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Performance characteristics of low-dissipative generalized Carnot
cycles with external leakage losses∗
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Under the assumption of low-dissipation, a unified model of generalized Carnot cycles with external leakage losses is
established. Analytical expressions for the power output and efficiency are derived. The general performance characteristics
between the power output and the efficiency are revealed. The maximum power output and efficiency are calculated. The
lower and upper bounds of the efficiency at the maximum power output are determined. The results obtained here are
universal and can be directly used to reveal the performance characteristics of different Carnot cycles, such as Carnot heat
engines, Carnot-like heat engines, flux flow engines, gravitational engines, chemical engines, two-level quantum engines,
etc.
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1. Introduction
Thermodynamic cycles are of great importance not only

in theory but also in practice.[1–8] The Carnot heat engine is
one of the most important models in thermodynamics.[9,10]

Generalized Carnot cycles have been widely used in the var-
ious fields in physics.[11–13] Investigations on the maximum
power output of Carnot heat engines and other Carnot cy-
cles and the efficiency at the maximum power output have at-
tracted a great deal of attention during the last few decades
and is a hot research topic.[14–17] Recently, Esposito et al. es-
tablished a new cycle model of Carnot heat engines on the
basis of the weak dissipation assumption.[16] They proved
that the efficiency of low-dissipative Carnot heat engines at
the maximum power output is located between ηC/2 and
ηC/(2−ηC), while the Curzon–Ahlborn efficiency[18] ηCA =

1−
√

1−ηC can be derived under the so-called symmetric dis-
sipation, where ηC is the Carnot efficiency. On the basis of
Ref. [16], low-dissipation assumption has been successfully
used in the models of other thermodynamic cycles such as
Carnot refrigerators,[19,20] Carnot chemical engines,[21] two-
level quantum Carnot cycles,[22] etc. Many significant re-
sults have been obtained from the various low-dissipative cy-
cle models, but the common characteristics of these cycles
have been rarely revealed. On the other hand, the external
leakage losses of thermodynamic cycles are one of the main
sources of irreversible losses,[23–25] but these losses have not
been included in the existing low-dissipative cycle models.
Thus, it is of great significance to establish a unified model of
low-dissipative generalized Carnot cycles with external leak-

age losses and reveal the general performance characteristics
of these cycles.

The rest of the present paper is organized as follows. In
Section 2, generalized Carnot cycles are briefly introduced and
some examples are given. In Section 3, the model of low-
dissipative generalized Carnot cycles with external leakage
losses is proposed and the expressions of the power output and
the efficiency are derived. In Section 4, the optimal relations
between the power output and the efficiency are obtained. In
Section 5, the maximum power outputs of cycles operated un-
der different conditions are calculated and the bounds of the
efficiency at the power output are determined. In Section 6,
the performance characteristics related to the maximum effi-
ciency are also discussed. In Section 7, the performance char-
acteristics of the low-dissipative Carnot heat engine with heat
leakage losses are directly obtained from the universal results.
Finally, some important conclusions are drawn in Section 8.

2. Generalized Carnot cycles
As is well known, heat engines operated in different

temperature fields are able to produce useful work and ther-
modynamic cycles operated in other potential fields such as
the chemical potential field, pressure field, gravitational field,
quantum field, etc. are also able to obtain useful work. When
thermodynamic cycles are operated in a potential field only in-
cluding two reservoirs, which may be described by two param-
eters XH and XC (XH > XC), they are usually referred to as gen-
eralized Carnot cycles as shown in Fig. 1. Such cycles include
four processes, where two processes exchange energy with
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two reservoirs and the other two processes do not exchange
energy with two reservoirs, and can be taken as the mod-
els of some heat engines,[13–18,26–28] flux flow engines,[29–31]

gravitational engines, chemical engines,[32–35] two-level quan-
tum engines,[36–41] etc. For example, for a Carnot heat en-
gine, XH and XC correspond to the temperatures TH and TC

of high- and low-temperature heat reservoirs; for non-Carnot
heat engines,[26–28] which include the Otto cycle,[42,43] Bray-
ton cycle,[44–46] Diesel cycle,[47,48] and Atkinson cycle,[49,50]

XH and XC correspond to the highest temperature TH and low-
est temperature TC of the working substance; for Carnot-like
engines such as a gravitational engine, which may be regarded
as an abstract model of hydropower stations or tidal power
plants, XH and XC correspond to the height HH and HC of
high- and low-gravitational potential energy reservoirs. For
different types of engines, the parameters corresponding to XH

and XC are listed in Table 1, where ηr,g is the reversible ef-
ficiency of generalized Carnot cycles. Some signs in Table 1
are explained as follows. The F(S1,S2) is the total entropy
change varying with the spin angular momenta Si =

〈
Ŝz
〉
(i =

1,2),[51–53] CH and CC are the heat capacities of the working
substance during two heat exchange processes of non-Carnot
heat engines,[26,27,41] Tj ( j = 1,2) are the initial temperatures
of the working substance in two heat exchange processes, and

“+” and “−” in signs “±” correspond to the cases of j = 1
and 2, respectively. The reversible efficiencies ηr,g of such
heat engines and the efficiencies ηr,m at the maximum work
output[41] are listed in Table 2, where τ = TC/TH, ν =CP/CV,
and f = 1/(1+ν). The pH = |a1|2 and pC = |b1|2 are the
probabilities of two different superposed states in the eigen-
state |φ1(L)〉, and σ = [iq2− (iq2− iq1) |b1|2]/[iq2− (iq2− iq1) |a1|2],
where in (n = 1,2) is the quantum number of the system, δ ,
m, and q are three positive parameters, and Li (i = H,C) is the
width of the potential field. For the different values of δ , m,
and q, two-level quantum engines have different eigenenergies
and reversible efficiencies, which are listed in Table 3.[36–41]

XH

XC

UH

UL

UC

W

Fig. 1. Schematic diagram of a generalized Carnot cycle with external
leakage losses between two reservoirs.

Table 1. Parameters Xi (i = H,C) and Uir (i = H,C), and reversible efficiency ηr,g of generalized Carnot cycles with different potential
fields.[41]

Engines Xi (i = H,C) ηr,g Uir (i = H,C)

Carnot heat engine Ti 1−TC/TH Ti∆S

Chemical engine µi 1−µC/µH µi∆N

Flux flow engine Pi 1−PC/PH PiAs

Gravitational engine Hi 1−HC/HH mgHi

Quantum heat engine Ti 1−TC/TH TiF(S1,S2)

Non-Carnot engine Ti 1− CC(T2−TC)

CH(TH−T1)
±Ci(Ti−Tj)

Two-level quantum Carnot engine Ei 1− σ

(LC/LH)m
δ

Lm
i
[iq2− (iq2− iq1)pi] lnσ

Table 2. Expressions of reversible efficiency ηr,g of several non-Carnot heat engines and the efficiency ηr,m at the maximum work
output.[26,27,40]

CH/CC Cycle modes ηr,g ηr,m

1 Brayton (Otto) 1− τTH/T1 1−
√

τ

ν Diesel 1− τ[(TH/T1)
υ −1]

υ(1−T1/TH)
1− τ f − τ

ν(1− τ f )

1/ν Atkinson 1− τυ [(TH/T1)
1/υ −1]

(1−T1/TH)
1− ν(τ1− f − τ)

1− τ1− f

0 Braysson 1− τ ln(TH/T1)

1−T1/TH
1+

τ

1− τ
lnτ

∞ unnamed 1− τ(T2/TC−1)
ln(T2/TC)

1+
1− τ

lnτ
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Table 3. Expressions of εn, UHr, UCr, and ηr,g for two-level quantum Carnot engines with different quantum fields.[36–41]

Quantum fields εn (n = 1,2, . . .) UHr UCr ηr,g

A single particle n2π2h̄2

2ML2
π2h̄2(4−3 |a1|2)

2ML2
A

ln
4−3 |b1|2

4−3 |a1|2
−π2h̄2(4−3 |b1|2)

2ML2
C

ln
4−3 |b1|2

4−3 |a1|2
1− 4−3 |b1|2

4−3 |a1|2
1
r2 , (r ≥ 2)

trapped in 1D infinite well

A single-mode radiation (n−1/2)h̄sπc
L

h̄sπc(3−2 |a1|2)
2LA

ln
3−2 |b1|2

3−2 |a1|2
− h̄sπc(3−2 |b1|2)

2LC
ln

3−2 |b1|2

3−2 |a1|2
1− 3−2 |b1|2

3−2 |a1|2
1
r2 , (r ≥ 3)

field in a cavity potential

An extremely relativistic nπ h̄c
L

h̄πc(2−|a1|2)
LA

ln
2−|b1|2

2−|a1|2
− h̄πc(2−|b1|2)

LC
ln

2−|b1|2

2−|a1|2
1− 2−|b1|2

2−|a1|2
1
r2 , (r ≥ 2)

particle in box potential

3. Unified cycle model
Under the low-dissipation assumption,[16] for an irre-

versible generalized Carnot cycle operated between two dif-
ferent potential energy reservoirs, the energies absorbed from
the high-potential energy reservoir and released into the low-
potential energy reservoir by the working substance per cycle
can be expressed respectively as

UH =UHr

(
1− σH

tH

)
, (1)

UC =UCr

(
1+

σC

tC

)
, (2)

where UHr and UCr, whose expressions are also listed in Ta-
ble 1, are the exchange energies between the working sub-
stance and the two potential energy reservoirs when the re-
versible cycle is carried out, σH and σC are two parameters
containing the concrete irreversibility, tH and tC are, respec-
tively, the time durations in which the working substance con-
tacts with the high- and low-potential energy reservoirs. This
assumption means that compared with energy transfer times
tH and tC, the relaxation time of the working substance in
the cycle is very fast, and that, by ignoring complicated time-
dependent terms due to the non-equilibrium between the reser-
voirs and the working substance, energy dissipations are ex-
pected to behave as σH/tH and σC/tC along high- and low-
potential energy segments of the cycle. It is seen from Eqs. (1)
and (2) that the cycle will return to reversibility when tH→ ∞

and tC→ ∞. Compared with tH and tC, the times spent in two
processes without energy exchange are further assumed to be
negligible. Thus, the time spent in finishing one cycle may be
approximately expressed as t = tH + tC.

Usually, the external leakage losses inevitably occur be-
tween two potential energy reservoirs and will affect the per-
formance of the cycle. The external leakage losses per cycle
UL shown in Fig. 1 may be simply described by

UL = uLt = uL(tH + tC), (3)

where uL is the rate of the external leakage losses from the
high-potential energy reservoir to the low-potential energy
reservoir. In general, uL is dependent on the energy reservoir

and will have different values for different energy reservoirs.
However, uL can be regarded as a constant for given energy
reservoirs. Using Eqs. (1)–(3), we can derive the power output
P and the efficiency η of the generalized Carnot cycle with the
external leakage losses as

P =
UH +UL− (UC +UL)

tH + tC

=
UHr−UCr−UHrσH/tH−UCrσC/tC

tH + tC
, (4)

η =
UH +UL− (UC +UL)

UH +UL

=
UHr−UCr−UHrσH/tH−UCrσC/tC

UHr(1−σH/tH)+uL(tH + tC)
. (5)

Using Eqs. (4) and (5), one can discuss the performance char-
acteristics of low-dissipative generalized Carnot cycles with
external leakage losses between the two reservoirs.

4. Optimal relations between power output and
efficiency
In order to obtain the optimal relations between the power

output and the efficiency of low-dissipative generalized Carnot
cycles with external leakage losses, we introduce the La-
grangian function

L = P+λ

(
η−UH−UC

UH +UL

)

=
UHr−UCr−

UHrσH

tH
−UCrσC

tC
tH + tC

+λ

[
η−

UHr−UCr−
UHrσH

tH
−UCrσC

tC
UHr(1−σH/tH)+qL(tH + tC)

]
, (6)

where λ is the Lagrangian multiplier. By using Eq. (6) and
the Euler–Lagrange equations ∂L/∂ tH = 0 and ∂L/∂ tC = 0,
an important relation

σHt2
C−σCt2

H +2(tH + tC)σHσC = 0 (7)

is obtained. Equation (7) can be solved as{
tC = σC (c−1) , (σH 6= 0),
tH = σH (c′−1) , (σC 6= 0), (8)
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where c =
√

1−2x/α + x2/α , c′ =
√

1+2αX +αX2,
α=σC/σH, x= tH/σH, and X = tC/σC. By substituting Eq. (8)
into Eqs. (4) and (5), both the power output and the efficiency
can be expressed as functions of x or X , namely,

P =


UHr

σH

ηr,g−1/x− (1−ηr,g)/(c−1)
x+α(c−1)

, (σH 6= 0),

UHr

σC

ηr,g−1/(c′−1)− (1−ηr,g)/X
X +(c′−1)/α

, (σC 6= 0),
(9)

η=


ηr,g−1/x− (1−ηr,g)/(c−1)

1−1/x+ k[x+α(c−1)]
, (σH 6= 0),

ηr,g−1/(c′−1)− (1−ηr,g)/X
1−1/(c′−1)+K[(c′−1)/α +X ]

, (σC 6= 0),
(10)

where ηr,g = 1−UCr/UHr, k = uLσH/UHr, and K = uLσC/UHr.
By using Eqs. (9) and (10), the general characteristic curves of
the power output varying with the efficiency can be generated
with the help of a numerical calculation, as shown in Fig. 2,
where the controlling parameter is x or X , P∗ = P/Pmax is the
normalized power output, and the parabolic-shaped and loop-
shaped curves correspond to the cases of k = 0 or K = 0, and
k 6= 0 or K 6= 0, respectively. When 0 < α < ∞, K = αk, and
consequently, the first and second equations in Eq. (9) or (10)
are equivalent to each other. When α = 0 or α → ∞, both k
and K may have the same values because they correspond to
different curves, respectively.

 . . . . .


.

.

.

.

.
Pmax

P
 *

α→∞

α=5

α=1

α=0

*

η

ηP

P 
*

m

ηm

ηmax

Fig. 2. (color online) Curves of the dimensionless power output P∗ ver-
sus η for different values of α , where ηr,g = 0.8, and k = 0 and 0.02.
When α → ∞, the value of K is chosen to be equal to that of k, respec-
tively.

It can be clearly seen from Fig. 2 that when the exter-
nal leakage losses between two reservoirs are negligible, the
η–P∗ characteristic curves are parabolic. The power output
is equal to zero when the efficiency reaches the reversible ef-
ficiency ηr,g. When the influence of external leakage losses
between two reservoirs is considered, the η–P∗ characteris-
tic curves become looped shapes. The maximum efficiency
ηmax is smaller than ηr,g, and the power output at the max-
imum efficiency is larger than zero. For a given value of k
or K, the efficiency at the maximum power output increases

with the decrease of α , and for a given value of α , the ef-
ficiency at the maximum power output with external leakage
losses between two reservoirs is always smaller than that with-
out external leakage losses. Figure 2 also shows that when the
efficiency is smaller than ηPm , the power output of generalized
Carnot cycles decreases with the decrease of the efficiency,
and when the power output is smaller than P∗ηm , the efficiency
of the generalized Carnot cycle also decreases with the de-
crease of power output. Obviously, the regions of P∗ < P∗ηm

and η < ηPm are not optimal for the generalized Carnot cycle.
Thus, the optimal regions of generalized Carnot cycles should
be P∗max ≥ P∗ ≥ P∗ηm and ηmax ≥ η ≥ ηPm . According to the
two criteria given above, we can further determine the optimal
regions of x and X as xηm ≥ x≥ xPm and Xηm ≥ X ≥ XPm , from
which we can directly give the optimal criteria of tH and tC as
xηm σH≥ tH≥ xPm σH and Xηm σC≥ tC≥XPm σC, where xPm and
XPm are the values of x and X at the maximum power output
and xηm and Xηm are the values of x and X at the maximum
efficiency, respectively, xPm , XPm , xηm , and Xηm will be given
by some equations of Sections 5 and 6.

It is significant to note that for some special values of α ,
some simple expressions of the power output and efficiency
may be directly derived from Eqs. (9) and (10). For instance,
when α → 0 and σH is finite, the power output and the effi-
ciency can be expressed as

P0 =
UHr

σH

ηr,g−1/x
x

,

η0 =
ηr,g−1/x

1−1/x+ kx
.

(11)

When α = 1, i.e., σH=σC, the power output and the efficiency
are given by 

P1 =
UHr

σH

ηr,g−2/x
2(x−2)

,

η1 =
ηr,g−2/x

(x−2)(1/x+2k)
,

(12)

which correspond to the so-called symmetric dissipation.[16]

When α → ∞ and σC is finite, the power output and the effi-
ciency can be obtained as

P∞ =
UHr

σC

ηr,g− (1−ηr,g)/X
X

,

η∞ =
ηr,g− (1−ηr,g)/X

1+KX
.

(13)

5. Efficiency at the maximum power output
From Eq. (9) and dP/dη = 0, it can be proved that when

x =
2

ηr,g
[1+

√
α(1−ηr,g)]≡ xPm , α is finite,

X =
2(1−ηr,g)

ηr,g
≡ XPm , α → ∞,

(14)
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the power output attains its maximum, i.e.,

Pmax =


UHr

σH

ηr,g−ηr,g/2[1+
√

α(1−ηr,g)]− (1−ηr,g)/(C−1)

2[1+
√

α(1−ηr,g)]/ηr,g +α(C−1)
, α is finite,

UHr

σC

(
ηr,g

2
√

1−ηr,g

)2

, α → ∞,

(15)

and the corresponding efficiency is given by

ηpm =


ηr,g−ηr,g/2[1+

√
α(1−ηr,g)]− (1−ηr,g)/(C−1)

1−ηr,g/2[1+
√

α(1−ηr,g)]+k{2[1+
√

α(1−ηr,g)]/ηr,g +α(C−1)}
, α is finite,

ηr,g

2+4K(1−ηr,g)/ηr,g
, α → ∞,

(16)

where

C = {4[1+
√

α(1−ηr,g)]
2/αη

2
r,g

−4[1+
√

α(1−ηr,g)]/αηr,g +1}1/2.

By using Eqs. (15) and (16), the ηr,g–P∗max and ηr,g–ηPm curves
for different values of k or K can be plotted as shown in Figs. 3
and 4, respectively.

Figure 3 shows that P∗max decreases with the increased
value of α in the same value of ηr,g, namely, P∗m,0 > P∗m,1 >

P∗m,∞, which means that P∗m,0 can be regard as the limit of the
maximum power output. From Fig. 4(a), it can be identified
that ηpm,0 and ηpm,∞ are the upper and lower bound of the effi-
ciency at the maximum power output without external leakage
losses between the two reservoirs. In this condition, for any
other specific value of α , ηpm,others is restricted between ηpm,0

and ηpm,∞. It is seen from Figs. 4(b)–4(d) that the curves with
k 6= 0 or K 6= 0 decline with the increase of external leakage
losses, but the decreasing rate of the curve of ηpm,∞ is smaller
than that of the others, which leads to ηpm,∞ > ηpm,0 as shown
in Fig. 4(d). In other words, ηpm,0 may be regarded as the
upper bound of the efficiency at the maximum power output
when external leakage losses are not obvious. When external
leakage losses increase, the efficiency at the maximum power
output will decrease and ηpm,∞ will replace ηpm,0 as the upper
bound of the efficiency at the maximum power output. Fig-
ure 4 also shows that ηpm,0 with k = 0 is always larger than
any other efficiency at the maximum power output and is the
upper bound of the efficiency at the maximum power output
for the low-dissipative generalized Carnot cycle with external
leakage losses.

Besides, for some special values of α , the expressions of
the maximum power output and the corresponding efficiency
can be obtained by using Eqs. (15) and (16). For example,
when α→ 0, the maximum power output and the correspond-

ing efficiency can be simplified into

Pm,0 =
UHr

σH

(
ηr,g

2

)2

, (17)

ηpm,0 =
ηr,g

2−ηr,g +4k/ηr,g
. (18)

When α = 1, the maximum power output and the correspond-
ing efficiency are derived as

Pm,1 =
UHr

σH

[
ηr,g

2(1+
√

1−ηr,g)

]2

, (19)

ηpm,1 =
1−
√

1−ηr,g

1+4k(1+
√

1−ηr,g)/ηr,g
. (20)

When α→∞, the maximum power output and the correspond-
ing efficiency are given by

Pm,∞ =
UHr

σC

(
ηr,g

2
√

1−ηr,g

)2

, (21)

ηpm,∞ =
ηr,g

2+4K(1−ηr,g)/ηr,g
. (22)

ηr,g

0 0.2 0.4 0.6 0.8 1.0
0

0.2

0.4

0.6

0.8

1.0

P
m
a
x

α→∞

α=5

α=1

α=0

*

Fig. 3. (color online) Curves of the maximum power output P∗max versus
reversible efficiency ηr,g for different values of α .
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Fig. 4. (color online) Variations of the efficiency at the maximum power output with reversible efficiency ηr,g for different values of
α and k, where (a) k = 0, (b) k = 0.01, (c) k = 0.05, and (d) k = 0.5. In panels (a)–(d), when α → ∞, the value of K is chosen to be
equal to that of k, respectively.

6. Power output at maximum efficiency
It can be found from Fig. 2 that there exists not only a

maximum power output but also a maximum efficiency for the
generalized Carnot cycles with external leakage losses. Ac-
cording to Eq. (10) and dη/dP = 0, one can derive a relation
as

[
1
x2 +

(x−1)(1−ηr,g)

αc(c−1)

]{
1− 1

x
+ k[x+α(c−1)]

}
−
[

1
x2 + k

(
x−1

c
+1
)](

ηr,g−
1
x
−

1−ηr,g

c−1

)
= 0,

α is finite,
(1−ηr,g)(1+KX)

X2 −K
[

ηr,g−
1−ηr,g

X

]
= 0,

α → ∞.

(23)

For general cases, we can obtain the values xηm and Xηm of x
and X at the maximum efficiency by using Eq. (23) and the
numerical calculation. For some special values of α , equa-
tion (23) is solvable. For example, when α = 0, we obtain

x0 =
c0 +1
ηr,g

≡ xηm,0, (24)

where c0 =
√

1−η2
r,g/k+ηr,g/k. The maximum efficiency

and the corresponding power output can be expressed as

ηm,0 =
ηr,g−ηr,g/(c0 +1)

1−ηr,g/(c0 +1)+ k(c0 +1)/ηr,g
, (25)

Pηm,0 =
UHr

σH

c0η2
r,g

(c0 +1)2 . (26)

When α = 1, the solution is given by

x1 =
c1 +2
ηr,g

≡ xηm,1, (27)

where c1 =
√
(1−ηr,g)(4+ηr,g/k). The maximum efficiency

and the corresponding power output can be expressed as

ηm,1 =
c1η2

r,g

[c1 +2(1−ηr,g)][ηr,g +2k(c1 +2)]
, (28)

Pηm,1 =
UHr

σH

η2
r,g[1−2/(c1 +2)]

2[c1 +2(1−ηr,g)]
. (29)

For α → ∞, from the second equation of Eq. (23), we derive

X =
c∞ +(1−ηr,g)

ηr,g
≡ Xηm,∞, (30)

where c∞ =
√

(1−ηr,g)(1−ηr,g +ηr,g/K). The maximum
efficiency and the corresponding power output can be ex-
pressed as

ηm,∞ =
c∞η2

r,g

(c∞ +1−ηr,g)[ηr,g +K(c∞ +1−ηr,g)]
, (31)

Pηm,∞ =
UHr

σC

c∞η2
r,g

(c∞ +1−ηr,g)2 . (32)

By using the above equations, the ηr,g–P∗ηm and ηr,g–ηmax

curves can be generated as shown in Fig. 5. The positions
of these curves depend on not only the value of α but also the
value of k or K.
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Figures 5(a) and 5(c) show that when k = K = 0.01 and
k = K = 0.1, P∗

ηm,0 is larger than P∗
ηm,1 and P∗ηm,∞. It can be

proved from Eqs. (26) and (32) that P∗
ηm,0 is larger than P∗ηm,∞

for any finite value of k =K. Thus, we can take P∗
ηm,0 as the up-

per bound of the power output at the maximum efficiency. It is
found from Fig. 5(b) that when the external leakage losses are
not obvious, i.e. the value of k or K is very small, the efficien-

cies of generalized Carnot cycles satisfy ηr,g ≈ ηm,∞ ≈ ηm,0.

Comparing Fig. 5(b) with Fig. 5(d), it is noted that the curves

of ηmax decline with the increase of external leakage losses

for a given value of α , and the decreasing rate of the curve of

α → ∞ is smaller than those of other curves, which leads to

ηm,∞ > ηm,0 when external leakage losses are large enough.

ηr,g ηr,g

ηr,gηr,g

η
m
a
x

η
m
a
x

0 0.2 0.4 0.6 0.8 1.0
0

0.2

0.4

0.6

0.8

1.0
(a)

0 0.2 0.4 0.6 0.8 1.0
0

0.2

0.4

0.6

0.8

1.0
(b)

0 0.2 0.4 0.6 0.8 1.0
0

0.2

0.4

0.6

0.8

1.0
(c)

0 0.2 0.4 0.6 0.8 1.0
0

0.2

0.4

0.6

0.8

1.0
(d)

P
 * η
m

P
 * η
m

α→∞

α=1
α=0

α→∞

α=1
α=0

α→∞

α=1
α=0

α→∞

α=1
α=0

Fig. 5. (color online) Variations of the maximum efficiency and the corresponding power output with reversible efficiency ηr,g for
different values of α and k: k = 0.01 ((a) and (b)) and k = 0.1 ((c) and (d)). In panels (a)–(d), when α → ∞, the value of K is chosen
to be equal to that of k, respectively.

7. Discussion
By using the results obtained above and Tables 1–3, we

can directly discuss the performance characteristics of various
generalized Carnot cycles. For example, for a low-dissipative
Carnot heat engine with heat leakage losses between the two
heat reservoirs, we can obtain the performance characteristics
of the heat engine as long as one chooses UH = QH, UC = QC,
UL =QL, UHr =QHr = TH∆S, UCr =QCr = TC∆S, and uL = qL,
where ∆S is the entropy change of the working substance in the
isothermal heat exchange process and qL is the rate of the heat
leakage losses between two heat reservoirs. For some special
values of α , we easily obtain the analytical expressions of the
maximum power output Pmax and the corresponding efficiency
ηPm , and the maximum efficiency ηmax and the corresponding
power output Pηm of the low-dissipative Carnot heat engine
with heat leakage losses, which are listed in Table 4, where
kc = qLσH/QHr, Kc = qLσC/QHr, and ηr,g = 1−TC/TH ≡ηr.
If the heat leakage losses between two heat reservoirs are neg-
ligible, the optimal relations between the power output and the

efficiency can be further simplified into

Pc,0 =
TH∆S
σH

η(ηr−η)(1−ηr)

(1−η)2 , (33)

Pc,1 =
TH∆S
σH

η(ηr−η)

4(1−η)
, (34)

Pc,∞ =
TH∆S

σC

η(ηr−η)

(1−ηr)
, (35)

which are exactly the results obtained in Refs. [21] and [41].
The efficiency at the maximum power output is given by

ηc,0 =
ηr

2
, (36)

ηc,1 = 1−
√

1−ηr ≡ ηCA, (37)

ηc,∞ =
ηr

2−ηr
, (38)

respectively, which are the results obtained in Ref. [16]. For
other kinds of low-dissipative generalized Carnot cycles with
external leakage losses, similar discussion may be carried out
by using the above universal results and Tables 1–3.
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Table 4. Expressions of some parameters of the low-dissipative Carnot heat engine with heat leakage losses for different values of α .

α Pmax ηPm ηmax Pηm

α → 0
QHr

σH

(
ηr

2

)2
ηr

2−ηr +4kc/ηr

ηr−ηr/(cc,0 +1)
1−ηr/(cc,0 +1)+ kc(cc,0 +1)/ηr

QHr

σH

cc,0η2
r

(cc,0 +1)2

α = 1
QHr

σH

[
ηr

2(1+
√

1−ηr)

]2 1−
√

1−ηr

1+4kc(1+
√

1−ηr)/ηr

cc,1η2
r

[cc,1 +2(1−ηr)][ηr +2kc(cc,1 +2)]
QHr

σH

η2
r [1−2/(cc,1 +2)]
2[cc,1 +2(1−ηr)]

α → ∞
QHr

σC

(
ηr

2
√

1−ηr

)2
ηr

2+4Kc(1−ηr)/ηr

cc,∞η2
r

(cc,∞ +1−ηr)[ηr +Kc(cc,∞ +1−ηr)]

QHr

σC

cc,∞η2
r

(cc,∞ +1−ηr)2

Entropy production is often taken as an objective func-
tion in thermodynamic cycle optimizations.[54–56] According
to the above analyses, one can derive the entropy production
per cycle for a low-dissipative Carnot heat engine as

σ = (QH +QL)(ηr−η)/TC. (39)

It is seen from Eq. (39) that when η = ηr, then σ = 0. This
means that if the maximum efficiency of a system can attain
the Carnot efficiency, the state of the minimum entropy pro-
duction corresponds to that of the maximum efficiency. If the
maximum efficiency of a system is smaller than the Carnot ef-
ficiency, the minimum entropy production depends on both η

and (QH +QL), and consequently, the state of the minimum
entropy production is different from that of the maximum ef-
ficiency. Using Eq. (39), one can further obtain the relation
between the entropy production rate and the power output as

σ̇ = P(ηr/η−1)/TC. (40)

It is seen from Eq. (40) that the entropy production rate de-
pends on both the efficiency and the power output. Thus, the
state of the minimum entropy production rate is, in general,
different from that of the maximum power output.

8. Conclusions
We have established the model of low-dissipative gener-

alized Carnot cycles with external leakage losses, which may
include several classes of typical engines, such as Carnot heat
engines, Carnot-like engines, Carnot chemical engines, two-
level quantum Carnot engines, etc. The expressions of the
power output and efficiency are derived, and the optimal re-
lations between them are discussed. The optimal operating re-
gions are determined. The performance characteristics at the
maximum power output and efficiency are analyzed. It is also
expounded that like the efficiency and power output, the en-
tropy production may be taken as an objective function of a
thermodynamic system. There exist some certain relations be-
tween the entropy production and the efficiency and between
the entropy production rate and the power output, but for gen-
eral cases, the state of the minimum entropy production is dif-
ferent from that of the maximum efficiency and the state of

the minimum entropy production rate is different from that of
the maximum power output. The results obtained are univer-
sal, from which not only some important conclusions in the
literature may be derived but also some novel results can be
obtained.
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