, there exists a big difference between the electron density as well as clamped intensity calculated
in the classical model and those calculated in the HOK one, while in the case that the MPI cross section is relatively
large, the electron density and clamped intensity calculated in the two models are nearly in agreement with each other, and
under this circumstance, even if the higher-order nonlinear terms do exist, the free-charge generation and the associated
defocusing in a filament are enough to mask their effects. The different behaviors of the maximum intensity and on-axis
electron density at the collapse position with the pulse duration provides an approach to determine which effect plays the
dominant defocusing role. These results demonstrate that it is ionization that results in the difference between the two
models.
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1. Introduction
The propagation of ultrashort intense laser pulses in air

has been a hot area of research due to its promising applica-
tion prospects such as terahertz radiation,[1,2] generation of
white-light supercontinuum,[3–6] rain-making,[7,8] and light-
ning protection,[9,10] etc. During the propagation of the fem-
tosecond laser pulse in gaseous media, the self-focusing due
to the second-order Kerr effect makes the laser intensity in-
crease continuously and as the intensity increases to some
value, the nonlinear defocusing effects will arrest its further
increase. Intense and stable filaments will be generated as the
self-focusing effect and nonlinear defocusing effects reach a
dynamic balance. According to the defocusing mechanism,
the filamentation model can be classified into the classical one
in which the plasma is the dominant defocusing factor and
the higher-order Kerr (HOK) one in which the HOK effects
are the dominant defocusing factors. Although the saturation
of the Kerr effects has been suggested to be a factor in laser
filamentation,[11–13] however, due to the lack of the data about
the values of the HOK indices, for a long time, the classical
mode (i.e., filamentation is described as a dynamic balance
between Kerr self-focusing and plasma defocusing) has been
generally accepted as the filamentaion model. By adopting the
time-resolved birefringence method, Loriot et al. measured the
values of the HOK indices of the O2, N2, and Ar for the first
time,[14,15] since then the established paradigm has been chal-

lenged. Taking the HOK effects into consideration in the theo-
retical investigation, different results from the classical model
were obtained,[16,17] and the most significant difference lies in
the values of the clamped intensity and electron density: the
clamped intensity is just half of that in the classical model, and
the electron is almost two orders of magnitude lower than that
in the classical model,[16] making the ionization-free filamen-
tation possible.[18,19]

However, comparing the nonlinear phenomena observed
by the numerical simulation and experimental measure-
ment, the results support different models.[20–28] For instance,
Kolosik et al. proposed the criteria to determine the valid-
ity of the HOK model, i.e., measuring the power ratio of
fifth-harmonic (FH) to third-harmonic (TH) generation:[20] if
the FH–TH power ratio remains at a relatively high value of
∼ 10−1, the HOK model is correct; if the ratio remains very
small (10−4), the classical model is correct. Ni et al. have
carried out the corresponding experiment.[21] Kosareva et al.
investigated the conical emission in the two models, and found
that the results obtained in classical model fit better with the
experimental results.[22,23] Wang et al. found that as HOK
effects play the main defocusing role, some phenomena in-
consistent with previous experiments can appear, indicating
that the values of HOK coefficients are overestimated.[24] In
addition, by measuring the plasma density experimentally, it
is found that the measured value of plasma density is much
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higher than that calculated in the HOK model.[25,26] Though
considerable research has been conducted in this field, which
model is more reasonable is still an open question.

The above studies suggest that the ionization of the me-
dia is the main factor that brings about the most significant
difference between the classical and the HOK models. For
the intensity concerning the filamentation, the electron density
can be well described by multi-photon ionization MPI, and the
MPI cross section is the main factor that determines the MPI
process. In this paper, by adopting different values of MPI
cross section,[29,30] we investigate the filamentation process in
the two models and attempt to find out the cause that leads to
the difference between the two models.

2. Theoretical method
The propagation of femtosecond laser pulses in gaseous

medium can be described by numerically solving the follow-
ing extended NLSE:
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The equation applies to femtosecond laser pulses moving
in their group-velocity frame (τ = t− z/vg), with central wave
number k0 = 2π/λ0 and angular frequency ω0 = 2πc/λ0. The
first term on the right-hand side accounts for the transverse
diffraction, and the remaining terms refer to the normal GVD
with the coefficient k′′ = ∂ 2k/∂ω2

∣∣
ω0 , Kerr effects of air

with the nonlinear refractive indices n2q (i.e., Kerr indices)
and the plasma absorption (real part) and plasma defocus-
ing (imaginary part) with inverse bremsstrahlung cross sec-
tion σ and electron collision time τc. The last term describes
multi-photon ionization with coefficient σK , ρO denotes the
number density of oxygen at one standard atmospheric pres-
sure. For the oxygen whose characteristic ionization energy
U is 12.1 eV and the laser pulse adopted whose central wave-
length is λ0 = 800 nm, the minimum number of photons K
needed in the multiphoton ionization process is 8. The opera-
tor T ≡ 1+(i/ω0)∂τ in the Kerr terms leads to self-steepening
effect and T−1 ≡ 1− (i/ω0)∂τ results in space–time focusing
effect.

Since the intensity during the filamentation process lies in
the multi-photon regime, the evolution of electron density ρe

can be calculated through MPI

∂ρe

∂τ
= σK |E|2K(ρO−ρe), (2)

and the avalanche ionization and electron recombination are
omitted here due to their negligible role in filamentation. The
number density of oxygen is ρO = 5×1024 m−3.

As equation (1) contains the higher-order Kerr (HOK)
terms, it refers to the HOK model, while as it is truncated to
the second-order term, it refers to the classical model. For
the values of the Kerr indices we use those of air which are
measured by Loriot et al.[14,15] i.e., n2 = 1.2× 10−23 m2/W,
n4 = −1.5× 10−41 m4/W2, n6 = 2.1× 10−58 m6/W3, and
n8 = −0.8 × 10−75 m8/W4. In this paper, we select a
Gaussian pulse whose envelope can be written as E(r, t) =
E0 exp(−r2/w2

0)exp(−t2/τ2
p ), and the initial beam radius,

pulse duration, and intensity are selected as w0 = 1 mm,
τp = 50 fs, and I0 = 1 TW/cm2. The values of GVD co-
efficient, electron collision time, and inverse bremsstrahlung
cross section are k′′ = 2×1029 s2/m , τc = 3.5×10−13 s, and
σ = 5.1×10−24 m2, respectively.

3. Results and discussion
Firstly, it should be noted that the value of MPI cross sec-

tion measured or calculated has great uncertainty, even differ-
ent values can be obtained by the same group.[29–32] To investi-
gate the influence of the uncertainty of the MPI cross section’s
value on the two models, we select two extreme values of MPI
cross section for the ionization of oxygen with 800-nm pulses
which are used by Couairon et al.: σ8 = 2.88× 10−99 s−1 ·
cm16 ·W−8 [29] and σ8 = 2.81×10−96 s−1 ·cm16 ·W−8.[30] Fig-
ures 1(a) and 1(b) present the maximum intensity and on-axis
electron density during the propagation, as the MPI cross sec-
tion is σ8 = 2.88× 10−99 s−1 · cm16 ·W−8. It can be seen
from the figure that as the HOK effect is considered, the max-
imum intensity calculated is less than half of that calculated
in the classical model (see Fig. 1(a)), and the on-axis electron
density is two orders of magnitude lower than that calculated
in the classical model (see Fig. 1(b)), which is identical to the
results in Ref. [16]. It can also be seen from Figs. 1(a) and
1(b) that the filament length is much longer as HOK effects
are considered, which can be attributed to the fact that plasma
density is much lower in the HOK model as the MPI cross
section is smaller, and thus less energy is depleted during the
ionization of gas, as a result, the filament can sustain a longer
distance. In contrast, as the larger MPI cross section is used,
i.e., σ8 = 2.81× 10−96 s−1 · cm16 ·W−8, quite different re-
sults will be obtained: as is shown in Figs. 1(c) and 1(d), the
electron density and clamped intensity calculated in the two
models are nearly in agreement with each other, therefore we
can say that the HOK effects are masked by the plasma effect,
in which case, the two models cannot be distinguished only
from the aspect of intensity and electron density. In the pre-
vious theoretical investigation,[16] the difference of electron
density and clamped intensity between the two models may
be attributed to the fact that the ionization rate is underesti-
mated. Particularly, Chen et al. have carried out the direct
time- and space-resolved measurements of the electron den-
sity in filaments,[26] and the electron density is much larger
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than that calculated in the HOK model and quite close to that
calculated in the classical model, which further confirms the
above conclusion. As a result, to illustrate the filamentation
mechanism more clearly, more accurate methods to calculate
the ionization rate need developing.
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Fig. 1. (color online) Evolution of the maximum intensity (a) and on-axis
electron density (b) with the propagation distance z, as the MPI cross sec-
tion is σ8 = 2.88× 10−99 s−1 · cm16 ·W−8;[29] evolution of the maximum
intensity (c) and on-axis electron density (d) with the propagation distance
z, as the MPI cross section is σ8 = 2.81×10−96 s−1 · cm16 ·W−8.[30]

The phenomena described above can be well explained
from the aspect of refractive index. As is known, the contri-
bution of the second-order Kerr effect to the nonlinear refrac-
tive index is positive, i.e., ∆nKerr ≈ n2I > 0, making the in-
tensity increase before the pulse collapses. Correspondingly,
the plasma density will become increasing more in the clas-
sical model or the HOK effects will become stronger at the
same time, whose contribution to the nonlinear refractive in-
dex is negative, where the total nonlinear refractive index can
be approximatively estimated by

∆n≈ n2I− ρe

ρc
, (classical model) , (3)

∆n≈ n2I +n4I2 +n6I3 +n8I4− ρe

ρc
, (HOK model) , (4)

where ρe is the density of the free electron which can be
roughly estimated from Eq. (2): ρe ≈ σKIKρOτp, and ρc ≡
ε0meω2

0/e2 denotes the critical plasma density above which
the plasma becomes opaque (me and e denote the electron
mass and charge), for the laser pulse whose wavelength is
800 nm, ρc ≈ 1.7×1021 cm−3. As ∆n = 0, the dynamic bal-
ance between the self-focusing and defocusing is reached, and
the intensity in this case is the clamped intensity. To describe
this process more clearly, we present in Fig. 2 the change of
the nonlinear refractive index with the laser intensity. It can be
seen from the figure that the clamped intensity decreases with
the increase in the value of the MPI cross section in both mod-
els, which is identical to the conclusion shown in Fig. 1, indi-
cating that the ionization rate can affect the value of clamped
intensity. What is different is that the clamped intensity in

Fig. 2 is smaller than that in Fig. 1, and this is because the
electron density is estimated from ρe ≈ σKIKρOτp, in which
case the electron density is overestimated, as a result, the de-
focusing role of plasma is larger resulting in the fact that the
∆n reaches its zero value as the intensity is not that high. It
can be clearly seen from Fig. 2(b) that, in the case of smaller
MPI cross section (σ8 = 2.88× 10−99 s−1 · cm16 ·W−8), the
change of total nonlinear refractive index (dashed red curve)
is almost identical to the change of nonlinear refractive index
(solid black curve) with contribution only from the HOK ef-
fects, indicating that the HOK effect is the dominant defocus-
ing factor in weak ionization case, which is in agreement with
Ref. [16].
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Fig. 2. (color online) Change of the nonlinear refractive index ∆n with the
laser intensity. (a) The solid black curve denotes the contribution of the
second-order Kerr effect to nonlinear refractive index, and the dashed red
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curve denotes the contribution of Kerr effects to nonlinear refractive index,
and the dashed red and dotted blue curves present the change of ∆n = n2I+
n4I2 + n6I3 + n8I4−ρe/ρc with the intensity I as the MPI cross section is
σ8 = 2.88×10−99 s−1 ·cm16 ·W−8 and σ8 = 2.81×10−96 s−1 ·cm16 ·W−8
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Fig. 3. (color online) Evolution of the maximum intensity (a) and on-
axis electron density (b) at the collapse distance with the pulse duration,
as the MPI cross section is σ8 = 2.88× 10−99 s−1 · cm16 ·W−8; evo-
lution of the maximum intensity (c) and on-axis electron density (d) at
the collapse distance with the pulse duration, as the MPI cross section is
σ8 = 2.81×10−96 s−1 · cm16 ·W−8.
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Now, we can well describe the phenomena presented in
Fig. 1: in the case of smaller MPI cross section (σ8 = 2.88×
10−99 s−1 ·cm16 ·W−8), since the clamped intensity calculated
in the classical model is about two times larger than that of the
one calculated in the HOK model (see Fig. 1(a)), according to
ρe ≈ σK IKρOτp, the electron density in the classical model is
about 256 (28) times larger than that in the HOK model, which
fits well with the result in Fig. 1(b). If we increase the MPI
cross section, say σ8 = 2.81×10−96 s−1 · cm16 ·W−8, for the
classical model, the clamped intensity decreases and becomes
close to that in the HOK model, as shown in Fig. 1(c). From
ρe ≈ σK IKρOτp we know that the electron density calculated
in the two models is close to each other, which is certified by
the result in Fig. 1(d). In addition, we can also see from Fig. 1
that, the collapse distances calculated in the two models are
identical to each other, which is independent of the value of
the MPI cross section, and the cause of this phenomena can
be attributed to the fact that the second-order Kerr effect plays
the dominant role in the process before the pulse collapse.

We present in Fig. 3 the evolution of the maximum in-
tensity and on-axis electron density at the collapse position
with the pulse duration. It can be clearly seen from the fig-
ure that in the case in which the HOK effects play the dom-
inant defocusing role, the plasma density is proportional to
the pulse duration [see the red squares in Fig. 3(b)], while in
the case in which the plasma effect plays the dominant defo-
cusing role, the plasma density changes a little [we can see
from the black dots in Fig. 3(b) and the data in Fig. 3(d) that
|ρe(210 fs)−ρe(50 fs)| < 20%]. We can also see from the
figure that as the HOK effects play the dominant defocusing
role, the clamped intensity is nearly independent of the ini-
tial pulse duration, as shown by the red squares in Fig. 3(a);
while as the plasma effect plays the dominant defocusing role,
the clamped intensity deceases with the increase of the pulse
duration, as shown by black dots in Fig. 3(a) and the data in
Fig. 3(c). These phenomena provide us with a way to deter-
mine which effect plays the dominant defocusing role.

In the strong field physics, there is such a recognition: un-
der the action of the same laser pulse, the larger the ionization,
the smaller the excitation will be, and vice versa. As it tran-
sits to the macroscopic propagation process, as the ionization
is relatively large, the plasma effect is the dominant defocus-
ing factor and masks the role of the HOK effect, while as the
ionization is relatively small, the HOK effects are the domi-
nant defocusing factors. Therefore, we can infer that the HOK
effects are closely related to the excitation process, i.e., the
transition between bound states.

Figure 4 presents the time-evolution of the on-axis in-
tensity along the propagation distance z I(t,z), and it can be
clearly seen from the figure that the laser pulses split in the
time domain shortly after their collapse (around z = 2.7 m).
However, there is a difference between their temporal behav-
iors along the propagation distance: as the plasma effect plays

the main defocusing role, the intensity of the leading part is
higher than that of the tailing part, and eventually the intensity
of the tailing part is higher than that of the leading part (e.g.,
z > 3.0 m), thus exhibiting the “dip” structure, as shown by
the pink arrows in Figs. 4(a), 4(c), and 4(d); in contrast, as the
HOK effects play the main defocusing role, the intensity of the
tailing part is always higher than that of the leading part, there-
fore, there is no “dip” structure, as shown in Fig. 4(b). It can
also be seen from Fig. 4 that the tailing part of the laser pulse
will experience temporal splitting, which makes its temporal
behaviors more complicated.
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Fig. 4. (color online) Time-evolution of the on-axis intensity along the prop-
agation distance z [i.e., I(t,z)] in the classical model (a) and the HOK model
(b) as the MPI cross section is σ8 = 2.88× 10−99 s−1 · cm16 ·W−8; time-
evolution of the on-axis intensity along the propagation distance z [i.e., I(t,z)]
in the classical model (c) and the HOK model (d) as the MPI cross section is
σ8 = 2.81×10−96 s−1 · cm16 ·W−8. The unit of intensity is TW/cm2.

4. Conclusion
Our work does not intend to illustrate which filamenta-

tion model is right, for we just focus on the influence of the
MPI cross section on filamentation calculated in two models.
The inaccuracy of the calculation of the ionization may lead
to the difference of clamped intensity and electron density in
the two models. It is found that even if the higher-order non-
linear terms do exist, in the case in which the MPI cross sec-
tion is relatively large, the electron density and clamped in-
tensity calculated in the two models are nearly in agreement
with each other, and consequently, the free-charge generation
and the associated defocusing in a filament are enough to mask
their effects. Through the analysis of the nonlinear refractive
index with the plasma effect considered, the numerical results
are further certified. Through the evolution of the maximum
intensity and on-axis electron density at the collapse position
with the pulse duration, it is found that as the HOK effects
play the dominant defocusing role, along with the increase of
the pulse duration, the plasma density is proportional to it and
the clamped intensity nearly remains constant; while as the
plasma effect plays the dominant defocusing role, with the in-
crease of the pulse duration, along with the increase of the
pulse duration, the clamped intensity deceases and the plasma
density changes a little, which provides a way to determine

114207-4



Chin. Phys. B Vol. 24, No. 11 (2015) 114207

which effect plays the dominant defocusing role. These stud-
ies demonstrate that ionization of the medium is the dominant
factor that brings about the difference between the two mod-
els. Therefore, to make the results more clear, the model used
to calculate the ionization needs to be modified. Only when
the ionization rate or electron density is accurate, can the the-
oretical results fit better with the experimental ones.
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[19] Méchain G, Couairon A, André Y B, D’Amico C, Franco M, Prade B,

Tzortzakis S, Mysyrowicz A and Sauerbrey R 2004 Appl. Phys. B 79
379

[20] Kolesik M, Wright E M and Moloney J V 2010 Opt. Lett. 35 2550
[21] Ni J, Yao J, Zeng B, Chu W, Li G, Zhang H, Jing C, Chin S L, Cheng

Y and Xu Z 2011 Phys. Rev. A 84 063846
[22] Kosareva O, Daigle J F, Panov N, Wang T J, Hosseini S, Yuan S, Roy

G, Makarov V and Chin S L 2011 Opt. Lett. 36 1035
[23] Bejot P and Kasparian J 2011 Opt. Lett. 36 4812
[24] Wang Z X, Zhang C J, Liu J S, Li R X and Xu Z Z 2011 Opt. Lett. 36

2336
[25] Polynkin P, Kolesik M, Wright E M and Moloney J V 2011 Phys. Rev.

Lett. 106 153902
[26] Chen Y H, Varma S, Antonsen T M and Milchberg H M 2010 Phys.

Rev. Lett. 105 215005
[27] Huang T W, Zhou C T and He X T 2013 Phys. Rev. E 87 053103
[28] Li S, Guo F, Yang Y, Jin M and Ding D 2014 J. Phys. Conf. Ser. 488

032051
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