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A novel adaptive–impulsive scheme is proposed for synchronizing fractional-order chaotic systems without the ne-
cessity of knowing the attractors’ bounds in priori. The nonlinear functions in these systems are supposed to satisfy local
Lipschitz conditions but which are estimated with adaptive laws. The novelty is that the combination of adaptive control
and impulsive control offers a control strategy gathering the advantages of both. In order to guarantee the convergence is
no less than an expected exponential rate, a combined feedback strength design is created such that the symmetric axis can
shift freely according to the updated transient feedback strength. All of the unknown Lipschitz constants are also updated
exponentially in the meantime of achieving synchronization. Two different fractional-order chaotic systems are employed
to demonstrate the effectiveness of the novel adaptive–impulsive control scheme.
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1. Introduction
Fractional calculus can describe physical phenomena and

mathematical models more accurately than the classical in-
teger calculus[1–3] and has many applications in interdis-
ciplinary fields.[4–9] The applications of fractional calculus
to physics,[5] engineering,[6] signal processing,[7] and con-
trol processing[8] have attracted a great deal of attention re-
cently. In comparison with traditional integer-order con-
trol, the fractional-order control is more general and becom-
ing more popular because of its flexibility and integrity.[9]

Intensive studies confirmed theoretically and physically that
the chaotic and hyperchaotic behaviors exist the nonlin-
ear fractional-order systems.[3,8–15] Meanwhile, synchroniza-
tion of fractional-order chaotic systems also has attracted
increasing attention due to its potential applications in se-
cure communication[16,17] and digital cryptography.[18–20] A
variety of control schemes have been proposed to con-
trol and synchronize fractional-order chaos in infinite or fi-
nite time,[21,22] such as active control,[23,24] sliding mode
control,[25–27] adaptive control,[28] passive control,[29] and im-
pulsive control.[30–34] Both fractional-order models and con-
trollers have more degrees of freedom besides memory and
hereditary effects.[8] A consensus is arising that chaotic syn-
chronization of fractional-order systems has more advantages
and real objects than that of integer order systems.

Impulsive control is a control paradigm based on impul-

sive differential equations and has been applied in some areas
with inherited impulsive properties, such as neurobiology and
genetics, economics, and ecology. In realizations, the con-
trol actions are imposed on a control plant at certain discrete
instants. It has been found that it is important on synchro-
nizing complex systems via impulsive control,[31–43] and is
more suitable for digital implementation of secure commu-
nication in comparison with other schemes.[41] Since the im-
pulsive control allows the stabilization of the controlled plant
using only small impulsive actions, the overall control cost
would be reduced. Therefore, it is more suitable for deal-
ing with the systems that cannot endure continuous strong
disturbance.[35] Heretofore, most impulsive controllers are de-
signed in the framework of Lyapunov asymptotic stability
based on the comparisons method developed in Ref. [41]. Dif-
ferent restriction relations are necessary due to different de-
signs and repetitive calculations. For example, one has to com-
pute the maximum eigenvalues of some matrices and then ex-
amine whether they meet some assigned inequalities. In this
case, previous works would rather check these restriction rela-
tions many times and estimate the error vectors of states than
utilize the comparison method directly. Furthermore, in order
to seek the control gains, the nonlinear functions in the drive
system and response system should be immersed in some rig-
orous mathematical constraints. The estimations of Lipschitz
conditions of nonlinear functions and their bounded norms in
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Euclidean space are two common conditions. However, it is
very hard to work out the local Lipschitz constant for every
nonlinear equation in practice. In addition, the initial differ-
ence between two systems is huge but the final controlled er-
rors cannot be constant although small. The bounded norms of
them are always evaluated with the boundaries of orbits in the
phase space. As a result, these loose approaches always trig-
ger improper outcomes. For instance, the coupling strengths
may be very big or unequal, which in experience may bring
out unexpected dynamical behavior, such as desynchroniza-
tion bursts. Such a desynchronization burst is usually over-
looked or difficult to be found because it always starts after
a long synchronization moment. The combination of adap-
tive and impulsive controls partly makes up for the aforemen-
tioned imperfections and is easy to achieve synchronization.
Alternatively, the variable feedback strength can be automati-
cally adapted to completely synchronize two chaotic systems.
In an augment system, the adaption terms are linearly rely-
ing on the errors in variables but vanish once the synchro-
nization is achieved. Although this combination scheme is
very analytical and has been extended extensively,[33,44–49] the
feedback strength is never considered to be updated with an
adaptive law. This is because both the transient and the final
feedback strengths at every impulsive constant are not sure of
falling into the admissible region. Furthermore as far as we
know, the adaptive–impulsive synchronization on fractional-
order chaotic systems is rarely considered to this day.

In this paper, a novel adaptive–impulse synchronization
scheme is proposed to achieve synchronization of fractional-
order chaotic systems. The nonlinear equations in the chaotic
systems considered here suffer unknown local Lipschitz con-
stants. In order to guarantee the convergence is no less than
an expected exponential rate, a combined feedback strength
design is created. At the impulsive instants, rational constant
feedback strengths neutralize the updated transient and the ul-
timate feedback strengths such that the symmetric axes can
shift freely. Whereby, the combined feedback strength at ev-
ery impulsive instant is surely falling in the admissible region.
Both impulse intervals and the feedback strength are derived
from one criterion that is also associated with unknown local
Lipschitz constants, and the rate of convergence we expected.
The criterion is completely adaptive to implement in locating
the admissible region of control strengths to ensure the occur-
rence of synchronization. All of the unknown local Lipschitz
constants will be identified dynamically with adaptive laws
in the process of achieving synchronization, rather than esti-
mated from the attractors bounds in the initial state. Finally,
an autonomous hyperchaotic system and a non-autonomous
fractional-order chaotic system are employed to demonstrate
the effectiveness and the feasibility of the proposed scheme.

2. Prerequisites and numerical methods
2.1. Primaries of fractional derivative

The fractional-order integro-differential operator is the
extending concept of integer order integro-differential oper-
ator. It can be described by a fundamental operator as follows:

aDα
t =


dα

dtα
, α > 0,

1, α = 0,∫ t

a
(dτ)−α , α < 0.

(1)

where α is the fractional order, which can be complex.
The constants a and t are the limits of the operation.
There are many ways to define fractional-order integral and
derivative.[1] Two definitions are generally used, namely
Riemann–Liouville and Caputo definitions. In considering
functions with initial conditions, the Caputo fractional deriva-
tive will be used through the paper.

The Caputo derivative of order α is given as[1]

dα f (x)
dtα

=


1

Γ(m−α)

∫ t

0

f (m)(τ)

(t− τ)α+1−m dτ, m−1 < α < m,

dm

dtm f (t), α = m,

(2)

where, m = dαe is a least integer no less than α . The
fractional-order α here is limited as 0 < α ≤ 1. Γ(·) denotes
the Euler’s Gamma function. For the sake of convenience in
writing, the Caputo fractional-order fundamental operator aDα

t

will be replaced by Dα in the following.

2.2. Numerical methods of fractional derivative

Recently, many numerical methods have been proposed
for simulating the fractional-order systems. Amongst these
methods, some reliable ones that were proposed in Refs. [50]–
[54] are all very effective. Through this paper, a Jacobian
predictor–corrector algorithm is employed to simulate the nu-
merical examples. The details and the specific steps of such a
scheme can be seen in the appendix of Ref. [52].

3. The synchronization scheme
Consider a fractional-order chaotic system with initial

conditions,

Dα𝑥(t) = 𝑓(t,𝑥(t)), t > 0,

𝑥(k)(0) = 𝑥
(k)
0 , (3)

where, k = 0,1, . . . ,m−1. 𝑥(t) ∈Rn, n ∈N is the state vector
of the system. Assume that the nonlinear function 𝑓(t,𝑥(t))
is bounded in the phase space Ω , Ω ⊆ Rn×R+. 𝑓(t,𝑥(t)) :
Rn×R+→ Rn is supposed to be λ̂ -Lipschitz, that is, there is
a Lipschitz constant λi > 0, such that | fi(t,𝑥1)− fi(t,𝑥2)| ≤
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λi |𝑥1−𝑥2|, i = 1,2, . . . ,n, for every pair of points (t,𝑥1) and
(t,𝑥2) in Ω , where λ̂ = maxn

i=1{λi}.
Remark 1 All the chaotic systems (both in integer or-

der and their fractional-order corresponding parts) can be rep-
resented in the form of system (3), such as Chua circuits,
Lorenz system, Chen system, Lü system, the unified system
and Duffing oscillators.[26] It is hard to work out the accu-
rate Lipschitz constant for every function in a nonlinear sys-
tem although its attractors are bounded in Ω . Previous re-
searches evaluated the local Lipschitz constants in Ω , which
is also an imprecise evaluation from the boundaries of attrac-
tors. As stated before, such an evaluation in the initial state
is so loose that it is unfit for a dynamical process. To avoid
such an imperfection, we assume that all the local Lipschitz
constants are unknown a priori. The unknown Lipschitz con-
stants λ̃i(t), i = 1,2, . . . ,n, would be identified dynamically in
the course of synchronization, limt→∞λ̃i(t)= λi, i= 1,2, . . . ,n,
and λ̂ (t) = maxn

i=1

{
λ̃i(t)

}
.

In order to achieve synchronization, system (3) is taken
as the drive system, while the impulsive-controlled response
system is represented as follows,

Dα𝑦(t) = 𝑓(t,𝑦(t)), t 6= t+ı , ı = 1,2, . . . , (4a)

∆𝑦(t)|t=tı = 𝑦(t+ı )−𝑦(t−ı ) =: 𝑈(ı), t = tı, (4b)

where 𝑦(t) ∈Rn, n ∈N is the state vector of the response sys-
tem. The time sequence {tı} of impulsive instants is set as
0≤ t0 < t1 < .. . < tı < .. ., and tı→ ∞ as ı→ ∞. The impulse
interval here is not equidistant, τı = tı−tı−1, ı = 1,2, . . .. 𝑦(t+ı )

is the right limit of 𝑦(t) at t = tı, while 𝑦(t−ı ) is the left limit
and is assumed to be left continuous, i.e., 𝑦(t−ı ) = 𝑦(tı).

Define the error state as 𝑒(t) = 𝑦(t)−𝑥(t). Subtracting
system (3) from system (4), we obtain the error dynamical sys-
tem between them as follows:

Dα𝑒(t) = 𝑓(t,𝑦(t))−𝑓(t,𝑥(t)),

t 6= t+ı , ı = 1,2, . . . , (5a)

∆𝑒(t) = 𝑦(t+ı )−𝑥(t−ı )−𝑦(t−ı )+𝑥(t−ı )

= ∆𝑦(t) | t=t+ı =𝑈(ı). (5b)

The task is to design an adaptive–impulsive controller to
achieve the asymptotic synchronization of the drive system (3)
and the response system (4), that is, limt→∞ ‖𝑒(t)‖ = 0. As
a result, 𝑈(ı) = ∆𝑒(tı) in (4) is the sole controller at t = t+ı ,
ı = 1,2, . . .. The i-th control action is described as follows,

Ui(ı) =
(
k(t)+ k̃

)
ei(t−ı ), i = 1,2, . . . ,n, ı = 1,2, . . . , (6)

where the feedback strength k(t) + k̃ is presented in a com-
bined form, and k̃ is a positive constant concomitant of k(t),
which is affirmed that |k(t)| > k̃. More details on k̃ will be

given below. The feedback strength k(t) is negative and fol-
lows an adaptive law, which is described as

Dα k(t) =−γ

n

∑
i=1

e2
i (t), (7)

where γ ∈ {0}∪R+ and γ is only configured with an appropri-
ate positive constant at t = t+ı , ı = 1,2, . . .. Hereby both k(t)
and its concomitant k̃ are only actuated at t = t+ı , ı = 1,2, . . ..
In this case, k(t) and k̃ can be rewritten as kı(t) and k̃ı respec-
tively at the impulse instants.

However, to the best of our knowledge, there is no effi-
cient scheme to deal with the stability of the fractional-order
impulsive differential equation (5a).[32,33] In order to settle
such a problem, equation 4(a) will be converted to a corre-
sponding integer-order one by introducing a new function,
𝜇(𝑥(t)) = 𝑥̇(t)−Dα𝑥(t) [33]. Both 𝑥(t) and Dα𝑥(t) can
be taken from the simulation of system (3). As a result, sys-
tems (4) and (5) become

𝑦̇(t) = 𝑓(t,𝑦(t))+𝜇(𝑥(t)), t 6= t+ı , ı = 1,2, . . . , (8a)

∆𝑦(t)|t=tı =: 𝑈ı, t = t+ı , (8b)

and,

𝑒̇(t) = 𝑓(t,𝑦(t))−𝑓(t,𝑥(t)), t 6= t+ı , ı = 1,2, . . . , (9a)

∆𝑒(t)|t=t+ı =𝑈(ı), t = t+ı . (9b)

Theorem 1 Suppose that the adaptive feedback strength
kı(t) is bounded with the lower bound −e−ρ/2− k̃ı− 1 and
the upper bound e−ρ/2− k̃ı−1, where −ρ(ρ > 0) is the least
convergence exponential rate we expected. Meanwhile, the
adaptive law for estimating the Lipschitz constant λ̃i is given
as

˙̃
λi = ηie2

i (t), i = 1,2, . . . ,n, (10)

where ηi ∈ R+. The error state 𝑒(t) in Eq. (9a) will be ex-
ponentially stable at a rate no less than e−ρ if the adaptive
controller (6) is actuated at t = t+ı , ı = 1,2, . . ..

Proof The candidate Lyapunov function is

𝑉 (t,𝑒(t))

=
1
2

n

∑
i=1

{
e2

i (t)+
1
ηi

(
kı(t)+ k̃ı +1

)2
(

λ̃i(t)−λi

)2
}
. (11)

Clearly, λ̃i(t) is an increasing function such that one has
λ̃i(tı−1)≤ λ̃i(t)≤ λ̃i(tı). In the impulsive interval t ∈ (tı−1, tı],
the combined feedback strength kı(t) + k̃ı only is adapted at
t = t+ı , ı = 1,2, . . .. Thus, the Dini derivative of 𝑉 (t,𝑒(t))
along the trajectories of the error system (9a) is,

D+𝑉 (t,𝑒(t))

=
n

∑
i=1

{
ei(t)ėi(t)+

(
λ̃i(t)−λi

)
˙̃
λı(t)

}
≤

n

∑
i=1

ei(t) | fi(t,𝑦(t))− fi(t,𝑥(t))|+
n

∑
i=1

(
λ̃i(t)−λi

)
e2

i (t)
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≤
n

∑
i=1

λi |ei(t)|2 +
n

∑
i=1

(
λ̃i(t)−λi

)
e2

i (t)

=
n

∑
i=1

λ̃i(t)e2
i (t)≤ λ̂ (t)‖𝑒‖2

2

≤ λ̂ (t)

{
‖𝑒‖2

2 +
n

∑
i=1

[
1
ηi

(
kı(t)+ k̃ı +1

)2
(

λ̃i(t)−λi

)2
]}

= 2λ̂ (t)𝑉 (t,𝑒(t))≤ 2λ̂ (tı)𝑉 (t,𝑒(t)). (12)

Therefore in the interval of t ∈ (tı−1, tı] , ı = 1,2, . . ., it is
represented as

𝑉 (t,𝑒(t))≤ 𝑉 (t+ı−1,𝑒(t))e2λ̂ (tı)(t−tı−1). (13)

Due to the instant control action (6) at t+ı , ı = 1,2, . . ., one
has

𝑉 (t+ı ,𝑒(t))

=
1
2
(
kı(t)+ k̃ı +1

)2

×
n

∑
i=1

{
e2

i (t
−
ı )+

1
ηi

(
kı(t)+ k̃ı +1

)2
(

λ̃i(t)−λi

)2
}

=
(
kı(t)+ k̃ı +1

)2
𝑉 (t−ı ,𝑒(t)). (14)

From expressions (10) and (12), we can deduce the fol-
lowing formulae. When ı = 1,

𝑉 (t+1 ,𝑒(t))

=
(
kı(t)+ k̃ı +1

)2
𝑉 (t−1 ,𝑒(t))

≤
(
kı(t)+ k̃ı +1

)2
𝑉
(
t+0 ,𝑒(t)

)
e2λ̂ (t1)(t1−t0). (15)

Next, when ı = 2,

𝑉 (t+2 ,𝑒(t))

=
(
kı(t)+ k̃ı +1

)2
𝑉 (t−2 ,𝑒(t))

=
(
kı(t)+ k̃ı +1

)2
𝑉
(
t+1 ,𝑒(t)

)
e2λ̂ (t2)(t2−t1)

≤
(
kı(t)+ k̃ı +1

)4
𝑉
(
t+0 ,𝑒(t)

)
e2λ̂ (t2)(t2−t1) e2λ̂ (t1)(t1−t0). (16)

By repeating the same method, the generalized form is,

𝑉 (t+ı ,𝑒(t)) =
(
kı(t)+ k̃ı +1

)2ı
𝑉
(
t+0 ,𝑒(t)

)
×

ı

∏
κ=1

e2λ̂ (tκ )(tκ−tκ−1), (17)

where ı = 1,2, . . ..
To guarantee the convergence is exponential, we let(

kı(t)+ k̃ı +1
)2 e2λ̂ (tκ )(tκ−tκ−1) ≤ e−ρ . (18)

As a consequence,

𝑉 (t+ı ,𝑒(t))≤ 𝑉 (t+0 ,𝑒(t))e−ρı. (19)

It can be concluded here that 𝑉 (t+ı ,𝑒(t)) converges to 0
as ı→∞. In the meantime, the adaptive law (10) is also settled
exponentially to a modest Lipschitz constant λi.

Recalling expression (13), we have

𝑉 (t,𝑒(t))≤ 𝑉 (t+ı−1,𝑒(t))e2λ̂ (tı)(tı−tı−1)→ 0 (20)

as t→ ∞.
As shown in expression (19), the convergence rate of er-

ror dynamical system (9a) is no less than e−ρı. For any given
ρ > 0, 0 < (kı(t)+ k̃ı +1)2 e2λ̂ (tı)(tı−tı−1) ≤ e−ρ < 1 in the in-
terval t ∈ (tı−1, tı], ı = 1,2, . . ., it can be derived as

0 <
∣∣kı(t)+ k̃ı +1

∣∣≤ e−ρ/2−λ̂ (tı)(tı−tı−1) < 1. (21)

The impulsive interval in inequality (21) can be as large
as possible, but kı(t) approaches to −(k̃ı + 1) in the mean-
time. However, such an ideal strength, kı(t) =−(k̃ı +1) in the
axis of symmetry, should be avoided because the actual con-
trol only activates at the impulsive constants tı, ı = 1,2, . . .. In
this case, the most rational interval for the combined feedback
kı(t)+ k̃ı is

−e−ρ/2−λ̂ (tı)(tı−tı−1)−1 < kı(t)+ k̃ı

< e−ρ/2−λ̂ (tı)(tı−tı−1)−1, (22)

with assuming that tı− tı−1� ∞.
On the other hand, the impulsive interval is determined

by the adapted control strength and the identified Lyapunov
constant cooperatively at the current impulsive instant. The
relationship between them is described as

τı = tı− tı−1 ≤−
2ln
∣∣kı(t)+ k̃ı +1

∣∣+ρ

2λ̂ (tı)
. (23)

The impulsive interval τı is positive, which implies that

−1− e−ρ/2 < kı(t)+ k̃ı < e−ρ/2−1. (24)

Hereby, the infimum and the supremum of kı(t)+ k̃ı are
−2 and 0 respectively. In the process of synchronization, the
adaptive law for feedback strength kı(t) will be updated to a
new integration

kı(tı) =−γ

n

∑
i=1

e2
i (t)

∫ tı

0
(dτ)−α ,

at an impulsive action. Whereby the concomitant constant k̃ı

can be configured with a positive number in a band depicted
in inequality (24), whilst it satisfies kı(t) + k̃ı 6= −1, and so
on. Unifying it with the integration of Eq. (10) and the con-
vergence rate we expected, the next impulsive interval τı is
determined. That is to say the next impulsive instant is fixed.
Obviously, the impulsive actions terminate if τı < h, where h
is the time-step we used for the simulations in the impulsive
intervals.

Remark 2 It should be noted here that the axis of symme-
try is not controlled by any unpredictable coefficients. It can
shift freely to any positive constants according to the transient
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and ultimate adaptive feedback strengths. One important thing
is that regardless of transient time, the costs on the synchro-
nization of two identical chaotic systems are very low. This is
an important reason why we confined the combined feedback
strength kı(t)+ k̃ı in the admissible region (−2,−1)∪ (−1,0)
randomly although the endpoints cannot present at any mo-
ment. With an expected convergence at exponential rate ρ ,
the choice on the coefficient in the adaptive law (7) plays an
important role because it determines the estimation of kı(t),
while guaranteeing the impulsive interval 0 < τı � ∞. Such
an almost insolvable problem has to be handled by a posteriori
means.[55]

4. Numerical simulations
4.1. Example 1

The first example is a four-dimensional (4D) novel
fractional-order hyperchaotic system. The equations of the
system are described as[56,57]

Dα x = a(y− x)+µyz,

Dα y = cx−dxz+ y+u,

Dα z = xy−bz,

Dα u =−νy,

(25)

where, µ , ν , a, b, c, and d are positive parameters.
Like its integer-order version,[58] system (25) has only

one equilibrium 𝐸0 = {0,0,0,0}. As it has been proved,[58]

system (25) has a unique solution for some time tℓ, ℓ ∈ R+. It
also can be hyperchaotic because it has two positive Lyapunov
exponents if the fractional order α = 0.97 and the parameters
µ = 35, ν = 100, a = 35, b = 4, c = 25, and d = 5, respec-
tively.

When the time-step h= 10−3, the coefficients γ = 0.1 and
ηi = 0.1, i = 1,2,3,4, the numerical results are depicted in
Figs. 1(a)–1(c). In these simulations, the combined feedback
strength is uniform, i.e., k̃ı = −kı(tı)− 0.5 at every impulse
instant. The exponential convergence rate we expected is not
less than ρ = 1. The initial conditions for the drive system and
the response system are 𝑥0 = {0.1}4 and 𝑦0 = {10.1}4, re-
spectively. To make sure that the adaptive control strength (7)
is always negative, the initial condition for Eq. (7) is a negative
random number. For a similar reason, the initial conditions for
Eq. (10) are four positive random numbers.

4.2. Example 2

The fractional-order Duffing system is taken as the sec-
ond example to illustrate the effectiveness of the proposed
novelty synchronization scheme. The existence and unique-
ness about the fractional-order Duffing system were well
studied.[24] The equations of the system are described as{

Dα x = y,

Dα y =−cy−ax−bx3 + f cos(ωt),
(26)

where, a, b, c, and f are the parameters, and ω is the fre-
quency of the force term. With commensurate fractional order
α = 0.98, it is chaotic when the parameters are specified as
a = b = 1, c = 0.2, and f = 25.5, ω = 1. The initial condition
for the drive is 𝑥0 = (0.9,0.01), while the initial condition for
the response systems is 𝑦0 = (2,3). With same configurations
as example 1 for the time-step h, the coefficients γ , and ηi,
i = 1,2 the numerical results are depicted in Figs. 2(a)–2(d).
In these simulations, the combined feedback strength is ran-
dom, i.e., k̃ı = −kı(tı)+ℜ, ℜ ∈ (−2,−1)∪ (−1,0) at every
impulse instant. The initial settings for the remnants of the
argument system are the same as example 1.
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Fig. 1. (color online) Numerical simulations of example 1. (a) Errors
in variables, (b) the estimations of kı(t), and (c) the evaluations of Lip-
schitz constants.
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Fig. 2. (color online) Numerical simulations of example 2. (a) Errors in variables, (b) the estimations of kı(t), (c) the local magnifica-
tion of Fig. 2(b), and (d) the evaluations of Lipschitz constants.

5. Conclusions
In this paper, a novel adaptive–impulsive scheme is pro-

posed for synchronizing fractional-order chaotic systems. The
nonlinear functions considered here are supposed to satisfy the
local Lipschitz conditions without needing to be known a pri-
ori. The combination of adaptive control and impulsive con-
trol offers a control strategy gathering the advantages of both.
The combined feedback strength design is created to shift the
symmetric axis freely according to the updated transient feed-
back strength. The synchronization converges at an expected
exponential rate. All of the unknown Lipschitz constants are
also updated to their rational values once the synchronization
occurs.
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