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Determination of ion quantity by using low-temperature ion density
theory and molecular dynamics simulation®
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In this paper, we report a method by which the ion quantity is estimated rapidly with an accuracy of 4%. This finding
is based on the low-temperature ion density theory and combined with the ion crystal size obtained from experiment with
the precision of a micrometer. The method is objective, straightforward, and independent of the molecular dynamics (MD)
simulation. The result can be used as the reference for the MD simulation, and the method can improve the reliability
and precision of MD simulation. This method is very helpful for intensively studying ion crystal, such as phase transition,
spatial configuration, temporal evolution, dynamic character, cooling efficiency, and the temperature limit of the ions.
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1. Introduction

In the bound state of an ion system, with the decrease in
the average kinetic energy, ions will experience phase transi-
tions from gas to liquid to solid state.!’:?) An ion Coulomb
crystal is of a solid state phase of strongly coupled and con-
fined non-neutral ions with the same sign of charge, which can
be formed in ion traps when the nearest neighboring Coulomb
potential energy is 170 times larger than the average kinetic
energy of the ions. Under such conditions, the ions’ max-
imum probability distribution and relative position present
metastable features.!! =]

The ions’ mass-to-charge ratio, quantity, and tempera-
ture can be obtained by the dynamic process of ion crystal
achieved by numerical calculations and compared with those
of the three-dimensional ion crystal in a special plane obtained
from experiments and numerical calculations.*3 At the same
time, the ion crystal may be imaged at arbitrary latitudes and
three-dimensional information such as the distribution of mi-
cromotion, the distribution of the position and velocity vectors
of any given ion in the whole ion crystal at any time can be
achieved. Based on the dynamic trajectory model of an ion
crystal, ion parameters of kinematic and dynamic temporal
evolution can be tracked in the whole process of generation,
trapping, crystallization, and equilibrium state of any given
ion.[®7] By quantitatively manipulating the ions’ mechanical
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parameters of the numerical calculation, we can systematically
study the different cooling and heating mechanisms and quan-
titatively demonstrate the cooling and heating efficiency.!®! By
adopting the discrete Fourier transform of the parameters of
temporal evolution of the ions’ position and velocity vectors,
the characteristic frequency spectra of the ions’ micromotion
and secular motion can be demodulated. When we compare
the above results with the fluorescence spectra induced from
the ions’ secular motion stimulation in the experiment, the
trapping and structural parameters of the ion trap and the ions’
motional mode can be demonstrated.”!

Although many characteristic parameters can be extracted
by the dynamic calculation of the ion system, the whole cal-
culation process strongly depends on the initial conditions and
dynamic parameters. The ion quantity is one of the most fun-
damental and crucial input parameters and cannot be quantita-
tively evaluated from the experimental results. It needs to be
adjusted and fed back repeatedly in the process of the dynamic
calculation of ions, which requires a lot of time. However, in
a quadrupole radio-frequency (RF) field, the spatial distribu-
tion property of an ion crystal can be represented by the ion
low-temperature density model. Therefore, the ion quantity
evaluated directly from the ion density and the size of the ion
crystal can be used to solve the problem of the initial value of
the ion quantity, which cannot be found in the MD simulation.
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In this paper, we report a method by which the ion
quantity is estimated rapidly, which is based on the low-
temperature ion density theory and combined with the size of
the ion crystal obtained from experiment with the precision of
a micrometer. The result is used as the reference input of the
MD simulation and is adjusted slightly. When we compare the
ion spatial structure calculated from the MD simulation and
the image of ions captured by an electron-multiplying charge-
coupled device camera (EMCCD), the matched ion quantity is
found. The result is used to verify the consistency between the
two theories and is the basis for studying other mechanisms of
the ions by adopting the MD simulation.

2. Experimental setup

The linear Paul trap used in our experiment is shown in
Fig. 1(a). A detailed description of the experimental setup can
be found in Ref. [10]. The linear trap consists of four par-
allel three-sectioned stainless-steel cylindrical electrode rods
in a quadrupole configuration. The lengths of the central part
(B) and the remaining parts (A, C) of each of the electrodes
are 2zgp = 5.90 mm and 2z, = 24.00 mm, respectively, as in-
dicated in Fig. 1(a). The diameter of each electrode rod is
d = 8.00 mm, and the minimum distances between the trap
axis and the electrodes are all o = 3.50 mm. The confinement
of the ions in the radial plane is obtained by applying an RF
field 1/2U,scos(yt) to the diagonal A, By, Cj, and As, Bs,
Cj electrode rods. At the same time, an RF field with oppo-
site phase —1/2Uypcos(€24t) to the diagonal Aj, Bj, Cp, and
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Fig. 2. (color online) A pure “°Ca™ ion crystal captured by an EMCCD.

A4, B4, C4 electrode rods is applied. The RF frequency can
be varied from 3.50 to 4.50 MHz, and the output amplitude
172Uyt can be adjusted from 40 to 200 V. The confinement of
the ions in the axial direction is obtained by applying direct
current (DC) voltage to the eight end parts of electrodes (A1,
Ay, Az, Ay and Cj, Cy, C3, C4) in a range of 0.010-20.000 V.

The *°Ca* ions are loaded by two-photon photoioni-
zation!'!l of calcium atoms and subsequently Doppler laser
cooled!'>17) to a crystalline state by using a 397-nm cooling
laser and an 866-nm repumping laser to excite the 4°S, /2=
4%p, /2 and 3d’D; /2—4p2P1 /2 transitions along the trap center
(z) axis, respectively. The detection of the ions is performed
by an imaging system with 13—15 times magnification, which
collects spontaneously emitted light at 397 nm during the laser
cooling cycles to a photo-multiplier tube (PMT) and an EM-
CCD. Both of them are placed perpendicularly to the trap z
axis to monitor the fluorescence intensity and position of the
ions projected onto the y—z plane, respectively. A 245-um di-
ameter optical fiber is inserted in the trap center and imaged
for absolute calibration of the magnification of the microscopy
lens at 13.31.

A pure “°Ca™ ion crystal is shown in Fig. 2, with Uy =
240 V and Ugpg = 2.000 V, captured by the EMCCD in the y—z
plane. The Coulomb crystal with three-dimensional ellipsoid
shape can be obtained from the rotational symmetry structure
of the ion crystal around the trap (z) axis. By controlling Us¢
and Uppg, the size of the ion crystal can be adjusted in radial
and axial directions, represented as R and L, respectively.
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3. Evaluation of the ion quantity

In order to analyze the ion quantity of the ion crys-
tal achieved in Fig. 2, we adopt the low-temperature density
model and the MD simulation. Ion density spatial distribu-

tion is widely investigated in ion trap mass spectrometry to
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estimate the order of magnitude of the number of ions. High
temperature and large volumetric errors lead to considerable
uncertainty in the number of ions. Micrometer precision con-
trol and measurements of the ions’ feature parameters at mK
temperatures are more meaningful, especially when combined
with MD simulation.

3.1. Low-temperature density model

The motion of the ions in a long multipole ion trap is de-

scribed as a motion in an effective electric potential expressed
py!15)

Q(Pps(ivy) = (Dps('r) (1

o

B p2 QZUer (,’, )2172
16 MQ2r? ’

where 2p denotes the number of poles. For p = 2, the effective
electric potential is a quadrupole potential.

The total potential energy of ions in a linear RF trap is
given by the sum of the harmonic pseudo-potential energy
Qps(%,5) and the ion plasma Coulomb interaction potential
energy QVCp“6J as

Doral = (pps + ¢cp = Q(Pps (5507) + chp~ 2

The equilibrium ion density distribution n(7) in such a
potential at temperature 7 is given by

n(r) = npexp ( qjmtal) ; 3)

kgT

U7 where

from the Boltzmann distribution of kinetic energy,
ng and kg are the normalization and Boltzmann’s constant, re-
spectively.
Using Eq. (2), equation (3) can be rearranged as
n(r)

Dioral = OPps (x,9) + OVep = *kBTlnTO- “4)

The characteristics of ion density can be easily studied
in the limit of either high or low temperature, which can
be distinguished by the relation between the Debye length
Ap = (ksTey/nQ?)'/2'7] and the spatial extent of the ion
system. The ions can be regarded as low-temperature den-
sity systems whenever Ap is much smaller than the spatial
extent of the ion system in which space charge plays a sig-
nificant role. The ions in the linear Paul trap are Doppler
laser cooled to plasma crystallization with a temperature of
T < 10 mK and a Debye length of Ap = 0.6 um, which is
much smaller than the inter-ion spacing of the Coulomb crys-
tal and certainly smaller than the spatial extent of the ion crys-
tal following the low-temperature limit. The kinetic energy
of the ions is ~ 1 x 10725 J, which is about a hundred thou-
sand times less than the electric potential energy from the ion
plasma Coulomb interaction and the harmonic pseudo poten-
tial energy. Therefore, the kinetic energy can be neglected to

some extent. For kgT ~ 0, the condition that n(r) is finite
requires that

OVep = —0¢ps (%, 9), &)

which can be explained as the fact that the Coulomb inter-
action potential caused by the ion distribution must exactly
counterbalance the effect of the trap potential, ('8! and the force
Fi,, on each ion of the crystal should be zero in equilibrium.
To obtain the local density distribution of the ion crystal, we
must solve the potential self-consistently by the use of Pois-
son’s equation in the ion crystal,
QOn(r)

Ve = — : ©6)
€

subject to the boundary conditions that specify the value of
Dy On the trap electrodes. Here, & is the permittivity of a
vacuum. Combining Egs. (1), (5), and (6), we obtain the den-
sity of the ion crystal as
eop*Ug

n(r) = ——1t_y
(r) 16MQ2r5?

_ P DaU; ()
4MV8.Qr2f ro '
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In a quadrupole (p = 2) ion trap at T = 0, equation (7)
can be described as
eoUgz

n(r) = MAQL ®)

which is the constant ion distribution and is only related to RF
frequency and amplitude. Therefore, a high-precision number
of ions can be obtained by controlling and measuring both the
RF and the volume of ions in a high accuracy.

An ion crystal is a cylindrically symmetric ellipsoidal
Coulomb plasma with principal axes Ry = Ry, = R and L in the
x-, y-, and z-directions as shown in Fig. 2, owing to the cylin-
drical symmetry of the potential. The number of ions obtained
by multiplying the cold ion density with volume 47R>L/3 is
about 305(10). The error in the ion quantity is assessed to be
less than 4% and is mainly due to the inaccuracy of volume
measurements and demarcation of the magnification imaging
system. Figure 3 shows a detailed shape measurement of the
ion crystal in Fig. 2 with Ugpq varying from 1.000 to 13.500 V,
when Qi = 27 x 3.715 MHz and U;s = 240 V. Figure 3(a)
shows the relation between the sizes of the principal axes R
and L of the ellipsoidal Coulomb crystals and Uepq. Figure 3(b)
shows that the volumes and number of ions in the ellipsoidal
Coulomb crystals keep nearly unvaried with U,pg, owing to the
fact that the density of ions given by Eq. (8) is independent of
Uend and constant.
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Fig. 3. (color online) Detailed shape measurements of single-component
crystals containing about 305(10) “°Ca™ ions in a group of different Uypq
values. (a) Relation between the sizes of the principal axes 2R and 2L of
the ellipsoidal Coulomb crystals and Ugpg. (b) The volumes and number
of ions in the ellipsoidal Coulomb crystals keep nearly unvaried with Ugpg.

3.2. MD simulation

The MD simulation is always used to track the temporal
evolutions of position and velocity vectors of all ions, and they
are developed from the numerical solution of the classical dy-
namic equations.!!”2% The ions trapped in a linear Paul trap
are a strong Coulomb interaction system, whose motion can
be described by classical dynamics and satisfy the Ehrefest
criterion. The motion can be expressed as

dr?
i@ = Fl‘(’l"l ,...TN, V1, ...’UN,Z‘)
t
_ Erap+ECoulomb _i__F;random_‘__F;laser7 (9)
where i = 1, ..., N is the ion’s ordinal number, and M;, r;,

and v; are the mass, position and velocity vectors, respec-
tively. The ions will feel four forces in a Paul trap. They
are trapping potential force Fitrap, Coulomb interaction force
FCoulomb " random collision force Frdom and laser light in-
teraction force F!*¢". The trapping force, given by

F'™ — 0.Vo(%,5,2,1), (10)

is a physical quantity related to the trapping parameters, such
as the size of the ion trap, geometrical factors, the radial RF

field, and the direct current (DC) potential. Q; is the charge of
the i-th ion. The trapping field is expressed as follows:

. 1 x27)~)2
O(%,5,2,1) = —=Urpcos(Qt ) —5—
2 r3
U, 243
+ I <z2 ), an
% 2

where Q¢ is the frequency of the applied RF field (with am-
plitude Uyg), Ueng is the DC potential, 1 = 0.26513(7) is a
constant related to the trap geometry,!!%l 2z is the length of
the axial trapping electrodes, and rg is the minimum distance
from the trap axis to each of the electrodes.

The i-th ion feels the Coulomb interaction force from all
other ions and can be expressed as follows:

9 g i

Coulomb __
Fi  4me Tij
0 j=1j# "

; 12)

where r;; is the distance between the i-th and j-th ions, 7;; is
the unit vector, and & is the vacuum permittivity. This is the
process of an N-body interaction.

The E‘andom is the random collision force, which is the
physical quantity related to background pressure, residual gas
components, and stray potential.[>! It cannot be described by
a unified formula. Since the effect for the ion is equivalent to
one isotropous random heating force, the force is equivalent to
an increase factor with a constant rate in the simulation.

The force of the laser is

las . 1
F® = —ayii + F}?, (13)

which is equivalent to a combined force of linear resistance
and laser radiation force. The resistance coefficient o; is a
physical quantity related to a laser power density and fre-
quency detuning. When the laser is red detuned, the laser will
cool the ion, and the resistance force is negative. When the
laser is blue detuned, the laser will heat the ion, and the re-
sistance force is positive. The laser radiation force Filp is re-
lated to the direction of propagation and power density of the
laser. Since the cooling laser is usually split into two beams
which radiate the ion from two opposite directions with the
same power densities, the combined laser radiation force is
ZEero.

In the process of the ion dynamic evolution, the RF trap-
ping force and the long-distance Coulomb interaction between
ions are dominant. The micromotion of ions will heat ions
through the Coulomb interaction between ions. Other forces
will affect the ions, too. However, the force depends on the
ion temperature.

In order to quantitatively describe the dynamic tempo-
ral evolution, the ion dynamic temporal process will be split
into equal time intervals in the numerical calculation, and the
dynamic equations will be established and solved for all ions
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at any moment. The time interval of the adjacent moment is
called the time step Ar of the numerical calculation. When
we solve the equations of position and velocity vectors at the
next moment, the position and velocity vectors at the present
moment and those at the last moment are used as initial val-
ues, and a Taylor expansion with four-order accuracy should
be adopted in the approximation. In this process, half of a time
step 1/2At is the time interval, and the position and velocity
vectors of all ions are calculated alternately at all moments. In
this calculation process, the position and velocity vectors of all
ions will be calculated alternately with a 1/2A¢ time interval,
analogous to two alternately leaping frogs. Therefore, this nu-
merical calculation is called the “Leap Frog” algorithm.[2>-24]

In order to reflect the micromotion of ions, the precision
of time step At is much less than the RF period in the dy-
namic calculation of the trapped ion crystal. Considering the
limit of computer RAM, the calculating step At is chosen to
be 1/30 of an RF period at about 8.97 ns. The ion quantity
is one of the most important input parameters, and it deter-
mines the complexity of the dynamic calculation, the spatial
structure, the distance between ions, the cooling efficiency
of ions, and the temperature limit of ions. In the process of
the MD simulation calculation, the estimated value of ion
quantity 305(10) obtained from the low-temperature density
model is the input factor, and the parameter of ion quantity
is adjusted within a small range. Based on the resolution
of 0.60 um in both experiment and simulation, the coinci-
dence levels of the images obtained from the MD simulation
and the EMCCD are checked, including the size, shape, dis-
tribution, distance, and ion quantity in the projection plane.
Here, the best match pictures can be achieved. At the same
time, the evaluated results and errors of ion quantity can be

experiment

(a)

simulations

(b)

306 **°Ca™

(c)

296 °Cat

(d) .
316 “Ca*

Fig. 4. (color online) Comparison between the experimental result and the
MD simulation with different ion quantities. (a) The experimental result;
(b) the MD simulation result with an ion quantity of 306; (c) the MD sim-
ulation result with an ion quantity of 296; (d) the MD simulation result
with an ion quantity of 316. When the ion quantity is 306(8), the MD
simulation results are best matched with the experimental results.

achieved from the low-temperature density model and the MD
simulation, respectively. In Fig. 4, a comparison among the
different pictures is given, where the results in Fig. 4(a) are
obtained from the experiment and those in Figs. 4(b)—4(d) are
obtained from the MD simulation. When the ion quantity is
306(8), the MD simulation result is best matched with the ex-
perimental results. Therefore, the ion number is 306(8), which
is consistent with the result obtained directly from the low-
temperature density model above. Final evaluation of the ion
quantity can be given as 306(10) from the average of these
two results. Compared with repeatedly adjusting the initial
ion quantity in the MD simulation, the method of combining
the low-temperature density model and MD simulation is very
efficient.

4. Conclusions and outlook

The preliminary result of ion quantity for an ion crystal
with mK temperatures is found from the low-temperature den-
sity model and is the input value of ion quantity in the MD
simulation. This method can improve the efficiency, calcula-
tion reliability, and accuracy of the MD simulation. The pre-
cision of the final evaluation is controlled to better than 4%,
and the two theories are compatible. In addition, the measure-
ment reliabilities of the RF field, DC voltages, pixel resolu-
tion of the EMCCD, and geometric factors of the ion trap are
confirmed. This work is the basis for more detailed studies
on spatial structure, phase transition, motional and dynamic
properties, cooling efficiency, temperature limit, and more in
ion crystals.
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