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This study investigates the multi-solution search of the optimized quantum random-walk search algorithm on the
hypercube. Through generalizing the abstract search algorithm which is a general tool for analyzing the search on the
graph to the multi-solution case, it can be applied to analyze the multi-solution case of quantum random-walk search on
the graph directly. Thus, the computational complexity of the optimized quantum random-walk search algorithm for the
multi-solution search is obtained. Through numerical simulations and analysis, we obtain a critical value of the proportion
of solutions q. For a given q, we derive the relationship between the success rate of the algorithm and the number of
iterations when q is no longer than the critical value.
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1. Introduction
The concepts of quantum computation and quantum

computer[1] were proposed by Feynman in 1982. In 1985,
Deutsch pointed out that the parallel quantum computation
could be achieved by taking advantage of the coherent su-
perposition of quantum states.[2] However, it was not until
later when Shor’s algorithm[3] and Grover’s algorithm[4] were
proposed that extensive attention into quantum computers and
quantum algorithms was aroused.[5–7] These greatly promoted
the development of quantum computation and quantum com-
munication technologies.

Essentially, Grover’s algorithm is an exhaustive algorithm
on the quantum computer. It solves the unsorted database
search and achieves the quadratic speed-up compared with the
classical algorithm. Although the Grover algorithm does not
reach the obvious increase in speed compared with Shor’s al-
gorithm, the widely applicable search algorithm has also at-
tracted people’s attention. With the in-depth study, the effi-
ciency of Grover’s algorithm has been constantly improved,
and it is more and more applied in practical problems. In
2001, Long proposed an improved Grover’s algorithm with a
success rate of 1 by replacing the phase inversion by phase
rotation.[8] The Long algorithm[8] has proven to be optimal
and the simplest by far.[9] In 2010, Wang et al. proposed
a quantum algorithm for searching a target solution of fixed
weight, which is more efficient to search for the NTRU private
key.[10] In practice, the search space often contains a multi-
solution. When Grover’s algorithm is applied to the multi-
solution search, the success rate of the algorithm has the poten-
tial to reduce. If the proportion of solutions is between 1/4 and

1/2, the success rate will reduce to 1/2. To solve this problem,
there have been many improved algorithms proposed.[11–13]

Through altering the phase matching and the number of iter-
ations, the success rate of the algorithm can be improved ob-
viously. In Ref. [14], the multi-solution of Long’s algorithm
was also briefly mentioned. Moreover, the quantum deletion
algorithms,[15,16] which are related to the quantum search al-
gorithm are presented. All the above studies make Grover’s
algorithm be used more and more widely, and promote the de-
velopment of the quantum search algorithm.

In recent years, quantum random walks have attracted
much attention.[17–19] The quantum random walk is a general-
ization of random walk with the quantum mechanical, which
can be used to design effective quantum algorithms.[20–22] In
2003, Shenvi et al. proposed an algorithm based on quantum
random walks (SKW algorithm), which is applied to the un-
sorted database search as Grover’s algorithm.[23] The SKW
algorithm is similar in many steps to the operation of Grover’s
algorithm. Both algorithms make use of the Grover diffusion
operator. Both algorithms use an oracle which marks the target
state with a phase of −1, and both algorithms have a running
time of O(

√
N). Because it has been proved that the quan-

tum random walks can be physically implemented,[24,25] the
proposed SKW algorithm provides a new approach to achieve
the quantum search algorithm. Although the SKW algorithm
is not superior to Grover’s algorithm in computational com-
plexity, it has certain advantages in physical implementation
and resistance to errors. In 2006, Li studied the effects of the
error in the Grover diffusion operator on the SKW algorithm
and found that the resistance to errors of the SKW algorithm is
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stronger than that of Grover’s algorithm.[26] In 2008, Potocek
put forward an optimized quantum random-walk search algo-
rithm (optimized SKW algorithm) on the basis of the SKW al-
gorithm, and the success rate of the algorithm and the number
of iterations were further optimized.[27] In 2015, Zhang et al.
studied the effects of the error in phase inversions on the opti-
mized SKW algorithm and found that it is more robust against
phase errors than Grover’s algorithm.[28] Therefore, studying
the search algorithm based on quantum random walks has cer-
tain theoretical significance and practical value.

However, the SKW algorithm was proposed only to
search for one solution. Although numerical calculations sug-
gest that it can also be used to search for a multi-solution, no
related demonstrations and results have been presented. This
is because when there is one solution, we use the method of
geometric description to prove that the SKW algorithm is a
rotation in the plane defined by the initial state and the final
state, and the final state is composed primarily of the solution.
When the number of solutions is larger than one, we cannot
construct the final state properly to prove the algorithm by ge-
ometric description. In general, one solution is just a special
case of multi-solution. Moreover, the optimized SKW algo-
rithm can be generalized to the multi-solution case (Ref. [27])
based on the assumption that the SKW algorithm is applica-
ble to the multi-solution case. Therefore, the research on the
multi-solution case of the algorithm is meaningful and neces-
sary whether on the algorithm itself or the follow-up research.
In 2004, Ambainis et al. proposed an abstract search algo-
rithm which is applied to search on the graph, and verified
the correctness of the SKW algorithm with one solution.[29]

In the same year, Szegedy showed how to analyze the multi-
solution case for a different quantum walk algorithm, element
distinctness.[30] These investigations provided ideas and pos-
sibilities for the study of the multi-solution case of the SKW
algorithm and the optimized SKW algorithm.

This paper studies the multi-solution search of the opti-
mized SKW algorithm. We first generalize the abstract search
algorithm to the multi-solution case which is originally applied
to search for one solution on the graph. Thus, it can be applied
to analyze the multi-solution search of quantum random walk
on the graph directly. Then, we obtain the computational com-
plexity of the optimized SKW algorithm with multi-solution
through the generalized abstract search algorithm. Using the-
oretical analysis and numerical simulations, we find that if the
proportion of solutions q is small, the success rate of the algo-
rithm and the number of iterations decrease with the increase
of q. Finally, we obtain a critical value of q. When q is not
larger than the critical value, for a given q, we derive the re-
lationship between the success rate of the algorithm and the
number of iterations.

The rest of this paper is organized as follows. In Sec-

tion 2, we introduce the background. The optimized SKW
algorithm with multi-solution is proposed in Section 3. In
Section 4, we give the results of numerical simulations. The
conclusion is given in Section 5.

2. Background
2.1. SKW algorithm

The SKW algorithm is based on a quantum random walk
on a hypercube. Let Cn = (Vn,En) denote the graph of the
n-dimensional hypercube. The vertices Vn of the hypercube
are labelled by binary, 𝑥 = (x1,x2, . . . ,xn),xi = {0,1}. The
Hamming weight of 𝑥 is |𝑥|. They are connected only if their
Hamming distance is 1. The Hilbert space of the SKW algo-
rithm is HCn ⊗HVn where HVn is the 2n-dimensional Hilbert
space representing the vertices, and HCn is the n-dimensional
space associated with the quantum coin.

The operator of the SKW algorithm can be written as
U ′ = SC′, where S is the shift operator

S =
2n−1

∑
x=0

n

∑
d=1
|d,𝑥⊕𝑒d〉〈d,𝑥|, (1)

where |𝑒d〉 = |0 · · ·010 · · ·0〉 corresponds to the edges origi-
nating from the given vertex, S performs a control transfer de-
pending on the state of d. If the target is 𝑥tg, the coin operator
can be written as

C′ =C0⊗ I +(C1−C0)⊗
∣∣𝑥tg

〉〈
𝑥tg
∣∣ , (2)

where C0 is generally chosen as the Grover operator: −I +

2
∣∣SC
〉〈

SC
∣∣, and

∣∣SC
〉
=

n
∑

d=1
|d〉/
√

n, C1 is generally chosen to

be −I, taking on the function of an oracle. Without loss of
generality, we can assume that 𝑥tg = 0.

The initial state of the SKW algorithm is the equal super-

position over all states |ψ0〉=
n
∑

d=1
∑
𝑥
|d,x〉/

√
n2n. Applying the

evolution operator U ′ to |ψ0〉 with π
√

2n−1/2 times, we will
obtain the target |0〉 with a probability close to 0.5.

2.2. Optimized SKW algorithm

The optimized SKW algorithm is based on the SKW
algorithm, but quantum random walks occur on an (n+1)-
dimensional hypercube, p(𝑥) = |𝑥| mod 2 is denoted the par-
ity bit of 𝑥. Then a map from the 2n-dimensional space to
the 2n+1-dimensional space can be built, 𝑥→ 𝑥′ = 𝑥||p(𝑥).
After mapping, 𝑥 corresponds to the vertices of an (n+1)-
dimensional hypercube, and the Hamming weights of them are
even. Because 𝑥 is one-to-one with 𝑥′, the oracle is capable
of identifying the target after mapping.

The operator of the optimized SKW algorithm can be
written as U ′ = S (C0⊗ I)SC′. Each iteration C′ is only ap-
plied once, which is equivalent to calling the oracle once. The
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initial state is the equal superposition over coin space and the
even vertice space

∣∣∣ψ0
(e)
〉

. Applying the evolution operator

U ′ to
∣∣∣ψ0

(e)
〉

with π
√

2n/4 times, the probability to obtain the
target |0〉 is close to 1.

2.3. Abstract search algorithm

The abstract search algorithm consists of two unitary
transformations U1 and U2 and two states |ψstart〉 and

∣∣ψgood
〉
.

It requires the following properties.
(i) U1 = I−2

∣∣ψgood
〉〈

ψgood
∣∣.

(ii) U2 |ψstart〉 = |ψstart〉, the amplitude of |ψstart〉 is real,
and there is no other eigenvector with eigenvalue 1.

(iii) U2 is described by a real unitary matrix.
The abstract search algorithm applies the unitary transfor-

mation (U2U1)
T to the initial state with a proper T . The final

state (U2U1)
T |ψstart〉 has a sufficiently large inner product with∣∣ψgood

〉
. The main properties of abstract search algorithm will

be given in the following.
Since U2 is a real unitary matrix, its non-±1 eigenvalues

come in pairs of complex conjugate numbers. Denote them by
e±iθ1 , . . . , e±iθm . Let θmin = min(θ1, . . . ,θm) and U ′ =U2U1.

Lemma 1 Define the arc A as the set of e iθ for all real θ

satisfying −θmin < θ < θmin. Then U ′ has at most two eigen-
values in A.

Let |Φ+
j 〉 and |Φ−j 〉 be the eigenvectors with eigenvalues

e iθ j and e−iθ j , respectively. We express
∣∣ψgood

〉
as a super-

position of the eigenvectors of U2 as

∣∣ψgood
〉
= a0|ψstart〉+

m

∑
j=1

(a+j |Φ
+
j 〉+a−j |Φ

−
j 〉). (3)

Lemma 2 It is possible to select |Φ+
j 〉 and |Φ−j 〉 so that

a+j = a−j and a+j is a real number.
Lemma 3 The eigenvalues of U ′ in A are e±iα where

α = O

 1√
∑ j

a2
j

a2
0

1
1− cosθ j

 . (4)

Let |ωα〉 and |ω−α〉 be the two eigenvectors with eigen-
values e iα and e−iα , respectively. Define

∣∣ω ′start
〉
=

1√
2
|ωα〉−

1√
2
|ω−α〉 ,

|ωstart〉=
1

|| |ω ′start〉 ||
∣∣ω ′start

〉
,

and then, |ωstart〉 is close to the starting state |ψstart〉.
Lemma 4 Assume that α < θmin/2, and then

〈ψstart|ωstart〉 ≥ 1−O
(

α
4
∑

j

a2
j

a2
0

1
1− cosθ j

)
. (5)

Lemma 5 Assume that α < θmin/2. Let
∣∣ωgood

〉
=

|ωα〉/
√

2+ |ω−α〉/
√

2, and then

|
〈
ψgood|ωgood

〉
|= O

(
min

(
1

∑ j a2
jcot2

θ j

4

,1
))

. (6)

According to the Lemmas of the abstract search algo-
rithm, we can regard the algorithm being studied as an instance
of the abstract search algorithm and then obtain the computa-
tional complexity of it.

3. Optimized SKW algorithm with multi-
solution

3.1. Generalization of the abstract search algorithm

The abstract search algorithm is proposed for the search
of quantum random walks on the graph, but it applies to one
solution. In Theorem 5 of Ref. [29], it is generalized to the
case of two solutions. In this section, we will generalize the
abstract search algorithm to the multi-solution case.

Lemma 6 The abstract search algorithm searching for
four solutions v1,v2,v3,v4 is reduced to search for s′1,s

′
2, where∣∣s′1〉= |s,v1〉+ |s,v2〉√

2
,

∣∣s′2〉= |s,v3〉+ |s,v4〉√
2

,

and s is the equal superposition over coin space.
Proof Assume v1 and v2 are two solutions and |ψ〉 is the

initial state, and U ′ is the operator of the algorithm. Then we
can obtain the following relationship according to Claim 12 in
Ref. [29]:

(I−2 |s,v1〉〈s,v1|−2 |s,v2〉〈s,v2|)(U ′)t |ψ〉
= (I−2

∣∣s′1〉〈s′1∣∣)(U ′)t |ψ〉 , (7)

where |s′1〉 = |s,v1〉+ |s,v2〉/
√

2. The above relationship re-
gards the case of searching for v1 and v2 as the case of search-
ing for s′1. Similarly, if v3 and v4 are two solutions, we have

(I−2 |s,v3〉〈s,v3|−2 |s,v4〉〈s,v4|)(U ′)t |ψ〉
= (I−2

∣∣s′2〉〈s′2∣∣)(U ′)t |ψ〉 , (8)

where |s′2〉= |s,v3〉+ |s,v4〉/
√

2. Then we add up Eqs. (7) and
(8) by the left and right respectively, having the following re-
lationship:

(I−2 |s,v1〉〈s,v1|−2 |s,v2〉〈s,v2|−2 |s,v3〉
〈s,v3|−2 |s,v4〉〈s,v4|)(U ′)t |ψ〉

= (I−2
∣∣s′1〉〈s′1∣∣−2

∣∣s′2〉〈s′2∣∣)(U ′)t |ψ〉 . (9)

Thus, the abstract search algorithm searching for four so-
lutions reduces to searching for two superposition states.
Lemma 6 is proved.

Lemma 7 The abstract search algorithm searching for
four solutions v1, v2, v3, v4 is reduced to searching for s′′1 ,
where s′′1 = (s′1 + s′2)/

√
2.
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Proof According to Eq. (7), the abstract search algorithm
searching for two solutions v1 and v2 in space {v1, v2, . . . ,vN}
is reduced to searching for s′1 with the initial state

|ψ〉= 1√
N

N

∑
i=1
|s,vi〉.

Similarly, searching for two solutions s′1 and s′2 in space
{s′1,s′2, . . . ,s′M} is reduced to searching for s′′1 with the initial

state |ψ1〉=
M
∑

i=1
|si
′〉/
√

M. Therefore

(I−2
∣∣s′1〉〈s′1∣∣−2

∣∣s′2〉〈s′2∣∣)(U ′)t |ψ1〉
= (I−2

∣∣s′′1〉〈s′′1∣∣)(U ′)t |ψ1〉 . (10)

If |s′i〉 is composed of elements in {v1,v2, . . . ,vN} with the
form of |s,vi〉+

∣∣s,v j
〉
/
√

2 (i 6= j), the scale of {s′i} is M =

[N(N−1)]/2, and there is

|ψ1〉=
1√
M

M

∑
i=1

∣∣si
′〉=√N−1

N

N

∑
i=1
|s,vi〉=

√
N−1 |ψ〉 .

With Eq. (10), we have

(I−2
∣∣s′1〉〈s′1∣∣−2

∣∣s′2〉〈s′2∣∣)(U ′)t |ψ〉
= (I−2

∣∣s′′1〉〈s′′1∣∣)(U ′)t |ψ〉 . (11)

Combining Eqs. (9) and (11), we obtain the following relation-
ship:

(I−2 |s,v1〉〈s,v1|−2 |s,v2〉〈s,v2|−2 |s,v3〉
〈s,v3|−2 |s,v4〉〈s,v4|)(U ′)t |ψ〉

= (I−2
∣∣s′′1〉〈s′′1∣∣)(U ′)t |ψ〉 , (12)

where

s′′1 =
s′1 + s′2√

2
=
|s,v1〉+ |s,v2〉+ |s,v3〉+ |s,v4〉

2
.

Lemma 7 is proved.
Theorem 1 The abstract search algorithm searching for

2m solutions (2 < m < log2N) is reduced to searching for s̃1,

where s̃1 =
2m

∑
i=1
|s,vi〉

/√
2m.

Proof By induction, we proved the case of four solutions.
If the inductive assumption case of 2m−1 solutions is true, then
we have

(I−2
2m−1

∑
i=1
|s,vi〉〈s,vi|)(U ′)t |ψ〉

= (I−2 |s̄1〉〈s̄1|)(U ′)t |ψ〉 , (13)

where s̄1 =
2m−1

∑
i=1
|s,vi〉

/√
2m−1. Similarly, according to the

derivation of Eq. (9) from Eqs. (7) and (8), we can obtain(
I−2

2m−1

∑
i=1
|s,vi〉〈s,vi|−2

2m

∑
i=2m−1+1

|s,vi〉〈s,vi|
)
(U ′)t |ψ〉

= (I−2 |s̄1〉〈s̄1|−2 |s̄2〉〈s̄2|)(U ′)t |ψ〉 , (14)

which shows that the abstract search algorithm searching for
2m solutions is reduced to searching for s̄1 and s̄2.

On the other hand, the abstract search algorithm searching
for two solutions s̄1 and s̄2 in space {s̄1, s̄2, . . . , s̄M} is reduced
to searching for s̃1 = (s̄1 + s̄2)/

√
2 with the initial state

|ψ1〉=
1√
M

M

∑
i=1
|s̄i〉,

thus

(I−2 |s̄1〉〈s̄1|−2 |s̄2〉〈s̄2|)(U ′)t |ψ1〉
= (I−2 |s̃1〉〈s̃1|)(U ′)t |ψ1〉 . (15)

When |s̄i〉 is composed of elements in {v1,v2, . . . ,vN} with the

form of
2m−1

∑
i=1
|s,vi〉

/√
2m−1, the scale of {s̄i} is M = C2m−1

N ,

and there is

|ψ1〉 =
1√
M

M

∑
i=1
|s̄i〉=

1√
C2m−1

N

C2m−1

N 2m−1

N

N
∑

i=1
|s,vi〉
√

2m−1

=

√
C2m−1−1

N−1 |ψ〉 .

With Eq. (15), we have

(I−2 |s̄1〉〈s̄1|−2 |s̄2〉〈s̄2|)(U ′)t |ψ〉
= (I−2 |s̃1〉〈s̃1|)(U ′)t |ψ〉 . (16)

Combining Eqs. (14) and (16), we obtain

(I−2
2m

∑
i=1
|s,vi〉〈s,vi|)(U ′)t |ψ〉

= (I−2 |s̃1〉〈s̃1|)(U ′)t |ψ〉 , (17)

where s̃1 =
2m

∑
i=1
|s,vi〉

/√
2m. Theorem 1 is hence proved.

In this subsection, we generalize the abstract search algo-
rithm to the case of multi-solution. Based on the above conclu-
sion, we can use the abstract search algorithm to analyze the
quantum random-walk search on the various graphs directly.

3.2. Computational complexity of the algorithm

The relation between the optimized SKW algorithm and
the SKW algorithm was given in Ref. [27]. Therefore, we only
need to research the computational complexity of the SKW al-
gorithm with multi-solution. The proof for one solution case
is presented in Section 8 of Ref. [29]. The operation of the
SKW algorithm can be written as U ′=U(I−2

∣∣s,𝑥tg
〉〈

s,𝑥tg
∣∣)

by the previous conclusion. We assume 2m solutions with
2 < m < log2N. According to the Theorem 5 in Ref. [29], we

only need to replace
∣∣𝑥tg

〉
by

2m

∑
i=1

∣∣∣𝑥(i)
tg

〉/√
2m in the process of

proof, and then we will use the method presented in Theorem
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1 of Ref. [29] to obtain the computational complexity of the
SKW algorithm with multi-solution.

The eigenvalues and eigenvectors of U are already given
in Ref. [31]. The quantum walk of the SKW algorithm stays
in an 2n-dimensional subspace spanned by 2n eigenvectors∣∣v±k 〉 of U with eigenvalues e iθk , where cosθk = 1− 2k/n

for k = 0, . . . ,n, each with degeneracy
(

n
k

)
.[29] When k = 0,∣∣v±0 〉 = |v0〉 = |ψ〉 is the initial state which is the only eigen-

vector of eigenvalue 1. Let H ′0 be the space spanned by
∣∣v±k 〉.

According to Section 8 in Ref. [29],
∣∣s,𝑥tg

〉
is also in H ′0.

Theorem 2 U ′(H ′0) = H ′0. Furthermore, U ′ has no eigen-
vector of eigenvalue 1 in H ′0.

Proof For the first part, because U ′ = U(I −
2
∣∣s,𝑥tg

〉〈
s,𝑥tg

∣∣), we only show U(H ′0) = H ′0 and (I −

2
∣∣s,𝑥tg

〉〈
s,𝑥tg

∣∣)(H ′0) = H ′0 with
∣∣𝑥tg

〉
=

2m

∑
i=1

∣∣∣𝑥(i)
tg

〉/√
2m.

The first equality is true because H ′0 is spanned by eigenvec-
tors of U . Therefore, U(H ′0) = H ′0. Assuming |ϕ〉 ∈ H ′0, we
have (I− 2

∣∣s,𝑥tg
〉〈

s,𝑥tg
∣∣)(|ϕ〉) = |ϕ〉 − 2

〈
s,𝑥tg|ϕ

〉∣∣s,𝑥tg
〉
.

This is a linear combination of |ϕ〉 and
∣∣s,𝑥tg

〉
. Because∣∣s,𝑥tg

〉
∈ H ′0, (I− 2

∣∣s,𝑥tg
〉〈

s,𝑥tg
∣∣)(|ϕ〉) ∈ H ′0. Similarly, if∣∣s,𝑥tg

〉
is replaced by

2m

∑
i=1

∣∣∣s,𝑥(i)
tg

〉/√
2m, it is a linear combi-

nation of |ϕ〉 and
∣∣s,𝑥(i)

tg
〉
. Therefore, U ′(H ′0) = H ′0.

For the second part, assume |ω0〉 is an eigenvector of
eigenvalue 1 of U ′ in H ′0, and then

0 6= 〈ψ|ω0〉
= 〈ψ|U ′ |ω0〉= 〈ψ|U(I−2

∣∣s,𝑥tg
〉〈

s,𝑥tg
∣∣) |ω0〉

= 〈ψ|ω0〉−2

2m

∑
i, j=1

〈
ψ|s,𝑥(i)

tg

〉〈
s,𝑥( j)

tg |ω0

〉
2m . (18)

This implies
2m

∑
i, j=1

〈
ψ|s,𝑥(i)

tg

〉〈
s,𝑥( j)

tg |ω0

〉
= 0. Because〈

ψ|s,𝑥(i)
tg

〉
= 1/
√

N 6= 0, we obtain
2m

∑
j=1

〈
s,𝑥( j)

tg |ω0

〉
= 0,

|ω0〉 = U ′ |ω0〉

= U |ω0〉−2

2m

∑
i, j=1

∣∣∣s,𝑥(i)
tg

〉〈
s,𝑥( j)

tg |ω0

〉
2m =U |ω0〉 ,

which in turn implies that |ω0〉 is an eigenvector of eigenvalue

1 of U . Because
2m

∑
j=1

〈
s,𝑥( j)

tg |ω0

〉
= 0 and

〈
ψ|s,𝑥(i)

tg

〉
6= 0, if

the eigenvector of eigenvalue 1 of U is orthogonal to |ψ〉, it

is orthogonal to
2m

∑
i=1

∣∣∣s,𝑥(i)
tg

〉
. It follows that 〈ψ|ω0〉= 0 which

contradicts that |ω0〉 ∈ H ′0.
Theorem 2 shows that the SKW algorithm with multi-

solution starting in |ψ〉 is restricted to a subspace H ′0 of the
Hilbert space. Since |ψ〉 is the only 1-eigenvector of U in

H ′0, we can regard the SKW algorithm with multi-solution as
an instance of the abstract search algorithm on the space H ′0,
with U1 = (I−2

∣∣ψgood
〉〈

ψgood
∣∣), U2 =U , |ψstart〉= |ψ〉, and∣∣ψgood

〉
=

2m

∑
i=1

∣∣∣s,𝑥(i)
tg

〉/√
2m.

Then, according to Lemma 3, we evaluate

α = O
[(√

∑
k

a2
k

a2
0

1
1− cosθk

)−1/2]
,

which determines the computational complexity of the algo-
rithm. Assuming

∣∣s,𝑥tg
〉
= a0 |ψ〉+∑

k
ak(
∣∣v−k 〉+ ∣∣v+k 〉) when

there is only one solution. Thus we have a0 =
〈
ψ|s,𝑥tg

〉
=

1/
√

N and ak =
〈
v+k |s,𝑥tg

〉
= 1/

√
2N according to Ref. [31].

Therefore, when
∣∣s,𝑥tg

〉
is replaced by

2m

∑
i=1

∣∣∣s,𝑥(i)
tg

〉/√
2m, we

have

a′0 =

2m

∑
i=1

〈
ψ|s,𝑥(i)

tg

〉
√

2m
, a′k =

2m

∑
i=1

〈
v+k |s,𝑥

(i)
tg

〉
√

2m
.

Because
〈

ψ|s,𝑥(i)
tg

〉
=
〈
ψ|s,𝑥tg

〉
and

〈
v+k |s,𝑥

(i)
tg

〉
=〈

v+k |s,𝑥tg
〉
, we obtain

a′0 =

√
2m

N
, a′k =

√
2m−1

N
,

ak

a0
=

a′k
a′0

.

Therefore, we only need to evaluate
n

∑
k=1

(
n
k

)
1

1− cosθk
= O(N),

which is the same as that in Section 8 of Ref. [29]. There-
fore, α = O(1/

√
N) and the computational complexity of the

algorithm is T = O(
√

N).
Let |wα〉 and |w−α〉 be the two eigenvectors with eigen-

values e iα and e−iα , respectively, and define |wstart〉 =
[|wα〉− |w−α〉]/

√
2. According to Lemma 4, 〈ψ|wstart〉 is de-

termined by α, a2
k/a2

0, 1/(1− cosθk). The previous evalua-
tions show that their values are the same as the case of one so-
lution. Therefore, 〈ψ|wstart〉 is also the same as that when there
is one solution, and the starting state |ψ〉 is close to |wstart〉.

Finally, we show that measuring the final state
∣∣wgood

〉
=

[|wα〉+ |w−α〉]/
√

2 can obtain the target with constant proba-
bility. For one solution case, there are

1√
∑
k

a2
kcot2

θk

4

≥ 1√
1

2N
∑
k

4
θ 2

k

,

∑
k

1
θ 2

k
= O

(
∑
k

1
1− cosθk

)
,

according to Claim 10 in Ref. [29]. Furthermore,

O
(
∑
k

1
1− cosθk

)
= O(N),

according to Section 8 in Ref. [29], and
〈
s,𝑥tg|wgood

〉
=

1
/√

∑
k

a2
kcot2(θk/4) = O(1) according to Lemma 5.
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Because a′k
2 = 2ma2

k , we have
〈
ψgood|wgood

〉
=

1
/√

∑
k

a′k2cot2(θk/4) = O(1/
√

2m) for the multi-solution

case. Therefore, we can obtain the target with constant proba-
bility as long as m is a constant.

Through the above proofs, we obtain the computational
complexity of the SKW algorithm with multi-solution. Ac-
cording to Ref. [27], the computational complexity of the op-
timized SKW algorithm with multi-solution is also O(

√
N).

4. Numerical simulations and results
Through the abstract search algorithm, we can only ob-

tain the computational complexity of the algorithm with multi-
solution, but it does not involve the number of iterations.
Therefore, we will further research the relationship between
the success of the algorithm, the number of iterations, and the
proportion of solutions by numerical simulations.

According to the conclusion of Subsection 3.2, if the pro-
portion of solutions is small, the target will be obtained with a
constant probability. Therefore, we first study the relationship
between the success rate of the algorithm and the number of
iterations with a small proportion of solutions. Figure 1 shows
the relationship between the success rate of the algorithm and
the number of iterations when the database size is N = 28. The
proportions of solutions q=M/N are 1/256, 2/256, 3/256 re-
spectively.

    


.

.

.

.

t

p

N/

q//
q//
q//

Fig. 1. (color online) Relationship between the success rate of the algo-
rithm and the number of iterations for N = 28. The different lines show
results for different values of q.

It is known from Fig. 1 that the success rate of the al-
gorithm changes periodically along with the number of itera-
tions, and their relationship satisfies a trigonometric function
approximately. If q is larger, the maximum success rate is
smaller. This is consistent with the theoretical analysis. For
one solution, the expression relating the success rate of the
algorithm p and the number of iterations t is

p =
1
c2 sin2

( 2√
2n

t
)
,

where c is determined by n, and 1/c2 increases toward 1 with
the increase of n. For multi-solution, considering the success
rate of the algorithm p is equivalent to the proportion of solu-
tions q when t = 0, we assume that the relationship satisfies

p =
q

sin2a
sin2(ωt +a). (19)

By using curve fitting, ω and a are obtained. With n increas-
ing, ω→ 2

√
q and a→ 1.2

√
q. Therefore, when ωt+a= π/2,

t = [π
√

N/M]/4−0.6.
Then, we study the relationship between the success rate

of the algorithm and the number of iterations when q is big
enough.

Figure 2 shows the success rate of the algorithm and the
number of iterations for different databases with q = 1/2.
Their relationship is no longer satisfying the previous func-
tion. Before the search, the success rate of the algorithm is
1/2 which is equivalent to the proportion of solutions q, and
then it changes sharply along with the number of iterations. In
practice, if q ≥ 1/2, we can directly obtain the target with a
considerable probability without iterating the algorithm.

      

.

.

.

.

.

.

.

t

p

q// N/
N/

Fig. 2. (color online) Relationship between the success rate of the al-
gorithm and the number of iterations when q = 0.5. The circles line
represents N = 64 and the asterisks line represents N = 256.

We obtain an approximate critical value of q by numeri-
cal simulations. Only if q ≤ 5/64, the success rate of the al-
gorithm can reduce to 0 every time, as shown in Figs. 3 and 4.
Therefore, we assume that the relationship curve still satisfies
the form of Eq. (19).

Finally, we study the relationship between the success
rate of the algorithm and the proportion of solutions accord-
ing to Eq. (19), as shown in Fig. 5. The solid line indicates
the relationship for the optimized SKW algorithm when the
number of iterations t = [π

√
N/M]/4− 0.6 with the scale of

database n being large enough and q ≤ 5/64. The dotted line
indicates the relationship for Grover’s algorithm. Because the
success rate of the optimized SKW algorithm tends to 1 but
not equal to 1, for the same proportion of solutions, the corre-
sponding success rate is a little smaller than that of Grover’s
algorithm.
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    


.

.

.

.

t

p
q// N/

N/
N/

Fig. 3. (color online) Relationship between the success rate of the algo-
rithm and the number of iterations when q = 5/64. The different lines
show results for different values of N.

    


.

.

.

.

t

p

q// N/
N/
N/

Fig. 4. (color online) Relationship between the success rate of the algo-
rithm and the number of iterations when q = 6/64. The different lines
show results for different values of N.

 . . . .


.

.

.

.

.

q

p

optimized SKW
Grover

Fig. 5. (color online) Relationship between the success rate of the algo-
rithm and the proportion of solutions for different algorithms.

In this section, we simulate the relationship between the
success rate of the optimized SKW algorithm and the number
of iterations. We obtain a critical valve of the proportion of so-
lutions. When q≤ 5/64, the success rate of the algorithm, the
number of iterations, and the proportion of solutions satisfy a
quantitative relationship approximatively. When q> 5/64, the
computational complexity of algorithm is still O(

√
N), but the

success rate of the algorithm is no longer periodically chang-
ing along with iterations.

5. Conclusion
This paper investigates the multi-solution search of the

optimized SKW algorithm. For the problem that the geo-
metric description method cannot be applied to the multi-
solution case directly, we first give the generalization of the
abstract search algorithm for the multi-solution case. Then,
we demonstrate that the computational complexity of the opti-
mized SKW algorithm with multi-solution is O(

√
N). For the

small proportion of solutions q, we find that the success rate
of the algorithm and the required number of iterations will de-
crease with the increase of q. Finally, a critical value of q is ob-
tained. When q ≤ 5/64, the relationship between the success
rate, the number of iterations, and the proportion of solutions
satisfies a function as

p =
q

sin21.2
√

q
sin2(2

√
qt +1.2

√
q).

When q > 5/64, the success rate is no longer periodically
changing along with iterations, and the computational com-
plexity of the algorithm is O(

√
N).
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