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Dynamics and stabilization of peak current-mode controlled buck
converter with constant current load∗
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The discrete iterative map model of peak current-mode controlled buck converter with constant current load (CCL),
containing the output voltage feedback and ramp compensation, is established in this paper. Based on this model the com-
plex dynamics of this converter is investigated by analyzing bifurcation diagrams and the Lyapunov exponent spectrum. The
effects of ramp compensation and output voltage feedback on the stability of the converter are investigated. Experimental
results verify the simulation and theoretical analysis. The stability boundary and chaos boundary are obtained under the
theoretical conditions of period-doubling bifurcation and border collision. It is found that there are four operation regions in
the peak current-mode controlled buck converter with CCL due to period-doubling bifurcation and border-collision bifur-
cation. Research results indicate that ramp compensation can extend the stable operation range and transfer the operating
mode, and output voltage feedback can eventually eliminate the coexisting fast-slow scale instability.
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1. Introduction
Complex dynamics and nonlinear phenomenon, in-

cluding low-frequency oscillation,[1,2] period-doubling
bifurcation,[3,4] Hopf bifurcation,[5,6] border collision bifur-
cation and chaos,[7–12] exist extensively in switching DC-DC
converters which can be regarded as nonlinear time-varying
systems, and have a great influence on their performance.
Therefore, it is of great significance in both theoretical re-
search and engineering application to investigate the nonlinear
phenomenon and the way to stabilize the converters.

The current-mode controlled converters have been widely
studied and used due to their fast responses to input variation
and easy-to-limit currents.[13] Recently, the dynamical behav-
iors of current-mode controlled converters with resistive load
have been reported by establishing discrete iterative map mod-
els and cycle-by-cycle simulation.[14,15] The period-doubling
bifurcation and border collision in the second-order switching
converter were revealed, which is meaningful for dynamics
analysis.[16] For the sake of making converters in stable oper-
ation, adding ramp compensation to the feedback control cir-
cuit is an efficient way which has received increasing attention.
Based on the piece-wise smooth model of the switching con-
verter, the equations of state transition were derived and the
dynamics with ramp compensation were studied.[17] The nor-
malized mapping models of switching converters with ramp
compensation were also established in order to illustrate the
existence of three operation regions in parameter space.[18,19]

It was reported that the ramp compensation has an influence on
the stabilities and operation-mode shifts of converters.[20] Cur-
rently, lots of researches have been carried out on converters

with ramp compensation where the output voltage is consid-
ered as a constant voltage source,[17–19] which can reduce the
second-order system to the first-order system, however less at-
tention is paid to the second-order converters with ramp com-
pensation relatively and the influence of voltage feedback loop
on their stabilities is ignored.

Switching DC-DC converters with constant current load
(CCL) have a potential application in lighting emitting
diode (LED), becoming an important research topic.[21,22]

At present, there are a few researches of switching convert-
ers with CCL. The unique fast-slow scale instability under
current-mode control without output voltage feedback is in-
vestigated in the converter with CCL[23,24] and verified theo-
retically by the eigenvalues of the Jacobian,[25] without dis-
cussing the stabilization or stable control of them.

In this paper, we take the peak current-mode controlled
buck converter with CCL as a research object, adding ramp
compensation and output voltage feedback to the converter,
deducing the piece-wise smooth model and discrete iterative
map model with two borders, exploring the complex dynam-
ics of this converter and how the slope of ramp compensation
and the proportional coefficient of outer voltage loop affect the
stabilities.

2. Discrete iterative map models of peak
current-mode controlled buck converter with
CCL
A peak current-mode controlled buck converter with CCL

is shown in Fig. 1, where the buck converter consists of an in-
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put voltage source E, a CCL Io, a switch ST, a diode SD, an in-
ductor L, and a capacitor C. The peak current-mode controller
contains an inner current loop and an outer voltage loop, where
the control pulse is obtained by comparing the inductor current
iL with reference current iref, which is composed of a constant
current Iref, a ramp compensation current, and the output volt-
age feedback. To maintain the order of the system, an error
amplifier with the proportional component is considered in the
output voltage feedback loop, where k is the proportional co-
efficient.

L
ST

E SD C
vC vo

iL

Vref
Iref

mc

Io

ir

iref

k

clock

comparator

R

latch

S

Q

iL

Fig. 1. (color online) Buck converter with CCL under peak current-mode
control.

The operation principle of the system can be briefly de-
scribed as follows. The flip–flop latch is set at the beginning
of each switching cycle by the clock signal and the switch ST

is turned on. When the inductor current iL increases linearly
to the reference current iref, the switch ST is turned off and
the inductor current falls linearly until the end of the current
switching cycle. If the inductor current iL drops and remains
zero during the off state of ST, the converter operates in dis-
continuous conduction mode (DCM), otherwise in continuous
conduction mode (CCM).

There are three switch operation states in the peak
current-mode controlled buck converter with CCL. The dy-
namic equations can be obtained by defining the iL and vC as
state variables.

In state 1, ST is on and SD is off. The dynamic equations
are derived as follows:

diL
dt

=
1
L

E− 1
L

vC, (1)

dvC

dt
=

1
C

iL−
1
C

Io. (2)

In state 2, ST is off and SD is on. The equations are given
as follows:

diL
dt

=−1
L

vC, (3)

dvC

dt
=

1
C

iL−
1
C

Io, (4)

In state 3, ST is off and SD is off. The equations are given as
follows:

diL
dt

= 0, (5)

dvC

dt
=− 1

C
Io. (6)

It contains the first two states when the converter operates
in CCM, while in DCM, states 1–3 are involved and repeated
periodically. From the dynamic equations of the converter we
can see that the system is nonlinear and piecewise smooth,
which makes it difficult to investigate the dynamics of the con-
verter directly. By sampling synchronously for the inductor
current and capacitor voltage at the beginning of each switch-
ing cycle, the discrete iterative map model can be derived.

The values of inductor current and capacitor voltage at the
beginning of the n-th cycle and (n+1)-th cycle are assumed to
be in, vn, in+1, and vn+1, respectively. With the variation of cir-
cuit parameters, two borders Ib1 and Ib2 of the inductor current
are defined in discrete state-space, as shown in Fig. 2. When
in = Ib1 and in+1 = iref, it is shown in Fig. 2(a) that the switch
ST is on during the whole period, indicating that the inductor
current remains increasing. When in = Ib2 and in+1 = 0, fig-
ure 2(b) reveals that the inductor current rises at first and falls
to zero at the end of the period due to the off-time td .
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Fig. 2. Two boundaries of inductor current: (a) in = Ib1, in+1 = iref; (b)
in = Ib2, in+1 = 0.

The two borders of the inductor current can be solved ap-
proximately from Fig. 2 and Eqs. (1)–(6) as follows:

Ib1 = iref−
(E− vn)

L
T, (7)
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Ib2 = iref−
(E− vn)

L
(T − td) , (8)

where T is the switching period and iref is given by

iref = Iref−mcT + k (Vref− vn) . (9)

Here, mc is the slope of the ramp compensation current and
Vref is the reference voltage.

If in ≤ Ib1, the switch ST keeps the on-state throughout
the switching cycle and the converter just operates in state 1.
The stroboscopic map can be written as follows:

in+1 = (in− Io)cosωT −ωC (vn−E)sinωT + Io, (10)

vn+1 = (vn−E)cosωT +ωL(in− Io)sinωT +E, (11)

where ω = 1/
√

LC.

If Ib1 ≤ in ≤ Ib2, the converter operates in state 1 and
state 2 within one switching cycle. After the on-time inter-
val tn of the switch ST, the inductor current iL rises to iref, and
then ST is turned off until the end of the switching cycle. The
iterative map is described by

in+1 = c1 cosω (T − tn)+ c2 sinω (T − tn)+ Io, (12)

vn+1 = vc (tn)cosω (T − tn)+ωLc1 sinω (T − tn) , (13)

where tn = ((iref− in)L)/(E− vn), vc (tn) = (vn−E)cosωtn+
ωL(in− Io)sinωtn +E, c1 = iref− Io, and c2 =−vc(tn)/ωL.

If Ib2 ≤ in, the inductor current will rise at the beginning
and drop to zero before the end of the switching cycle. The
iterative map is given as

in+1 = 0, (14)

vn+1 = vc(tn + td)−
Io (T − td− tn)

C
, (15)

where

vc (tn + td) = (vn−E)cosω (tn + td)

+ωL(in− Io)sinω (tn + td)+E

and td = Liref/vc(tn).

3. Dynamics analysis
3.1. Analysis of bifurcation behaviors

Bifurcation behaviors of peak current-mode controlled
buck converter with CCL can be analyzed with the change
of circuit parameters on the basis of a discrete iterative map
model. The current load Io and input voltage source E have
important influences on the performance of the converter, each
of which should be taken as a bifurcation parameter. Adopting
circuit parameters k = 0.2, E = 9.6 V, Iref = 1.2 A, Vref = 6 V,
C = 100 µF, L = 250 µH, mc = 0 and T = 50 µs, and taking Io

as the bifurcation parameter which varies from 0.5A to 1.3A,
the bifurcation diagram of the inductor current is demonstrated

in Fig. 3(a) and the corresponding Lyapunov exponent spec-
trum is shown in Fig. 3(b).

As can be seen from Fig. 3, the orbit of the converter is
transferred from steady period-1 state to subharmonic oscilla-
tion (period-2 state) with the decreasing of Io due to period-
doubling bifurcation at Io = 1.024 A, in the meanwhile the
corresponding Lyapunov exponent goes up from negative to
zero. Border collision appears at Io = 0.965 A when the in-
ductor current reaches the border Ib1, while the Lyapunov ex-
ponent rises from a negative value to a positive value, making
the converter present in a robust and chaotic state, which can
be called CCM robust chaos. For the further decreasing of Io,
the inductor current reaches border Ib2 around Io = 0.833 A,
and multiple periodic windows emerge from the bifurcation
diagram and manifest weak chaos, which can be called DCM
weak chaos. The corresponding Lyapunov exponent varies be-
tween a negative value and a positive value alternatively due
to the existence of some multiple periodic windows. From the
analysis above, it is shown that the converter operates in CCM
robust chaos in a range of Io = 0.833 A–0.965 A, and operates
in DCM weak chaos in a range of Io = 0.5 A–0.833 A.
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Fig. 3. (color online) (a) Bifurcation diagram and (b) Lyapunov expo-
nent spectrum varying with Io.

The above analysis method can also be used in the case
where E is taken as the bifurcation parameter. By fixing
Io = 0.74 A, the inductor current bifurcation diagram can be
obtained and shown in Fig. 4(a) with E changing from 8.5 V
to 13.5 V, and its Lyapunov exponent is displayed in Fig. 4(b).

100504-3



Chin. Phys. B Vol. 24, No. 10 (2015) 100504

i
n
/
A

1.5

1.0

0.5

0

0.4

0.2

0

-0.2

-0.4
9 10 11 12 13

E/V

(b)

(a)
L
y
a
p
u
n
o
v
 e

x
p
o
n
e
n
t

Ib2 border collision

Ib1 border collision

period doubling

9 10 11 12 13

E/V

Fig. 4. (color online) (a) Bifurcation diagram and (b) Lyapunov expo-
nent spectrum varying with E.

When the input voltage source E is reduced eventually
to 13.32 V, the converter is driven to operate in subharmonic
oscillation via losing steady period-1 state due to period-
doubling bifurcation. As E decreases approximately to 11.1 V,
the converter enters into CCM robust chaos due to the border
collision with the border Ib1. The buck converter with CCL
exhibits weak chaos in DCM when the border collision with
border Ib2 takes place at E = 10.09 V. The corresponding Lya-
punov exponent is consistent with the bifurcation diagram, il-
lustrating the same dynamical behaviors for a certain range
of E.

3.2. Stabilization with ramp compensation and output
voltage feedback

The ramp compensation and output voltage feedback
have obvious influences on the stability of the peak current-
mode controlled buck converter with CCL. Based on dis-
crete iterative map model, dynamical behaviors with differ-
ent slopes of ramp compensation can be analyzed to explore
the effect of the ramp compensation on the stabilization of the
converter. Taking Io as a bifurcation parameter, the bifurcation
diagram under mc = 1000 and mc = 6000 can be acquired and
shown in Fig. 5.

It can be observed from Fig. 5 that the period-doubling
bifurcations occur at Io = 1.154 A when mc = 1000 and at
Io = 0.904 A when mc = 6000 respectively. The orbit of
the converter has a transition from robust chaos in CCM to
weak chaos in DCM, which emerges at Io = 0.785 A when
mc = 1000, as shown in Fig. 5(a), while the converter enters
into the DCM periodic state at Io = 0.583 A from DCM weak
chaos occurring at Io = 0.59 A when mc = 6000 as shown

in Fig. 5(b). Comparing Fig. 3 with Fig. 5, it is apparent to
find that the points of period-doubling bifurcation and border
collision bifurcation move leftwards with adopting the ramp
compensation, which extends the stable operation region of
the converter. Moreover, the area of DCM weak chaos be-
comes narrower with increasing the slope of the compensation
ramp.
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Fig. 5. (color online) Bifurcation diagrams with variation of Io under
mc = 1000 (a) and 6000 (b).
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Keeping E = 9.7 V, Io = 0.8 A and mc = 0, we can obtain
its bifurcation diagram and the corresponding Lyapunov expo-
nent when the proportional coefficient k varies from 0 to 0.4 as
shown in Fig. 6. The fast-scale accompanied by slow-scale os-
cillation occurs in a narrow range from 0 to about 0.03. With
further increasing the value of k, the converter exhibits fast-
scale subharmonic oscillation and enters into CCM chaos at
k = 0.07. At the same time, the Lyapunov exponent just turns
into a positive value.

Taking E as the bifurcation parameter with using the same
circuit parameters as those in Fig. 6, the inductor current bi-
furcation diagram can be described in Fig. 7 under different
values of k for the further study of its influence on the stability

of the converter. To make it more specific, the proportional co-
efficient in the voltage feedback loop can be set to be 0, 0.02,
0.03 and 0.06 respectively.

Comparing Fig. 7 with Fig. 4(a), it is found that the ar-
eas of fast-scale and slow-scale subharmonic oscillation exist
without the output voltage feedback. The region of slow-scale
(low-frequency) oscillation can be gradually removed by in-
creasing k, and then the converter behavior is described with
a new bifurcation diagram without slow-scale oscillation (see
Fig. 7(d)). Another phenomenon that can be obviously ob-
served from Fig. 7 is that the point of losing stability shifts
leftwards slowly, which demonstrates that the stable region
can be broadened for a certain range of k.
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Fig. 7. (color online) Bifurcation diagrams varying with E under k = 0 (a), 0.02 (b), 0.03 (c), and 0.06 (d).

4. Time-domain simulation
To verify the analysis results above, different values of

k and mc are selected for cycle-by-cycle simulation by Mat-
lab software. Time-domain simulation waveforms and phase
portraits of the converter are depicted by the Runge–Kutta al-
gorithm via adopting a piecewise smooth switching model.

When E = 14 V and other parameters are the same as
those in Fig. 7, let k = 0, k = 0.02 and k = 0.06 respectively,
the inductor current iL values and phase portraits (in the iL–
vo plane) of the peak current-mode controlled buck converter
with CCL are shown in Fig. 8.

Comparing Fig. 8(a) with Fig. 8(b), it can be seen that

fast-scale and low-scale oscillation phenomenon are trans-
ferred to subharmonic oscillation by using relatively small
proportional coefficient k. It can be seen clearly that the con-
verter is stable with k = 0.06 while subharmonic oscillation
exists with k = 0.02, which are consistent with the bifurcation
diagram in Fig. 7.

Fixing E = 12 V and k = 0, the time-domain waveforms
of inductor current iL can be obtained as shown in Figs. 9(a)–
9(c) with different slopes of compensation ramp, i.e., mc =

1000, mc = 2000, and mc = 6000, while figures 9(d)–9(f) show
the waveforms when k = 0.2 at the mc values of 1000, 2000,
and 6000, respectively.
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Fig. 8. (color online) Time-domain waveforms of inductor current and phase portrait in iL–vo plane at k = 0 (a), 0.02 (b), and 0.06 (c).
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Fig. 9. (color online) Time-domain waveforms of inductor current with (a) k = 0 and mc = 1000; (b) k = 0, and mc = 2000; (c) k = 0 and mc = 6000; (d)
k = 0.2 and mc = 1000; (e) k = 0.2 and mc = 2000; (f) k = 0.2 and mc = 6000.

A comparison among Figs. 9(a)–9(c) shows that the adop-

tion of ramp compensation can eliminate both fast-scale ac-

companied by slow-scale oscillation and subharmonic oscilla-

tion. Moreover, the bigger the mc, the better the results are.

Comparing Fig. 9(a) with Fig. 9(d), it is shown that under the

same mc, the converter with a proper output voltage feedback

seems to have a better performance due to its influence on

slow-scale oscillation. The same conclusion is also inferred

by comparing Fig. 9(b) with Fig. 9(e).

5. Experimental verification
The experimental set-up is built with the same circuit pa-

rameters as those in the simulation analysis for verifying the
simulation results of the stabilization in the peak current-mode

controlled buck converter with CCL, by adding the ramp com-
pensation and the output voltage feedback. The experimen-
tal results are shown in Fig. 10, in which Figs. 10(a), 10(c),
and 10(e) show the waveforms of inductor current when k = 0
with different slopes of compensation ramp, i.e., mc= 1000,
2000, and 6000, while Figs. 10(b), 10(d), and 10(f) display
the waveforms when k = 0.2 at mc = 1000, 2000, and 6000
respectively. It is concluded that the fast-scale oscillation ac-
companied by slow-scale oscillation and subharmonic oscilla-
tion can be eliminated gradually with increasing the value of
mc, while the adoption of a proper output voltage feedback can
wipe off the slow-scale oscillation as indicated by the wave-
forms in Fig. 10, which agree well with the simulation results
shown in Fig. 9, verifying the correctness of the theoretical
analysis.
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Fig. 10. (color online) Experimental waveforms of inductor current under (a) k = 0 and mc = 1000; (b) k = 0.2 and mc = 1000; (c) k = 0 and mc = 2000;
(d) k = 0.2 and mc = 2000; (e) k = 0 and mc = 6000; (f) k = 0.2 and mc = 6000.

6. Boundary analysis
Assuming xn = [in,vn] and xn+1 = [in+1,vn+1] to be the

sampling values of state valuables at nT and (n+1)T respec-
tively, the fixed point XQ = [I V ]T can be solved by making
xn+1 = xn = XQ while the Jacobi matrix around the XQ can
be deduced under the discrete iterative model and shown as
follows:

Jn (XQ) =

[
J11 J12
J21 J22

]
, (16)

where J11 = ∂ in+1/∂ in, J12 = ∂ in+1/∂vn, J21 = ∂vn+1/∂ in,
and J22 = ∂vn+1/∂vn.

If in ≤ Ib1, the elements of the Jacobi matrix are ex-
pressed as follows: J11 = cosωT , J12 = −sinωT/Lω , J21 =

ωLsinωT, and J22 = cosωT .
If Ib1 ≤ in ≤ Ib2, the elements of the Jacobi matrix are

expressed as follows:

J11 = C1C3 sinω (T − tn)−C2C3 cosω (T − tn)

−C4 sinω (T − tn)
ωL

,

J12 = −k cosω (T − tn)+C5C1ω sinω (T − tn)

−C5C2ω cosω (T − tn)−
C6 sinω (T − tn)

ωL
,

J21 = C4 cosω (T − tn)−ωLC2C3 sinω (T − tn)

−ωLC1C3 cosω (T − tn) ,

J22 = C6 cosω (T − tn)+ vc (tn)ωC5 sinω (T − tn)

−kωLsinω (T − tn)−ω
2LC5C1 cosω (T − tn) ,

where

C3 = ωL/(vn−E), C4 =C3ωL(in− Io)cosωtn,

C5 =
−Lk (E− vn)+L(iref− in)

(E− vn)
2 ,

and

C6 = C5ω (E− vn)sinωtn + cosωtn +(in− Io)ω
2LC5 cosωtn.

If Ib2≤ in, the elements of the Jacobi matrix are expressed
as follows:

J11 = 0, J12 = 0, J21 =
Io

(
C7 +

C3
ω

)
C

+C8,

J22 =
Io (C9 +C5)

C
+C10,

where

C7 =
−LC4iref

(vc(tn))2 ,

C8 = C4 cosωtd−ωC7vc(tn)sinωtd +ω
2LC1 cosωtd ,

C9 =
−C6Liref− kLvc(tn)

(vc(tn))2 ,

and

C10 = C6 cosωtd− vc(tn)ωC9 sinωtd

+ω
2LC1C9 cosωtd− kωLsinωtd .

The eigenvalues can be obtained by solving the following
characteristic equation:

det [λ𝐼− Jn (XQ)] = 0. (17)

According to the bifurcation diagrams in Figs. 3 and 4, the
case where in ≤ Ib1 will not happen in the area of the period-
1 state and its stabilities will be influenced when Ib1 ≤ in ≤
Ib2 in the peak current-mode controlled buck converter with
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CCL. The period-doubling bifurcation will take place when
the eigenvalue equals −1 and the characteristic equation can
be expressed as

J12J21− J11J22− J11− J22 = 1. (18)

Based on Eq. (18), the equation of the stability boundary con-
taining mc and k can be further obtained.

The orbit of the peak current-mode controlled buck con-
verter with CCL is transferred from subharmonic oscillation
(period-2 state) to CCM robust chaos when the inductor cur-
rent reaches the border current Ib1 at the moment when the in-
ductor current is a minimum value. While the inductor current
is a maximum value, it reaches the border current Ib2, causing
the operation of the converter to shift from CCM to DCM. The
two formulas can be obtained as follows:

Ib1 = in+1,min, (19)

Ib2 = in+1,max, (20)

where

in+1,min = iref−
(E− vn)

L
ton,

and in+1,max = iref.
To make it more clearly, two formulas can be deduced fur-

ther from Eqs. (7)–(9), which give an expression for the two
boundary curves. One is the boundary of period-2 state and
CCM robust chaos and is expressed as

(Iref−mcT + k (Vref− vn)− in)L− (E− vn)T = 0; (21)

the other is the boundary of mode transferring from CCM to
DCM, and given by

(Iref−mcT + k (Vref− vn))L− vc (tn)T = 0. (22)

The two formulas both contain mc and k, based on which the
boundary curves can be described in parameter maps.

7. Operation regions

For the engineering applications, it is imperative to illus-
trate the boundaries of these dynamical behaviors mentioned
previously, by knowing all of the operation regions of employ-
ing ramp compensation or the output voltage feedback. By ex-
ploring the relationships between k and E, k and Io, mc and E,
mc and Io, the operation regions can be obtained in the param-
eter space with the variations of k and mc respectively, owing
to the formulas expressed in Eqs. (18), (21), and (22).

As it can be seen from Fig. 11, there are four ways to sta-
bilize the converter: they are to increase E, Io, and mc, and to
choose an appropriate value of k. Three operating boundaries
including period-doubling, Ib1, and Ib2 divide the work place
into CCM period-1 region, CCM period-2 region, CCM robust
chaos region and DCM weak chaos region in terms of selected
circuit parameters, which provide design-oriented information
for ensuring the stable operation of peak current-mode con-
trolled buck converters with CCL.
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Fig. 11. (color online) Operation regions varying with k [(a) k–E and (b) k–Io] and with mc [(c) mc–E and (d) mc–Io].
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8. Conclusions

In this paper, we investigate the dynamical behaviors and
stabilizations of peak current-mode controlled buck converters
with CCL. Discrete iterative map models with two inductor
current borders are established to study the complex dynam-
ics of the converter by depicting its bifurcation diagram and
Lyapunov exponent spectrum. The influences of the slope mc

of the compensation ramp and proportional coefficient k of the
output voltage feedback loop on the stability of the converter
are explored based on the iterative map model. To testify the
validities of simulation and theoretical analysis, the experi-
ment is carried out. The operation regions within variation
of k and mc are obtained by analyzing the loss of stabilities
and border collision.

Research results in this paper point out that there exist
four operation regions in the peak current-mode controlled
buck converter with CCL, i.e., CCM period-1, CCM period-2,
CCM robust chaos, and DCM weak chaos, which are divided
by the period-doubling bifurcation and two boundaries of bor-
der collision for the changing of k and mc. It is also concluded
that the ramp compensation can eliminate both fast-scale oscil-
lation accompanied by slow-scale oscillation and subharmonic
oscillation, broaden the stable area of the converter, and trans-
fer the operation mode. When the output voltage feedback
loop is introduced, the fast-scale and slow-scale subharmonic
oscillation can be gradually eliminated and the stable region
can be extended slowly.
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