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Monogamous nature of symmetric N-qubit states of
the W class: Concurrence and negativity tangle”
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Using Majorana representation of symmetric N-qubit pure states, we have examined the monogamous nature of the
family of states with two-distinct spinors, the W class of states. We have evaluated the N-concurrence tangle and showed
that all the states in this family have vanishing concurrence tangle. The negativity tangle for the W class of states is shown
to be non-zero, illustrating the fact that the concurrence tangle is always lesser than or equal to the negativity tangle in a

pure N-qubit state.
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1. Introduction

Monogamy of quantum correlations/entanglement, the
quantum mechanical feature indicating the restricted share-
ability of quantum correlations/entanglement among several
parties of a composite system, has evoked great interest

1311 The pioneering work of Coffman,

in the recent years.!
Kundu, and Wootters!!! has led to a great deal of activ-
ity including issues such as monogamy of quantum ver-
sus classical correlations,>>!] monogamy using generalized

s,[1417.181 ‘and monogamy of quantum correlations

entropie
other than entanglement.!!%>3-31 Quantifying multi-qubit en-
tanglement is another important issue and measures such as
three-tangle (or concurrence-tangle) and negativity tangle, ']
based on monogamy inequality, have been proposed for quan-
tifying residual or three-party entanglement in 3-qubit states.
In fact, residual entanglement in a 3-qubit state is defined as
the entanglement between the qubits, which is not accounted
for by the two-qubit entanglement in the state.!!! The nature
of monogamy inequality satisfied by N-qubit states is helpful
to quantify the N-qubit residual entanglement, not accounted
for by the entanglement in its two-qubit subsystems. In view
of the fact!l:! that different measures of entanglement give
rise to different quantifications of the residual entanglement in
3-qubit pure states, it is natural to expect that similar situa-
tion will be realized for N-qubit states also. While it has been
shown that generalized (non-symmetric) W states have van-
ishing concurrence tangle,!!! they are shown to have non-zero
negativity tangle.!'' In general, for N-qubit pure states, it was
shown that the concurrence tangle is lesser than (or equal to)
negativity tangle.['!]
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In this work, we examine the nature of monogamy in-
equality satisfied by N-qubit pure symmetric states belonging
to the W class. Here the set of all N-qubit symmetric states
(invariant under the interchange of qubits) with only two dis-
tinct qubits (spinors) characterizing them is defined as the W
class of states, owing to the fact that W states form an integral
part of it. We show that the monogamy inequality with squared
concurrence 336! as the measure of entanglement holds good
with equality for all states of this family (quite similar to the
behaviour of W states). With squared negativity of partial

transpose 373"

as a measure of entanglement, we examine
the monogamous nature of the W class of states and show that
negativity tangle has non-zero value for all states in this fam-
ily. We wish to mention here that the Majorana representation
of symmetric N-qubit states>>~3#] has enabled us to obtain a
simplified form for the states with two distinct spinors, thus
helping us to obtain the concurrence tangle and negativity tan-
gle for the whole family of states.

The article is divided into four parts. Section 1 contains
introductory remarks. In Section 2, we make use of the Majo-
rana representation of N-qubit pure symmetric states to obtain
a simplified form of the states belonging to the W class. We
analyze the monogamous nature of the W class of states in
Section 3 and evaluate their concurrence tangle and negativity
tangle. Section 4 provides a concise summary of the results.

2. Majorana representation of pure symmetric
N-qubit states

In order to examine the nature of monogamy inequal-
ity satisfied by N-qubit pure symmetric states of the W-class,
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we make use of the very elegant Majorana representation!3?!

of pure symmetric states. While several advantages of using
the Majorana representation have been reported in Refs. [33]
and [34], we illustrate here its use in identifying the monoga-
mous nature of symmetric states.

In the Majorana representation, %]

a pure symmetric state
of N qubits is represented as a symmetrized combination of N

constituent spinors |&) as

JVZP{Iehez, JEN) ), (1)

| sym

where

&) = cos(B;/2) e 1%/?|0) +sin(B;/2) e'“/? 1),
1=1,2,...,N. )

Here P corresponds to the set of all N! permutations of the
spinors (qubits), and .#” corresponds to an overall normaliza-
tion factor.

An N qubit pure symmetric state containing r (< N) dis-
tinct spinors |g) (i = 1,2, ..., r), each repeating n; times, be-

longs to the class ), .n, and each degeneracy configu-

13725 e
ration {ny,ny, ..., n,} (with the numbers n; being arranged
in the descending order) corresponds to a distinct SLOCC
class. 33341 The number of SLOCC inequivalent classes pos-
sible for states with r distinct spinors is given by the par-
tition function p(N, r) that gives the distinct possible ways
in which the number N can be partitioned into » numbers n;
(i=1,2,...,r)suchthat}; , n;=N. [3334] For instance, a 3-
qubit state with only one distinct spinor belongs to the class
93, where two distinct spinors belong to the class {25}
and {211} is the class of 3-qubit states with three distinct
spinors. The classes 23, 2, 1, and Z; 1,1 are SLOCC inequiv-
alent and a state belonging to one of these classes cannot be
converted into the other (different from itself) by any local op-
erations and classical communications.33-** While the class
25 contains only separable states, {92,1} is the W class of
states and {2 1 1 } corresponds to the GHZ class of states, thus
supporting the fact that three pure qubit states can be entangled
in two inequivalent ways. [°]

A pure symmetric state with 2 distinct spinors belonging
to the SLOCC family { Zy_jx,k=1,2,...,[N/2]} is given by

|V —kk) = JVZIS{|€1,61,~~781; £,8,...,8)}
P N—k k
= NV RPVY P{]0,0,...,0; &,&,...,&)}, (3)
7 ——
N—k k
where € = R;|0) and & = R;|0), and

[€2) = Ry Ra|0) = do0) +dl [1),

do|*+|di[> =1, di #0. )

Thus, the symmetric state with two distinct spinors |Wy_x x) is
shown to be equivalent, up to local unitary transformations, to

k N N
|lPka,k> = ;) NCr (078 2 2 r> 5
_ (N_r) k—r gr
%= (5)

It can be seen that o, = 51(7, when d; = 1, dy = 0, and the
state |Py_i k) reduces to the Dicke state |[N/2,N/2—k). Itis
thus not difficult to see that the states in the family Dy_1 1
(with k = 1) are SLOCC equivalent to the N-qubit W state
IN/2,N/2—1).

An arbitrary N-qubit pure symmetric state belonging to

N N
221>, (®)

which may be expressed in terms of standard qubit basis as

the W class is given by

|Yv—1,1) = Z VG, 0,

)

(N4
N\Z

>+\f(x

ao‘

Pv_1,1)
= 4|000---0)
|100-~0>+|010~--0>+~--+|00---01>)
b 7
( N , (D

where a = oy, b = /N are complex numbers obeying
lal> +|b|*> = 1. On taking a = cos(8/2), b = sin(6/2)e'?,
0< 0 <m0< ¢ <2m), without any loss of generality and
subjecting the N-qubit state (7) to another local unitary trans-
formation |0)' = |0), [1)’ = e~?|1) on all the N qubits, we
obtain a further simplified form

[Pv—1.1)
= cosg\OOO 0)
o 2

100--- 10--- ...01
+Sine(|oo 0) +[010-+-0) + -+ +]00 0>),(8)
2 N

with a single parameter 0, 0 < 8 < 7, describing the state.

3. Monogamous nature of pure symmetric states
of the W class: Concurrence and negativity
tangle

Having obtained the simplified form of the N-qubit pure
symmetric states with two distinct spinors, we will use it to
evaluate the concurrence and negativity tangle of this family,
and thereby make a statement about their monogamous nature
with respect to different entanglement measures. We carry out
this task in the following.
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3.1. Concurrence tangle

We start by recalling the monogamy inequality in terms
of squared concurrence in three-qubit systems introduced
by Coffman, Kundu, and Wootters (CKW).!!l They!!l have
shown that for any 3-qubit pure state Papc,

Cip +Cac < Canes )

where Cap (Cac) is the concurrence between A and B (C),
while Ca.gc = 2+/detpa is the concurrence between system A
and BC. The quantity C3.gc — (C3g +C3c) is known as three-
tangle or concurrence tangle and is a measure of three-party
entanglement.!!! It was also conjectured!!! that a monogamy

relation of the form
C%ﬁ]Az +C.%x|A3 +C‘.i|A4 + T +C1§1An S C.%x|:A2A3A4...AN (10)
holds well for all N-qubit pure states. We can term the quantity

C/2\11A2A3A4...AN - (C/ilAz +C/i1A3 +C/ilA4 T+ +C%\1AN)(1 1)

as N-concurrence tangle. In fact, it was shown in Ref. [1]
that generalized (non-symmetric) 3-qubit W states given by
a|100) + b|010) + ¢|001) have vanishing concurrence tangle
and indicated that their N-qubit counterparts will also exhibit
the same feature. We hope to illustrate here that all pure sym-
metric N-qubit states with two distinct spinors, the W class of
states, have vanishing N-concurrence tangle. Towards this end
we first evaluate the form of the two-qubit and single-qubit

reduced density matrices of the N-qubit state |¥y_; 1). Know-
ing the structure of single qubit density matrices is essential
to obtain Ca,:a,A34,..Ay = ZM, the structure of two-
qubit (mixed) density matrices is needed for the evaluation of
Ca,A,- It is worth noting that though the concurrence is de-
fined only for two-qubit systems, the N-qubit state being pure,
the (N — 1)-qubits essentially belong to a two-dimensional
space and hence one can define the concurrence between a
single qubit and the remaining N — 1 qubits.l!l Also, the ef-
fective concurrence is the concurrence between two qubits in
a pure state leading t0 Ca,:a,a54,..4y = 21/detpa. We also
need to note here that with |¥y_; ;) being a symmetric state,
all its two-qubit and single-qubit subsystems are identical, ir-
respective of which two qubits or single qubit we choose to
consider. That is,

PAIA; = PAjA; = PAyA; =+ = PAy_ Ay

pA] = pAz = pA3 == pAN' (12)

The form of the single-qubit, two-qubit marginals of the
state |Yy_1,1) for N = 3,4, 5,6 allows us to generalize and
obtain these marginals for any N. In Table 1, we have tabu-
lated the structure of reduced density matrices pa,a,, P, Of
[Pv—1.1)-

Using the form of two-qubit and single-qubit density ma-
trices given in Table 1, we can readily obtain the structure of
the two-qubit and single-qubit density matrices of the N-qubit
state |Py_1,1) for any N. We have

Table 1. The single-qubit and two-qubit marginals of |¥y_i 1) for N =3 to 6.

PA

N PA A,

2(2+cos8) /3sin6 +/3sinh 0

1 V3sin® 1—cos® 1—cosf 0
6 V3sin® 1—cos® 1—cosh 0
0 0 0 0
2(3+cosf) 2sin@®  2sin6 0

1 2sin 6 1—cos® 1—cosB 0
8 2sin O 1—cos® 1—cosb 0
0 0 0 0
2(4+cos0) V/5sin® /5sin® 0

1 V5sin® 1—cosf 1—cos6 0
10 V5sin® 1—cosf 1—cos6 0
0 0 0 0
2(5+cos0) V6sin0 +/6sin® 0

1 V6sin® 1—cosO 1—cosO 0
2 V6sin® 1—cosO 1—cosO 0
0 0 0 0

1 [ 5+cos® 3sinb
V/3sin® 1—cos6

1 [ 7+cos6 2sinf

2sin® 1—cos6

1 9+4cos® /5sinb

V/5sin 1—cos@

1 114cos® V6sin6

12 V6sin0 1—cos
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2(N—1+4cos8) v/Nsin@ /Nsinf 0

1 V/Nsin 1—cos6 1—cosB 0
= 5 , (13)
V/Nsin6 1—cos® 1—cos6 0
0 0 0 0
and
1 2N —1+cos@ /Nsin6
PA, (14)

2N 1—cosB

V/Nsin6

The concurrencel®>3¢! of the two-qubit state pa,a, is given
by CA1A2 = max (07 \/Tli \/Ti \/T?a* \/T4)7 Where A‘i (l =

1,2,3,4) are the eigenvalues of the matrix pa,a,Ply A,

35,36

Paa, = (0y ®0y)pa,a, (0y ®0y). Notice here that the con-
currence between any two qubits becomes maximum and is
equal to 2/N when 0 = 7 for the W states. In fact this is the
maximum bipartite entanglement in an N-qubit state, achiev-
able for W states, as shown in Ref. [2]. It can be seen that
there is only one non-zero eigenvalue A = (1 —cos 8)?/N? for
PAA, pgl A,> and we therefore have

1
Cajay =Cany = =Cajay =V = N(] —cos0). (15)

Similarly, we obtain detps = (N —1)(1 —cos 8)?/(4N?) and
hence

N
CiliAzAg...AN = 4det(pA) = Nz

(1—cos@)%.  (16)

As there are N — 1 identical two-qubit subsystem density ma-
trices pa,a;> 1 =2, 3, ... N, with the first qubit being common
to all of them, we have

2 2 2 2
Can, TCA A, FCA A, T FCA Ay

= (N=1)Ca,
—1
. NN (1—cos6)>. (17)

Now, we can readily see that (see Eq. (16))

2 2 2 2
CA1A2+CA]A3+CA]A4+'”+CA1AN

N—1 5
= 1 —cos6
N (1 —cos0)

= CX | :AAsAs. Ay> (18)

thereby establishing the relation
Cx C3 Cx XA =CF 19
A1Ay + A1As + A1Ay + + A1Ay T YAALA3LL AN ( )

for the N-qubit pure states of the W class. Thus, in addition to
verifying the monogamy inequality, we have shown that equal-
ity holds good for all N-qubit states belonging to the W class.
In other words, we have shown that the N-concurrence tangle
CIZA] AsAs. Ay — (N — I)Cli] A, vanishes for the family of states
|Pv—1,1)-

3.2. Negativity tangle

We begin here by recalling that a monogamy inequality
for 3-qubit pure states in terms of negativity-of-partial trans-
pose has been proposed in Ref. [11]. While the vanishing con-
currence tangle for W states indicated only two-way entangle-
ment, the analogous quantity defined by!!'!]

IIy = sz\:BC _NJZXB —N/ic

shows a non-zero three-way entanglement in W states. While
the concurrence tangle is independent of the focus qubit, the
negativity tangle depends on which qubit is considered as the
focus qubit. Thus, the negativity tangle for 3-qubit pure states
is defined as IT = (ITp + IIg + I1c) /3, with ITa, ITg, and Ilc
being the negativity tangles with the focus qubits being A, B,
and C, respectively.

Quite similar to the case of 3-qubit pure states, the nega-

tivity tangle for N-qubit pure states is defined as!'!!

1
I = N(H1+H2+"'+HN)7 (20)
where

2 2 2 2

I, = NA11A2A3'"AN o (NAIAZ +NA1A3 e +NAIAN) )
2 2 2 2

Ih = Nj, A AsAy — (NA2A1 +Na,a, + +NA2AN) )

Y 2 2 2
IIN = NjyanyAn — (NANA] +Naya, +- JrNANAN,.) .

Reference [1] indicated the vanishing concurrence tangle for
N-qubit generalized (non-symmetric) W states, and refer-
ence [11] illustrated that they have a residual N-party entan-
glement quantified by I, the negativity tangle. Here, we show
that the whole family of pure N-qubit symmetric states be-
longing to two-distinct spinors (the W class of states) have
non-zero negativity tangle. We illustrate this aspect in the fol-
lowing.

Having obtained the two-qubit reduced density matrices
of the symmetric state [Py_;1) (see Eq. (13), we can readily
evaluate their negativity of partial transpose.[*’=*"1 The par-
tially transposed density matrix of the two-qubit reduced den-
sity matrix pa, a, obtained in Eq. (13) is evaluated to be

T
PA A,

2(N—1+cos8) v/Nsin@ +/Nsin® 1—cosf

1 \/Nsin6 1—cos6 0 0
2N J/Nsin6 0 1-cos@ 0
1 —cosO 0 0 0

2
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The negativity of partial transpose is given by (|| pgl amll—

1)/2, where ||p£] A, || is the trace norm of the partially trans-

posed density matrix pxl A, and it is the sum of the square-root
. . . . . T -‘- T

of eigenvalues of the positive-definite matrix (p5 ,)" P4, a,-

As the negativity for a two-qubit system varies from 0 to 0.5,

we choose to take N A, to be

Naa; = 1P a,l1 = 1, (22)

so that it varies from 0 to 1, quite similar to the variation of
concurrence. In fact, this is the convention adopted for neg-
ativity in Ref. [11], while obtaining the negativity tangle for
three-qubit pure states.

As the negativity of a permutation invariant state is iden-
tical for any pair of qubits, we denote Na,a, = Naa,, k=
2,3,...,N. Figure 1 shows the plot of negativity N, a, with
respect to 0 for the W class of states |FPy_1,1).

0.4 N=3
....... N=4
0.3 -—-N=6
) —— N=10
ook S
Z,
0.1 e ____ .
[~ <
¢ A [T
0 /2 ™ 3m/2 2w
0

Fig. 1. (color online) Plot of N, a, versus 6 in the interval from 0 to 27
for arbitrary N-qubit state belonging to the W class.

It can be seen that with the increase in the number of
qubits, the pairwise entanglement quantified by negativity of
partial transpose Na, a, decreases quite considerably.

In Ref. [11] it was shown that the negativity between the
focus qubit and the remaining two qubits of a pure 3-qubit
state matches with their concurrence. The authenticity of the
relation Na,:a,A;..Ay = CA:AsA;..Ay 18 explicitly verified for
N =3,4,5, 6 and thereby generalized to any N, yielding

Na:agAs..Ay = Capjasa. Ay = 24/detpa,. (23)
The variation of Na,:a,4;..a, With 0, for different values of
N, is shown in Fig. 2.

With detpa, being (N —1)(1 — cos 0)?/(4N?), we have

the negativity tangle IT; as

2 2 2 2
Hl = NA]ZA2A3..‘AN - (NAIAZ +NA1A3 + o .+NA1AN)

N-—1
= — (1—cos6)* — (N —1)Nj 4, (24)

2

0.8
-/ A
;06f AP
& o . N
: oy SN
< 04 [/, N
z lr./ — N=3 N\
/. N=4 S\
021 = AN
Ve — — - N=6 N
—-— N=10 X
0 /2 T 3m/2 2
0

Fig. 2. (color online) Plot of Na,:a,A;...ay» Versus 6 in the interval from O
to 27 for arbitrary N-qubit state belonging to the W class.

However, as we consider symmetric states that are invariant

under permutation of qubits, I} = Il = --- = Ily, and hence,
I + 1T - - +IT,
I, = |+l +---+ 1y
N
= H]
= 4detpa, — (N —1)NZ o,
(1—cos@)?

is the negativity tangle of the state |¥y—_;,1) belonging to the
W class. We plot a graph of negativity tangle I, as a function
of 0 in Fig. 3.

0.6
0.5F
0.4F

2

Fig. 3. (color online) Plot of negativity tangle ITy, versus 6 for the N-qubit
symmetric state belonging to the W class.

In particular, for N-qubit W states, the negativity tangle is
given by

2
T (4—{ (N—2)2+4—(N—2)} ) (26)

Figure 4 shows the variation of negativity tangle with the num-
ber of qubits N for N-qubit W states, corresponding to 6 = 7
in ‘ IPN_ 1,1 > .

We have thus accomplished the task of evaluating the neg-
ativity tangle for N-qubit pure states belonging to the W class,
and illustrated that, not just W states but all the other states in
the W class of states have vanishing concurrence tangle. In
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0.6f

0.5¢

0.4F

0.3f

0.2F

0.1F

3 4 5 6 7 8 9 10

Fig. 4. Negativity tangle of N-qubit W states as a function of the number
of qubits NV. It can be seen that IT,, is maximum when N = 4 and decreases
with the number of qubits.

addition, we have shown that for all states of the W class, neg-
ativity tangle decreases with the increase in N for N > 4. In
fact, as can be seen from Figs. 3 and 4, the three-qubit states
belonging to the W class have lesser negativity tangle than
their four-qubit counterparts. For N > 4, the negativity tangle
keeps decreasing monotonically. Moreover, one can observe
that though the bipartite entanglement Na, a, (see Fig. 1) de-
creases quite drastically with the increase in the number of
qubits, the negativity tangle I, decreases with N more slowly
(see Fig. 3). This is due to the slower decrease of the 1 : N — 1
entanglement, quantified through Na,:a,A;..Ay. With the in-
crease of qubits (as compared to the fast decrease of N a,
with N) (see Figs. 1 and 2).

We would like to mention that the Majorana represen-

32.341 has enabled us

tation of N-qubit symmetric pure states!
to compute the concurrence tangle and negativity tangle of
the whole W class of states. Such a convenient aid available
for pure N-qubit symmetric states and not for mixed states
is perhaps one of the reasons for the difficulty in verifying
monogamy inequality, evaluation of the corresponding tan-
gles in mixed N-qubit states. For N-qubit mixed states, the
monogamy inequalities in terms of squared concurrence and

squared negativity are, respectively, given by
2 2 2 2 2
CA1A2 +CA1A3 + CA1A4 + T + CA]AN S CA1:A2A3...AN7
where

C/2\|:A2A3<.<AN = ZPiC,zA] ArAs.Ay (W), 27)

2 2 2 2 2
NA]Az +NA1A3 +NA1A4 + o .+NA1AN S NA]IA2A3A..AN’

where
N§|2A2A34.4AN :ZpiNi1:A2A3...AN(|"I/i>)ﬂ (28)

and p = Y, pilwi)(y;| is an optimal decomposition of the
mixed state p that gives minimum value for the RHS in the

above relations. The determination of the optimal decom-

position of a given mixed state is not trivial. Therefore,
the evaluation of concurrence or negativity tangles for mixed
states is in general difficult. For 3-qubit states of the form
p = p|GHZ) + (1 — p)|W), the concurrence tangle has been
numerically determined to be zero, and an interesting fact that
it is an entangled state with zero tangle and zero concurrence
has been brought out.””) A multi-qubit mixed entangled state
with no 2—, 3—, ..., N—qubit tangles has been reported in
Ref. [13]. An analysis of these kinds of mixed states has re-
cently been given through entanglement indicators obtained
through the monogamy relation in squared entanglement of
formation.?!! The monogamy inequality in terms of squared
negativity has been verified for generalized mixed W states
in Ref. [20]. Despite these results on monogamy relations for
mixed states, the difficulty in obtaining optimal decomposition
of several mixed states makes the evaluation of their concur-
rence, negativity tangle, or any such entanglement indicator
not very straightforward as in the case of pure states.

4. Conclusion

In this article, we have analyzed the monogamous nature
of N-qubit pure states belonging to the W class using squared
concurrence and squared negativity as measures of bipartite
entanglement. Using the simplified form of the states belong-
ing to the W class, obtained using the Majorana representa-
tion of N-qubit symmetric pure states, we have evaluated the
N-concurrence tangle and negativity tangle of this family of
states. Quite similar to the N-qubit W states, we have shown
that all states in the W class of states have vanishing concur-
rence tangle, but non-zero negativity tangle. It would be of
interest to examine the nature of monogamy inequality in N-
qubit symmetric states belonging to different SLOCC inequiv-
alent families and compare their concurrence tangle and nega-
tivity tangle.
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