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The physical effects on surface and flexoelectric polarization in a weak anchoring nematic liquid crystal cell are
investigated systematically. We derive the analytic expressions of two effective anchoring energies for lower and upper
substrates respectively as well as their effective anchoring strengths and corresponding tilt angles of effective easy direction.
All of these quantities are relevant to the magnitudes of both two polarizations and the applied voltage U. Based on these
expressions, the variations of effective anchoring strength and the tilt angle with the applied voltage are calculated for the
fixed values of two polarizations. For an original weak anchoring hybrid aligned nematic cell, it may be equivalent to a
planar cell for a small value of U and has a threshold voltage. The variation of reduced threshold voltage with reduced
surface polarization strength is also calculated. The role of surface polarization is important without the adsorptive ions

considered.
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1. Introduction

The anchoring phenomenon between liquid crystal (LC)
and solid is usually described by the anchoring energy,!!!
which can be seen as an anisotropic part of the interface en-
ergy. The expression of anchoring energy and its physical ef-
fects in the LC cell have been an important content of the LC
surface physics.[?!

Physical reasons for the anchoring phenomenon and its
microscopic mechanism are important subjects.*! Recently,
Yang et al.'¥l have proposed that interface energy should be
seen as the total sum of potentials between molecules of LC
and the substrate surface. They gave out an expression of
the anchoring energy, which turns into an RP formula in the
one-dimensional (1D) case. However, the anchoring energy
may originate from other physical reasons, such as adsorp-
tive ions, surface polarization Py and flexoelectric polariza-
tion P, which induce the effective ahchoring energy on the
substrate surface. The problem of effective anchoring energy
induced by surface polarization or flexoelectric polarization
has aroused the interest of many investigators.>~'#l Although
adsorption ion exists inevitably in the real LC cell, the density
of adsorptive ions is strongly dependent on the clean technol-
ogy and cleaning time for the substrate. For a long cleaning
time the density of adsorptive ions can be ignored. Hence, it is
necessary to study these effects on the nematic liquid crystal
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(NLC) cell when the density of adsorptive ions is ignored.

In this paper, we investigate the physical effects of surface
and flexoelectric polarization on the weak anchoring NLC cell
for the case of ignoring the density of adsorptive ions, and put
emphasis on the contributions of these two polarizations to the
effective anchoring energy. Flexoelectric polarization Pr can

be expressed as!1!

Pr=en(V-n)+e3(Vxn)xn, €))

where e; and e33 are splay and bend flexoelectric coefficients,
respectively, and n is the director of LC. Surface polarization
P, can be induced by many reasons,!!°! in which the order-
electric polarization can be expressed as!!”)

P, =r|(n-gradS)n+ rygrads. 2)

where r; and r, are the order-electric coefficients, and S is the
surface order parameter.

Based on the Frank elastic theory and Egs. (1) and (2),
the expression of the Gibbs free energy G for this NLC cell
can be deduced. It consists of elastic, dielectric, polarization
free energy, and anchoring energy. By calculating the varia-
tion of the Gibbs free energy G under a given voltage U using
the method indicated in Ref. [18], we obtain the differential
equation and the boundary conditions of the director. Then,
the mathematical method to solve this equation with boundary
conditions is given. Furthermore, we obtain the expressions
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of effective anchoring energy gsierr and ggegr for the lower
and upper substrate respectively. We find that the anchoring
strength and easy direction of effective anchoring energy vary
with the applied voltage U no matter what the original anchor-
ing is. For an original weak anchoring hybrid aligned nematic
(HAN) cell, it may be equivalent to a planar cell for small val-
ues of U and has a threshold voltage.

2. Fundamental equations and their solution

We consider a weak anchoring NLC cell with two sub-
strates perpendicular to the z-axis. An external voltage Uis
applied to the cell. Assuming that the director of LC is lim-
ited in the xoz-plane, the tilt angle 0 of the director is only a
function of z. The anchoring energy densities of the lower sub-
strate (placed at z = 0) and upper substrate (placed at z =1) are

s1 =Apsin?(6p— ©))/2 and g = Assin®(6; — @) /2, where
A and A; are the anchoring strengths, 8y and 6; are the tilt
angles of the director, and ®; and 0, are the tilt angles of the
easy direction e; and e; at the lower and upper substrate, re-
spectively.

Suppose that the surface polarizations are Ps; and Pk, for
the lower and the upper substrate, and they arise in very thin
surface layers with thickness values &; and & (8, & <) re-
spectively, i.e., they satisfy the following conditions: Py =0
for z > ) and Py = 0 for z <[ — &,. The total polarization
is P = P+ Py + Py. The dielectric displacement D should
be D =¢  E+Ae(n- E)n+ P, where Ae = ¢/, — ¢ is the
anisotropy of the dielectric constant, €, and €, are the dielec-
tric constants parallel and perpendicular to the director respec-
tively. Because V- D = 0, the z component of the dielectric
displacement, D, = (&, + Aesin® 0)E, + P,, is a constant for
0 <z < 1. The applied voltage can be expressed as

ol ol dZ 1 Pz
U= [Ede=p. [ e @

where g(0) = &, +Aesin® 6.
The total Gibbs free energy per unit area of substrate can
be expressed as

g
G= /0 (felas+fdiel+fpolar) dz+gs1 + gs2, 4)

where felas, faiel» and fpolar denote the free energy density of
elastic, dielectric, and polarization respectively, and can be
expressed as fetas = £ (8) 6°2/2, fuiet = —8 (8) E2/2. frotar =
—PE,, 0'=d6/dz, f(0) = ki cos® @ +ks3sin> 6, ki; and k33
are the splay and bend elastic constants, respectively. Substi-
tuting the expressions of g5 and gy, into Eq. (4), the expres-
sion of Gibbs free energy becomes

2
/fff G,Zdz eff /l PQIZ
2L 21.1 dz T2

0¢(6)

1 /! PSZZZ +el—|—e3 /51 sin26~9’Pled
0

+ = z
2J1-5,8(0) 2 g(0)
e +es;3 /1 sin20 - 6'Py,, 1 .2

+ dz+ =A;sin“ (6 — O

> s 500 A1 (=01

1 .

+ S Aasin® (6, — ), ()

where

(en1 +e33)2 sin® (20)

Jerr(6) 4 g +Aesin’0

—f(0)+

The differential equation and the boundary conditions of
0(z) can be derived by calculating the variation of G for given
voltage U using the method explained in Ref. [18]. Suppose
that 6 (z) is the solution which makes G minimal and then 6 (z)
can be expressed as

0(z) = 6(z2) +né (2), (©6)

where &(z) is an arbitrary function of z, and 1 is a common
variable. Substituting Eq. (6) into Eq. (5), the resulting G be-
comes a common function of 1. According to dG/dN|p—o =
0, we obtain the equation and the boundary conditions of 6(z)

as follows:
lafff( ) 1 2A8$iﬂ29
599 ¢ [feff( 0] =30 e =% @
e1+e3 sin20; ey +e33 Py, sin26;
o (6)) 6] — D '
O T s@)
1
+ EAZ sin2 (6, —@,) =0, ®)
+e3 sin20y ey +e33 P1,sin20y
00)8,— 1" %Sp :
Jett (60) 6 > Peay 5 2 (8)
1
— EAISinz(GO_@l) =0, ©)]

where ) = (d6/dz)g_g,, 6, =
all terms proportional to §; or & by considering that the val-

(d6/dz)g_g,. and we neglect

ues of P; and P have the same order of magnitude and 6; < [,
0, < I. The mathematical progress is presented in Appendix
A. Equations (7)—(9) are the fundamental equations of NLC
cell.

Now we discuss the solution of Eq. (7) with boundary
conditions Egs. (8) and (9). From Eq. (7) if 6’ # 0 we obtain!)

i o Df _
dZ feff(e)e g(e) _07 (10)
then
wn  D?
wir (0)60° — —= =C, 11

where C is a constant, which can be expressed as C =
Feft (60) 6,2 — D2/ g(60) or C = furr(6,)6,> — D2 /g(6)). If 6’ =

D1e 0y, ®, =0, 7/2, then both 6 = 0 and 6 = 7/2 may be the solutions also. For these cases, 0’ =0.
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Oatz=d (0 <d <) and 6; = Bnax, then C can be expressed
as C = —D?/g(Omax). If we put

; 12)

then

de, (13)

where “+” can be determined according to the actual case.
Then 6 can be obtained by integrating Eq. (13).

The concrete expression of M(0) is determined by the
expression of constant C. There are four different cases as fol-
lows:

i) 8’ > 0 for 0 < z < [, the value of 6 is largest and func-
tion O can be expressed as

z= " M(6) de;

6o z

ii) 8’ < 0 for 0 < z < [, the value of 6 is largest and
function 0 can be expressed as

eoM
o D,

i) 0’ >0for0<z<d, 0 <0Oford<z<l,and 8’ =0
at 7 =d, the value of 0 at z = d is the maximum, denoted by
Omax. M (6) can be expressed as

M(0)= \/ Jett (6) 8 (0) g (Bmax) (14)

A€ (sin? Opax —sin*0)”’

and function 6 can be expressed as

9M(0
z= Ld9
6o z
for 0 <z<d, and
0
z:l—/ M(e)de;
0,

1 Z

ford <z<I;

iv) 8’ <0for0<z<d, 0 >0ford <z<I,and 8’ =0at
z=d, the value of 0 at z = d is the minimum, denoted by 8,,;;.
The expression of M () is the same as Eq. (14) and function
6 can be expressed as

6
z:/oM(e)dG
o D

for 0 <z<d, and

% M(6)
z—l—/e —,de

Z

ford <z<I.

3. Effective anchoring energy and their proper-
ties

Equations (8) and (9) can be seen as the balance equations
of “forces” acting on the director at the interfaces. From the
expressions of these “forces”, one can deduce the expressions
of corresponding “potential”. In this way, we may obtain the
expressions of effective anchoring energy.

Equations (8) and (9) may be re-expressed as

— i (6))6] = %Az sin2 (6,— ©,) — @gﬁ;) sin26,
EnTess ;e” %sinZ@, (15)

ferr (60) 6§ = %Alsinz(eo—@w%g%@ sin 26
TS ;e” %smzeo. (16)

By comparing Eqgs. (15) and (16) with the boundary conditions
of the same NLC cell without these two polarizations P; and
P, the effective anchoring energy gger and gsiefr satisfy the
following equations respectively

d 1, . eintess D .
gt (6) = ~Axsin2 (6, — @) — LT 26
aelgskff( 1) 5Azsin (6, —6,) > 20 sin26;

ej1t+es; Py, .

e sin26;, a7

2 g(6) :
d | R elnte3 D
g — ~Asin2(6—0))+ 1T 2
8eogsleff(90) ) 1 81N (9() @1)+ 3 g(90) sin26
P,
e11te3s K $in26p. (18)

2 g(6o)

Therefore, ggyefr and ggiefr can be obtained by means of the
indefinite integral, expressed as

! i e11+e33)D,sin26
St = EAlenz(el—@z)—/( 28291; Lae,
(611+€33)P502 .5 er
e ek (1= e (o)
(19)
Lassi e11 +e33) D sin 6
St = EAIS“’Z(QO_QIH/( : 2;3()905 © 46y
(eri+ess)PS T . 5 eLr
e e (15 me )]
(20)
where r =ry/r,
ds
Psol = r2d7 ,
21=0
and
ds
PO = 2
s2 de _

Note that D, is a function of 6y and 6;, and its expression is
complex (see Appendix B), so that the corresponding terms of

106102-3



Chin. Phys. B Vol. 24, No. 10 (2015) 106102

expressions (19) and (20) are expressed as an indefinite inte-
gral form for the time being.

Now we discuss the effective easy direction e ¢ and epesr
as well as the effective anchoring strength A and Ajerr. We
use ®; and @, to represent the tilt angles of effective easy di-
rection e and epesr respectively. According to Ref. [3], they
can be determined by the following equations:

dg, d%g,
&sleff _ 07 gslzeff N 0; (21)
960 Bp=w; d 60 0=,

dg; 0%g,
8s2eff -0, gs2zeff ~0. 22)
90 g0, 9 oo,

According to Ref. [19], for a small deviation of the director n
from easy direction e, the anchoring energy may be expressed
as g, = Asin? (6 — @) /2, where 6 and o are the tilt angles
of n and e respectively, A is the anchoring energy strength
at the substrate surface. Generally speaking, the anchor-
ing energy may be expressed as g, = ¢ + ¢ sin® (6 — @) +
) sin* (0 — )+ -, where co, ¢y, 2, ...are constants. If the
value of 8 — w is small, the anchoring strength A is equal to
201.

Consider ggefr first. 0 and o in the expression of gg =
Asin? (6 — @) /2 are written as 6) and @, at present. In
this case, by making a variable transformation from 6 to f,
t =sin(6y — ), gsiefr is a function of 7. It can be expanded in
Taylor’s series att = 0 (i.e. 6) = ;) as

8sleff = g316H|’=0+ ag(;;eff t=0
2 .
Zi! d g;;efr t=0[2+...‘ (23)
Because
9gslet _ 98sleft =0
ot =0 890 o=,
and
I’gsterr| _ 9’gsterr
12 —0 89& 90:(017

the effective anchoring strength of the lower substrate can be
expressed as

328s1eff
Aleff = :
leff ae&

; (24)

Bp=0w
meanwhile the second equation in Eq. (21) is equivalent to
Atefr > 0.

Similarly, for ggefr, @2 and A may be solved from the
following two equations:

(9 N
8s2eff —0, (25)
360, |40
2%g,
roif = ol (26)
67 |y o,

and the second equation in Eq. (22) is equivalent to Ajegr > 0.

By using the method stated above, we may obtain the ef-
fective anchoring strength and easy direction. For g, there
are two equations to determine @; and A, i.€.,

agsleff
9860 Bo=0w,
1 . ejptess o . ej] t+e33
= —A;sin2(o — 0)) — BP0 rsin2ey + 23
SALsin (o 1) oag  [si7sin L+ 22 (o)
€
x (D.=Bh + =P sin2ey =0, 27)
Ag
Alefr
_ 328s1eff
aeg Oy=w
= Ajcos2(w; —0)) — %Pﬁrcos%)l
Ag
m {cos 20 — —— sin® 20)1}
g(wr) 2g (o)
€1 0 e +es; . aD,
X (DZ P+ =P )+751n2a)1 =
Ag 2g (1) 900 |g)—,
> 0. (28)

Their solutions are relevant to ®;. As an example, if @ = 0,
equation (27) has three solutions: @; =0, /2, and sin 'Ry,
where

(e11+e33) (Py —D;) —AreL
AjAe — (e +e33)PSO]r

R = : (29)
if0 < R% < 1. For each value of @, the corresponding effec-
tive anchoring strength A ¢ may be calculated from Eq. (24).
The results are shown in Table 1 and the mathematical process
is explained in Appendix B. For the case @] = /2, Aig and
m; can be obtained also (see Table 1).

Adopting the same method, we obtain the tilt angle w,
and the effective anchoring strength A for goesr, see Table 2,
where

o entex (D —PY)—Ax, 30)
2T Aphe+(enn +e33) Por

4. Threshold voltage for weak HAN cell

We have explained the mathematical method to solve
Eq. (7) under the boundary conditions Egs. (8) and (9) in Sec-
tion 2. Now, we consider an original weak anchoring HAN cell
with @) = 0 and ®, = 7 /2. There are four cases discussed in
Section 2. Case iii) and case iv) are more particular, and these
two cases are similar. Thus, we consider case iii). In this case,
6> 0and 6/ < 0, from Egs. (8) and (9) we have

e tess

A —— (P, —D;) >0, 31

1 8(90) (slz z) ( )
e11+e33

Ayp— ——(Pp,— D 0. 32

2 g(9/) (sZz z)< ( )

106102-4



Chin. Phys. B Vol. 24, No. 10 (2015) 106102

Table 1. Effective anchoring strengths and easy directions for ggjefr.

Aler\ @ .
e} 0 /2 sin” 'Ry
Ay 7m<szPfl>] [Al _entes [Dz*PsOl (l+r)}]
. e tes3 o e +es33 . €1 €
Aleff =A1 — ———— A=A+ ——— Alefi = 3
€L g M(L,L) [D P04 Epo }
0 2 &) SH Ae
« (P = D) x [PY (147) - D,] x(D. P1+A Por+av)
. B | )
e11 +e33 el +e33 1l
Attt = —A1 — Aleff = A1 + Aleff = o Te i T I : .
€ £ 11 33(———>[D7—P0+—LPOr]
/2 2 e g /L% LT AT
x (P = D) x[PSOl(Hr)— (D ~ By +—P°r+A1>
Table 2. Effective anchoring strengths and easy directions for ggefr.
Anetf\ @ L
0, 0 /2 sin” 'Ry
. . [_A2+€11+633 D. Psoz][ 611+633 D —PSOZ(H-r)H
e11 +ess €1 Te33
Apeff =Ar— ————  Aper=—Ao+ ————  Apesr = T 3
g m<7_i)[[) _p0+£ip0}
0 2 & EH $2 A€
0 0 0 0
x (D.—PY) x [D.—PY (147)] x (Do~ Py + A—8P52r+A2)
{Aer entes (Dz ,p?z)} [*Az _entes [Dz ,})?2 (1 +r)]]
_ el +e33 _ el +e33 _ €L ) g |
Ageff = Ay — ————  Apeff =Ar+ ————  Agefi = 3
&) g 31I+€33(L7i) [D 7P0+ P() }
/2 D) € SH T2 T Al 2l
x (D.—PY) « [D—PY (147)] x (D P2+A LPYrt4r)

If equations (31) and (32) hold for 0 < z <[, these two
equations mean that the two effective anchoring strengths are

e11+e33
Atetr =A) — ——= (P = D;) >0, (33)
e11 t+e3;3
Aneff = —As + e (P —-D;) >0, (34)

and the tilt angles of the easy direction ejs and esesr of the
effective anchoring are @; = 0 and @, = 0, as stated in Sec-
tion 3 ( see Tables 1 and 2). This is to say, the original HAN
cell is equivalent to a planar cell in this situation.

Now we return to discuss the conditions Egs. (33) and
(34). Several quantities PSOl , Psoz, and D;, are represented as

PO =r g Po=r E
! ? dz z=0’ . ? dz z=l’
U+U, ej1+es3. g(0)
D, = U,=———1
Cd T e " (80)
’¢(0)
Equations (33) and (34) may be rewritten as
(el] +633)2 1 dS e|1 +e33 U
Aleff = A+ ———— — —_—
feff 1+ 6e| S dz 72=0 € fl dz
?¢(0)

(e11+e33) Ing (6;) —Ing ()

e ae fliz >0, (35)
0¢(6)
Aot = —Ay— (611 +€33) 1 dS el +e33 U
6€; S dz € f’ﬁ
0]
_ (e11+e33)* Ing (6,) —Ing (60) S0 (36)
2¢e| Ae f,iz
0¢(6)

According to Ref. [6], 2 = —(ej1 +e33)/6S ,and r =r| /1y =
—3. From Eq. (36) we see that the case [dS/dz],-; <O
is favourable, which means that it should be PSO2 > 0 for
e11 +ex3 >0, and P < 0 for ey +e33 < 0. If these equa-
tions hold for a small value of U (up to U = 0), then there is a
threshold voltage for this cell.
Substituting Eq. (14) into Egs. (8) and (9), the boundary
conditions can be re-expressed as
e11t+e33

1
2 (A‘ " (@)

-D {feff(eo) _e11+e33sin26p
L M(6) 2 g(6o)

Pslz) sin26

(37

b
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1 (e11+es3 .
— | ———Pp,.—A 20
3 ( g(91) $2z 2) s 2o,
fere (61) . ern+e33 Sinzez}
- D (38)
Z{ M(6) 2 g(o)

In order to calculate the threshold voltage, we take a trans-
formation sin & = sin 6/sin Op,x. The threshold voltage Uy,
may be obtained from Egs. (14), (37), and (38) by using

2(a1 —ep1 —ar+ep>) Tu,

the condition Bp,x — 0. Introducing some reduced param-
eters: reduced voltage u = U/ n\/lm, reduced thresh-
old voltage uy, = Uy /7 \/Im, reduced anchoring strength
ay = A1l/2ky1, ay = Ayl/2ky, reduced flexoelectric coeffi-
cient e = (e11 +e33)/vk11€1 and reduced strength of surface
polarization p; = P%1/2\/ki1€, and pr = P41/2\/ki1€, the
reduced threshold voltage can be expressed as

(39)

tan (Tug, ) =

& S
(1 — —Lez) (ﬂuth)z P (a1 —ep1+ax —eps) Tugm +4 (a1 —ep1) (a2 —ep2)

A€ A€

According to Eq. (39), we calculate the dependences of
the reduced threshold voltage uy, on the surface polarization
strength p; under different parameters. The results are shown
in Fig. 1. The material parameters of LC are kj; = 13.2 pN,
k33 = 18.3 pN, and Ae = 4.8. The thickness of the NLC cell
is /=10 um.

0.78

Ae=4.8 =10 pm

0.76

0.74

U

0.72

0.70

PR R N TR S NAU RRU I Y
02 0 02 04 06 08 1.0 1.2 1.4 1.6
P

0.68

1.47+
1.46+

1.45} (b)

Uiy

1.441+

1.43F Ae=4.8 [=10pm

L L L L L L L
02 04 06 0.8 1.0 1.2 14 1.6
P

L
—0.2 0

0.615

0.610
0.605
0.600
0.595 (c)
0.590 -
0.585
0.580F Ae=4.8 [=10pum
0.575

Uy

E) 0‘.1 O‘.2 0‘.3 0‘.4 0‘.5 O‘.6 0‘.7 0‘.8 0.9

D1
Fig. 1. Variations of the reduced threshold voltage ug with the re-
duced strength of surface polarization p; under different parameters:
(@) ey +e3 = —45x 1071 C/m, P% = —2.0 pC/m?, A; = 1.0 x
1073 J/m?, Ay = 1.0 x 107 J/m?; (b) ej| +e33 = —4.5 x 10~ C/m,
P% =029 pC/m?, A; = 4.0 x 1073 J/m?, A, = 1.0 x 107> J/m?; (c)
e1 +e3 =45x 107" C/m, P = 8.0 uC/m?, A; = 4.0 x 106 J/m?,
Ay = 1.0 x 107 J/m?.

\
5. Effective anchoring strength and correspond-

ing easy direction for weak HAN cell

Now, we continue the discussion of the original weak
anchoring HAN cell.
Agesr as well as @) and @, with different values of U by us-

We calculate the values of A and

ing Egs. (7)—(9). About the measurement of the flexoelectric
coefficient, different research groups have been done using
different methods.?>2* Even for the same kind of LC ma-
terials, the value of flexoelectric coefficient is not the same.

2326 have proved that the flexoelectric

However, Castles et al.!
coefficient in NLC has a clear fundamental limit to the con-
ventional order of magnitude of 10! C/m from conservation
of energy considerations. On the selection of surface polar-
ization, we adopt the measurement value given in Ref. [27].
In order to put emphasis on the effects of two polarizations,
especially the surface polarization, we adopt three sets of
parameters in calculation: (i) e;; +e33 = —45 pC/m, A| =
1.0 x 1073 J/m?, A, = 1.0 x 107 J/m?, and P} = 7.3 uC/m?,
P% = —2.0 uC/m?; (ii) e11 + e33 = —45 pC/m, A = 4.0 x
1073 Jm?, A = 1.0 x 107° J/m?, and P§ = 0.73 pC/m?,
P% =0.29 uC/m?; (iii) er1 +e33 = 45 pC/m, A} = 4.0 x
1076 J/m?, Ay = 3.5 x 107® J/m?, and P§ = —7.3 uC/m?,
PSO2 = 8.0 uC/m2. The results are shown in Figs. 2 and 3.

From these figures, we see that

1) For a small value of U, if the magnitude of surface po-
larization is suitable, the case both w; =0, @, = 0 or 7/2 may
occur. Then the original HAN cell turns into a planar cell or
homeotropic cell effectively, which is similar to the conclu-
sion presented in Ref. [13]. However, if w; =0, o, = 7/2 or
®, = 1w/2, an = 0, the cell remains an HAN cell.

2) For a certain value of U (in a certain interval), @; (or
@) equals a certain definite value (not including 0 and 7/2),
then the effective anchoring of this substrate has a pretilt angle
and its maximal value is close to 42° in the cases concerned
by these figures above.

3) For a large value of U, if e1] +e33 > 0, we have @; =0
and @, = /2, then it remains an HAN cell, in which the effec-
tive anchoring strengths A and Ajegr grow up linearly with
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U. However, if €11 +e33 < 0, we have @, = 0 and @) = /2.
Although the cell remains an HAN cell, it seems that the upper
and the lower substrate are placed upside down. The effective
anchoring strengths A s and Apefr also grow up linearly with
U.

These results can be directly obtained from Tables 1 and
2 in Section 4. In spite of planar or homeotropic anchoring
of a substrate, the effective anchoring may be either planar or
homeotropic, or has a pretilt angle especially the magnitude of
surface polarization and the value of U are suitable. It means
that surface and flexoelectric polarization change the anchor-
ing property of the substrate to produce the effective anchoring
energy. Essentially, the influences of surface and flexoelectric
polarization on the anchoring property of the substrate in a
weak anchoring HAN cell are due to the director deformation
of the surface of the substrate. So that, these two polariza-
tions should be considered when investigating the anchoring
property of the substrate in detail.

2.5
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==} ot

o
o

Air/107°J-m™?

A/1075J-m ™2

= O = N W ke O O N
T 4

0 05 10 15 20 25 30 35
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Fig. 2. Variations of the effective anchoring strength with applied volt-
age. The material parameters of LC are kj; = 13.2 pN, k33 = 18.3 pN, are
Ag = 4.8. The thickness of NLC cell is / = 10 um. Panels (a), (b), and
(c) correspond to the three sets of parameters respectively, as given in the
text.
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Fig. 3. Variations of tilt angles of the effective anchoring with applied
voltage. The material parameters of LC are kj; = 13.2 pN, k33 = 18.3 pN,
and Ae = 4.8. The thickness of NLC cell is / = 10 pm. Panels (a), (b), and
(c) correspond to the three sets of parameters respectively, as given in the
text.

6. Conclusions and discussion

In this paper, we derived the concrete expressions of
the effective anchoring energy. Both the effective anchoring
strength and the corresponding easy direction are related to the
magnitudes of two polarizations as well as the applied voltage.
This result is obtained in the case of ignoring the adsorptive
ions of the substrate surface. That is to say, the surface po-
larization may make a contribution to the effective anchoring
energy, even in the absence of adsorptive ions, by reason that
there is flexoelectric polarization.

In a factual problem, there exist not only surface and flex-
oelectric polarization but also the adsorptive ions. In this case,
the energy term contributed by adsorptive ions as mentioned
in Refs. [5], [6], and [8], should be added to the Gibbs free

energy. Therefore, our work should be generalized.
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Appendix A

Substituting Eq. (6) into Eq. (5), one can obtain

.[ , .[
lééﬁﬁaazédz+/_ﬂHW)05ﬂz

02 06

1 Uk /As:stGé Uit OUesr

2 dz P @ T e P g
JO () Og(e)

1 51 a Pﬁzlz 2

+5/0 g(e gdz+2/ | g

611+e33 i Py1,sin26 Py;sin26 _,

o e ]9“ ORIt

€]1+€33/ { d |:P521S1n29:| Py, sin260 ,}

+ ——— |0+ ———E&" »d
> slae| g |0 g o "

1 1
—|—§A|SinZ(Go—("D])&)—FEAQSinZ(G[—@2)51 =0. (A1)

Some terms in Eq. (A1) can be denoted as the following

form
Ut e“+e33{sin26, sin26; }
~ — , A2
S 2 s sy O
)
/Ofeff( 6'6'dz = ferr (6 95‘0
/ S lm(@)0]edz @y
5 Py,sin26 ., Py1,sin20
S ey = R
/o 8 %7 T e® ‘50
5 9 [Py,sin20
AR i
/‘1 PsgzsinZOé,d Py, sin26
f2e8mM28 ) DozSnZ0
A 1C) g(0) s,
' 9 [Py,sin20
- 2 2E T Edy, (AS
Rl
5 9 | P, Jd | P,
| 55 66 g | e @
0=6,
L9 | P, J | P}
— [ dz~ — | 3% 8E;. A7
Js90 L(e) BT L«e) A

Substituting Eqs. (A2)-(A7) into Eq. (A1), equation (7) and
boundary conditions (8) and (9) may be obtained. Here, some
terms proportional to &; or &, are ignored because they are
very small compared with the other term. The reasons are as
follows.

This term containing J; can be written as

LN T S
26 |8(0) |, o
2P, (P rsin26y)  PA, Aesin26
= - 5. (A9)
g (60) g (60)

Comparing it with the term (e + e33)/2- (Ps1,8in26p) /g (6p),
we can obtain

J slz

= 1

96 | 5(6) 0-0, :2P501r PA.Ae/g(60) &

e11 +e33 Py, sin26; el +e33 E
2 g(6o) 21

P2

(A9)

in which the term (9/96)[P;./g(0)],_, 61 may be
neglected with respect to the term [(e11+e33)/2]-

[(Ps128in26)) /g (60)], and the term (9 /96) [P, qzz/g( )] o—6, &
may also be neglected compared with the term (e + e33) /2] -

[(PSZZ sin2(—);)/g (9[)}
It is very notable that the rigorous expression of Uggr is

given by

Ut = U+

er+e3. g(6) /51 P,
In + Z
2Ae  g(6y) Jo g(6)

! PsZz
+ / dz
-5, 8(0)

the latter two terms in Eq. (A10) are ne-

(A10)

However,
glected when deducing the fundamental equation. It
these two terms are considered, the boundary conditions
should increase two terms D;(d/d6)[P:/g(0)]g_g, 61 and

D:(9/08)[P:/g(0)]g—g 6 additionally. Taking the term

D;(9/90)[Ps1:/g(0)]g_g, 61 for example, comparing it with
the term [(e11 +e33)/2]- D,

d {Pslz ]
D,— 1
700 [g(0)]g_g,  Por— glzAg/g(@o)ﬁ (ALl
el +es; _ sin20p e11t+e3;3

2 “ g (60) 21

So the term D:(d/d0) [P1:/8(6)]g_g, 61 may be neglected.
Similarly, the term D,(9/00) [P2./g(0)]g_g, 6> may also be
neglected.

-[sin26p/g (6p)], we can obtain

Appendix B
B1. Function D, of 6y and 6,

According to the constant C for both upper and lower sub-
strates, we have

, 2 ; D?
. 2 b4 . 2 z
Jetr (60) 65 2(60) = ferr (67) 6, Ik (B

Substituting the boundary conditions Egs. (8) and (9) into
Eq. (B1), we have

esin26 esin26y
Dz_ PSlZ
g(60) \/ feir (60) 2(60) \/ fer (60)
1 A
_i_fi
2/ fesi (60)
esin26;

_ esin26; D.—
2OV (8) © g(0) /e (B)

2
sin2(90 —@1)}
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B2. Expression of Ajeg for wy =sin"' R,

| —

2
A )
——sin2 (6, — O
2 ey " 2%

 g(8)—g(60)

For ®; = 0, equation (27) can be simplified into

2
=0, (B2)
g(6o)g(6) ° 2e .2
where e = (e1] + e33)/2. Introducing the follow- At oD g () (D: — Py +Pyrsin 6) =0, (B3)
ing quantities: A; = esin26y/(g(60) / ferr (60)), A2 =
esin20,/(g (6;) \/ ferr (61)), and equation (B2) can be simplified into
_ 8(6)—g(6o)
g(60)g(6r) ’ sin%26, e 1 2
: = (D.—PY% — P’ rsin 6, —i—Al}
T = —LZGOPSIZ Sll’l2 60 —@1) feff(BO) {g(e()) ( : ! ! ) 2
8(60) \/ fett (60) 2\/ Jett ( sin?26; e 0 0 .2 1 2
and — feff(el) {g(@l) (DZ—PSZ—PserIH 9])—2A2}
esin26; 1 Ay .
oo o2, LA g6y, g(B)—g(6)
g(8)Vfur (8) " 2/ fer (81) s(60)g(6) =Y (6)

equation (B2) can be simplified into the following form:

(112 — 7%2 _ G) Df +2(MT — A1) D, + (712 — 722) =0. (B3) l;rgm Egs. (24) and (28), we need to know the expression of
z to obtain the expression of A1¢ for 0; = sin”'R;.

From Eq. (B3) the expression of D, is obtained as 20y lop=w,
— (M7 —An)+ \/(llrz —n)+o (t3 —13) A 890 oo first by using
D= pE B gy )
\
dD, D,;Ag sin @
= _ . B7
96y (B7)

fo=0, 1 sin26; 1 )
2{(ﬂ% o) = e ﬂ@>g@M}gmﬂ

Equation (B7) contains 6;, which can be determined by the following equation obtained by using Eqgs. (B5) and (B6) for
6y = w;:

sin® 26 e 0 p0. .2 1 }2 g(6)—g(wr) »
D.—PY — P 0)— -4y — SR B8
ﬁﬂ%{ﬂ%< 2= Parsin®6) = pd2 0 == oS @) ®3)

Substituting Eq. (B7) into Eq. (28), the expression of A for @0 = sin~! R| can be obtained as

e|t+es e;te3
Al—ﬁ(ﬂ%—Dz)] {Al— e [Ps01(1+r)—Dz]}

A =
leff e1+e3 i 1 {D 0 +7 0 }2
2 €| SH sLY Ae s1”

(D e 1r+A1), (B9)

A

where
D,

(@) esin20, [g(m) [(g(@) 7]
2 [(8(91) _])i g(6) '\ fer(6)) (g(el) _1) ]

The selection of the sign of “+” should make A | minimum and A e > 0.

A = (B10)

B3. Expression of Agg for @ = sin"! R,

Adopting the same method to solve the expression of A s for @w; = sin~! R, the expression of Aefr for @ = sin 'R, can
be obtained as

e11+e3;3 e11+e33
A (Dz—Pst)] [AZ— T [D:— Py (1 +r)]]

Ageft =
ei1tess [ 1 1 |: 0 2
— | ——— | |D; —P° —P }
2 <8L 8”> z 2+A 2"
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where

D
= z 72 (B12)
(g(wz) B 1) | esin26 | g(w) (8((02) B 1)
(o) g(60) \/ fetr (60) \ g(60)
The selection of the sign of “4”" should make A minimum and Ajegs > O.
D D
Note that A; or A, may be seen as a modification of A or Ager due to z 0 or z =# 0. However, we
390 Oy=w 891 91:(02

find that this modification is so small (the value is only on the order of 10~3) that it can be neglected.
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