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Non-Markovianity of a qubit coupled with an isotropic
Lipkin—-Meshkov-Glick bath*
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We study the non-Markovianity of the single qubit system coupled with an isotropic Lipkin—-Meshkov—Glick (LMG)
model by an effective method proposed by Breuer et al. (Breuer H P and Piilo J 2009 Europhys. Lett. 85 5004). It is
discovered that the non-Markovianity is concerned with the quantum phase transitions (QPTs). In the open system, we
present that the strong coupling inside the bath and the strong interaction between the system and bath can enhance the
degree of non-Markovianity. Moreover, the non-Markovianity is stronger and more sensitive for the bath in the symmetric

phase than the symmetry broken phase.
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1. Introduction

Unavoidable interaction between the realistic quantum
systems and the environment makes the systems fragile.[!-?]
For this reason, more researchers are interested in the ef-
fect of the environment on the dynamics of the open quan-
tum systems. According to the characteristic of the envi-
ronment, the quantum dynamical processes can usually be
classified into Markovian processes and non-Markovian pro-
cesses. Markovian processes in which the information flows
out monotonously from the system into the environment have
no memory effect, while non-Markovian processes demon-
strate the memory effect and tend to increase the distinguisha-
bility between any two states. 3] We quantify this memory ef-
fect by means of measuring the total information flowing back
to the open system from the environment. When a system in-
teracts with a weak system—environment coupling or a memo-
ryless environment, it can be described by Markovian approx-
imation. However, for the strong system—environment cou-
plings or short timescales, Markovian approximation is invalid
and some complicated non-Markovian properties appear in the
dynamical processes.[!*]

Through varieties of analytical methods and numeri-
cal simulation techniques, researchers have found that the
Markovian processes and non-Markovian processes have dif-
ferent effects on decoherence and disentanglement of open

5-11

systems.>~11 Since then, the non-Markovian dynamics has

become increasingly significant and interesting. In recent
years, the non-Markovianity has been investigated in some
physical systems, such as atomic and molecular systems, !
high-Q cavity systems, '3 solid state physics,!'*! etc. Many

outstanding works have been explored.!*!3-11 Especially in

DOI: 10.1088/1674-1056/24/10/100305

quantum information processing, the non-Markovian dynam-
ics has attracted much attention as a result of regaining lost
information and recovering coherence for quantum technolo-
gies.

However, up to now, the rigid quantum extension defi-
nition of non-Markovianity is still vague. In order to quan-
tify the degree of non-Markovianity, some methods have
been proposed.!*?%-231 For example, Rivas et al. provided
two methods respectively based on dynamical divisibility and

(221 Lu et al. quantified non-Markovianity by

entanglement.
making use of the quantum Fisher information flow.>3! Based
on the trace distance, Breuer et al. proposed a method to
quantify the non-Markovian behavior of quantum processes
in open systems, [*! and the method has been used in many dif-

ferent system—environment models such as spin chain,?+%]

(261 yltracold quantum gases,?’! etc. What is

biomolecules,
more, as this measurement is not limited to the interac-
tion structure between the system and the environment, it is
more flexible to be applied to some experiments under real
environments[?®! or simulated reservoirs. [*°]

The LMG model, first constructed to test the validity
of various techniques and formalisms developed for treat-
ing many-particle systems, can be solved exactly in many

5.39 This model consists of N spins distributed in two

case
degenerate levels and each spin interacts with others. It can
be used to describe a group of interactional spins in the x—y
plane. The ground-state properties of a quantum system will
be changed when quantum phase transitions (QPTs)*!l occur
at absolute zero, which are induced by the change of external
parameters or coupling constants. This kind of phase transi-
tion is often accompanied by the change of symmetry.3%! By

adjusting the coupling constants, the LMG model will show
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two different phases, i.e., symmetric phase and symmetry bro-
ken phase. Correspondingly, the ground-states corresponding
to the two phases have different properties.

Haikka et al. studied the non-Markovianity of a cen-
tral qubit coupled to a quantum Ising ring in the transverse
field.33! They found that the central spin dynamics demon-
strates purely Markovian dynamics in the QPTs point. Quan-
tum phase transition and time-dependent purity in a central
qubit coupled to an LMG bath have been studied and the re-
sults showed that the purity has distinctly different behavior in
different phases.** In order to reveal the connection between
the non-Markovianity and the symmetries of the phases, we
study the non-Markovian dynamics of a single-qubit system
coupled with an isotropic LMG bath. In this composite sys-
tem, the coupling strength between the two subsystems cannot
be ignored in comparison with the coupling strength between
the spins in the environment. In this paper we explore that
the non-Markovianity exhibits different behaviors in different
phases.

This paper is organized as follows. In Section 2, we work
out the reduced density matrix of the central qubit system, and
quantify the non-Markovianity in accordance with the mea-
surement proposed by Breuer ef al.!”! In Section 3, we ana-
lyze the effects of coupling strengths and the spin number of
the environment on the degree of non-Markovianity. Section 4
is the conclusion.

2. Methods and model
2.1. Methods

Based on the trace distance, an effective method to quan-
tify the non-Markovianity of quantum processes in open sys-
tems has recently been presented by Breuer et al. The trace
distance D describing the distinguishability between the two

quantum states p; and p, is defined as[*>

1
meﬂ=EMM—mL )]

where |p1 — p2| = v/(p1 — p2)T(p1 — p2) and D satisfies 0 <
D < 1.121 The two states are the same for D = 0 and completely
distinguishable for D = 1. In view of a dynamical quantum
process &(r), one can get the quantum states p(¢) at any time
¢t > 0 with evolution from p(0). Then the non-Markovianity
W quantifying the reflux information from the environment to
the system can be defined as

W%¢):;g%%A>OWGUJNQ®D, 2)

where the change rate of the trace distance o (¢,p;2(0)) is de-
fined as

o(1,12(0)) = 5 Dlpr (1), (1)) ®

On one hand, if there are one pair of initial states and cer-
tain time ¢ that makes o(z,p12(0)) > 0, the distinguishability
of the pair of states increases. In other words, if the trace dis-
tance D increases monotonously in certain time intervals, then
the quantum process demonstrates a non-Markovian dynamics
process. On the other hand, o (¢, p;2(0)) < 0 is corresponding
to a Markovian dynamical process.

According to Eq. (3), W can be rewritten as

W@U:§%32MWh@ﬂwﬁ%D—D@M%%mwﬂﬂﬁ)
1,2 n

The trace distance D is increasing monotonously in arbitrary
time interval [a,,b,]. If W, is defined as the difference of D
between the local maximum and local minimum for arbitrary
time interval [a,, b,], it can be written as follows:

Wa (@) = max [D(p1 (by), (b)) ~ D(pa(an). p2(an)]- 5
12

Clearly, it is much easier to obtain the maximal value of W, in

Eq. (5) than W in Eq. (4). Based on this idea, we will mea-

sure the non-Markovianity of the single qubit coupled to an

isotropic LMG bath in this article.

2.2. Single-qubit coupled to an isotropic LMG bath

The total Hamiltonian of a qubit coupled with the LMG
bath model can be written as[34-36-401

H = Hp + H; + Hs, (6)
N N

Hy = -~ Z(chj‘—&—ciycj)—ZGﬁ @)
i<j i=1
N )

H =-1"Y (c'c"+0]a"), ®)
i=1

Hs = —0°, ©))

Hjg is the Hamiltonian of the central qubit. Hp is the Hamil-
tonian of the isotropic LMG model. A denotes the coupling
strength between the spins in the bath environment, and is in-
versely proportional to the external magnetic field strength. N
is the spin number of the bath. H; denotes the interaction be-
tween the central quantum system and the environment, and
A’ is the coupling strength between the central qubit and the
bath. c*and 6%, @ =x,y,z (i=1,2, ..., N) are the Pauli ma-
trices of the central qubit and the i-th spin in the environment
respectively. Through the following transformation,

Sy = Sy £iSy, (10)
1 N
%:§Z¢a (11)
i=1
= 1cf)‘iicfy (12)
SETR0 E%
1
&:5&, (13)
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where Sﬁ,sjE are the ladder operators of the N-spin bath and
the central qubit respectively, the total Hamiltonian in the
Dicke representation can be rewritten as

A
H = fﬁ(s,ts,; +SySy —N)

=285 — A (Sys4+Sys—) —2s. (14)

In terms of the LMG bath model, A = 1 is the QPT point.
When 0 < A < 1, all the spins in the bath polarized in the ex-
ternal magnetic field direction, and the symmetry is broken.
So the bath is in the symmetry broken phase, and the ground
state is |G) = |N/2,N/2). When A > 1, the external mag-
netic field strength is not large enough to break the symmetry,
so the bath is in the symmetric phase and the ground state is
|G) = |[N/2,M), where M is the integer nearest to N /2A.

2.3. The non-Markovianity W of symmetric phase (A > 1)
We can assume the LMG model is in the ground state

PE = |G)(G], and the single qubit system is in an initial state

1

(12 + Zkaﬁa)
2 o

c|0)(0] +d|0) (1] +d"[1){0] + (1 — )| 1)(1].

p(0)

The initial state of the composite system can be written as
P (0) = p(0) ® pE.

The evolutional state of the composite system is resolved
by p®°(¢) = U(t)p*(0)U" (¢), where the dynamical evolution
operators U (t) = e 1", In order to obtain the reduced states
of the central qubit, one needs to trace out the environment,

p(1) =trep™(t) = ;(MIP“"(I)IM)-

5)

The reduced states of the central qubit in a symmetric phase is

p( = ( ).

(16)

c|Un[* 4 (1 —c)|Up,?
d*UfFlUZ/Z

dUL UL
clUn*+(1—c)|Uj,

pi(t) = (
pa(t) = (

|

alUn P+ (1—en)|Uj,|?
diUj Uy

elUnl? + (1)U,
d;U Uy

where Uj;, Ul-’j denote the dynamical evolution operators of
invariant subspace Hjs, Hy—1 respectively. In an invari-
ant subspace Hy, of H spanned by the ordered basis vector
{IN/2,M) ®(0), [IN/2,M+ 1) ®|1)}, U(t) = e #" can be

expressed as follows:

aZefixll_FbZefile ab(efixlt_efixzt)
U(t) = St a—idal B2 a— i1 1 A2 a—ital
ab(e e ) be +a‘e
(U U2
N <U21 Uzz)’ a7
where
a— C . X1 — O
(¢ —x)2+C% (@ —x)2+8
1
x = Sl(a+B)+y/(a—B)?+4¢2,
and
1
x=[(a+p)—/(a—B)*+447

2

are the two eigenvalues of Hy. Here

A o
0= — o (N? —4M?) —2M — 1,
ﬁ:—i(N2—4(M+1)2)—2M—1,

2N
{=—-A\/N(N+2)—4M(M+1).

When M = N/2, [N/2,N/2) ® |0) is an eigenstate of
the total Hamiltonian corresponding to the eigenenergy of
—(N+1). So {|N/2,M)®|0)} is a one-dimensional invari-
ant subspace, and the above dynamic evolution is only applied
when —N/2 <M < N/2.

We assume two initial qubit states p1(0) = ¢1|0)(0| +
d1|0) (1] +df[1)(0[ + (1 = c1)[1)(1] and p(0) = ¢2[0)(0] +
d>|0) (1] +d5[1)(0] 4 (1 — c2)|1)(1]. According to Eq. (16),
we can get the two evolutional states,

diUy U35 ) )
alUnP+1—c)|Us* )

d,UnUs ) (19)
e|Un? 4+ (1 —c2)|Ug, 2

Then, we calculate the trace distance D of the two states ac-
cording to Eq. (1)

1
D = Luipi()—pale)
— 1~ () +ld - d:P2(0),  (20)
whete h(t) = [[UnP — [ULPL, () = [Un]1Uf] denote

the amplitude of the evolution states. Setting c; —cy =
rcos0,d) —dy, =re'?sin@ (r< 1,0 € [0,27] and ¢ € [0, 7)),
equation (20) can be rewritten as

D= r\/0052 Oh2(t) +sin® 0g2(t). 1)

According to Eq. (5), we can obtain
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W, = mz(;x[r\/cos2 Oh2(Tmax) 4 sin® O g2 (Tmax)
n

— r\/cos2 Oh2(Tmin) 4 sin® Og2(Tmin)].  (22)

When 6 = &, r = 1, the maximum values of W, is

Wy = h(T8™) — h(Ty™), (23)
W =Y W, =Y [h(t/™) — h(7"™)], (24)

and h(t) = ||Uy1 2= U,

2.4. The non-Markovianity W of symmetry broken phase

(0<A<1)

In symmetry broken phase, the ground state of the envi-
ronment is |G) = [N/2, N/2). |G) ®10) is the eigenstate of
the total Hamiltonian, and the corresponding eigenenergy is
—(N+1). {IN/2)®|1),|N/2—1)®|0) } is a two-dimensional
invariant subspace. In the same way, we can get the evolu-
tional states,

c+(1—c)|Up/? dei(N+1)’U2"2> 25)

p(t) =trgp™'(t) = ( d*e {0y, (1 —¢)|Un|?

the trace distance of the two evolutional states

D = r|Un|4\/cos? 8|Un, |2 +sin® 6, (26)

where ¢; —cy = rcosf, di —dy = re'?sin@, (r<1, 6 ¢
[0,27], and @ € [0,7]), and

W, = m%x[rhz('cflmx) \/ cos2 O3 (Tmax) +sin®
r7

— rhy (™M) \/cos2 Oh3(tmin) +sin’ 6],  (27)

where hy(7) = |Up|. By calculating, when 0 =&, r =1, W,
takes the maximum values,

W, = B3 (T0%) — R3(g™i0) = B/ (¢0) — 4/ (gMin),  (28)

n n n

As 1/ (t) = |Un|?, we can obtain

W= YW= Y ) K@)

n

3. Effect of the bath on non-Markovianity

Figure 1 shows the effects of A and A’ on the degree
of non-Markovianity W in the two different phases. Appar-
ently, in the symmetric phase (1 < A < 2), the system shows a
strong non-Markovianity, while in the symmetry broken phase
it demonstrates an extremely weak non-Markovianity. It in-
dicates that there is more information flowed back to the sys-
tem from the environment in the symmetric phase than in the
other. In order to interpret this phenomenon, we need to study
how these parameters affect the oscillatory behaviors of A(t)
or /' (¢) in the two different phases respectively.

N 00
Fig. 1. (color online) The non-Markovianity W as function of A and 1’
for N = 500.

Equations (24) and (29) show that the degree of non-
Markovianity W depends on the amplitude of the evolution
states h(t) or K'(¢). So the behaviors of h(z) or A'(t) will de-
termine the non-Markovian dynamical process. According to
the h(r) and K'(r), the effects of the bath parameters (4, 1/,
and N) on the degree of non-Markovianity are studied in the

following.
8
(2)
6 N=0.1
- — = X=03
""""" N =05
=4 — = = = = - - - = - - =
2
0
0 02 04 06 0.8 1.0
A
150
(b)
N =0.1
- —=-X=03 ,
100 [ N=05 0
= ; ==
E _ -
.. - -
50 o
R
B
%//—

Fig. 2. (color online) The non-Markovianity versus the different phases
for different values of A’ with N = 500.
First of all, in order to elucidate how the coupling strength
A affects the non-Markovianity in the two phases respectively,
we plot Fig. 2 with the different A’. The curves demonstrate
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that the coupling strength A between spins in the environment
merely has no influence on the non-Markovanity W in symme-
try broken phase as shown in Fig. 2(a), but figure 2(b) shows
that the degree of non-Markovianity increases when the cou-
pling strength A gets stronger. That means more information
will reverse to the system from the environment if the cou-
pling strength between the spins in the environment increases
in the symmetric phase. Furthermore, when 1.1 < A < 2, the
increasing trend of W becomes smooth, while 1 < A < 1.1,
In light of the

oscillatory behavior of the amplitude function of the evolu-

W increases sharply as shown in Fig. 2(b).

tional states h(z) and #'(r), we will illustrate this interesting

phenomenon by Fig. 3 and Fig. 4.

|

h(t)

h(t)

In Fig. 3, the curves show the oscillatory dynamics of
amplitude function /4'(¢) versus that in the symmetry broken
phase. The oscillation is stable without decay and has noth-
ing to do with A . The number of //(¢)’s increasing inter-
vals is unchanged however A changes in the fixed parame-
ter space. So the degree of non-Markovianity is invariable

even if the coupling strength changes, which is consistent with

1.2

=== A=04

A=0.2

0 0.2 0.4 0.6 0.8 1.0
t/s

Fig. 3. (color online) The amplitude of evolution state /' () versus time
t with different A in the case of N =500, A’ = 0.5

(b)

1.0

—— =16 ' (d)
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Ii il N |'||| iy
VI | il |:|::|5:t.|:| J \] l, \ t:ﬁ:ftﬁ“ 'l:::h‘luj'l!.
|’ ‘1 |I‘ I" i |‘. Nt A ")I'l :'.‘:Il\?
F|I|Iu: “I:' :' |] I' I " w
“H |

|| q l"l"“::w'! [ \f {1
J il ‘

0.4 Hh ‘” I H\ 1"
':J il HH
|
-Ji ; {
| | j
|

‘|| |

wﬂ

Fig. 4. (color online) The curves of A(r) versus time ¢ with different A are plotted in panels (a), (b), (c), and (d) for N = 500, A’ =

Fig. 2(a). The curves in Fig. 4 exhibit the oscillatory dynam-
ics of amplitude function A(¢) in the symmetric phase. Ap-
parently, the oscillatory behavior of this function is compli-
cated and different from the symmetry broken phase. When
1.1 < A <2 (Fig. 4(d)), as the parameter increases, the os-
cillation frequency is increasing, but the oscillation amplitude

is decreasing. What is more, the larger the A, the slower the

100305-5



Chin. Phys. B  Vol. 24, No. 10 (2015) 100305

decreasing trend. When 1 < A < 1.1, that is a complicated os-
cillatory behavior. As A gets larger, the oscillation frequency
increases (Figs. 4(a), 4(b), and 4(c)). Because the oscillatory
behavior is different, the increasing rate of the degree of non-
Markovianity is also distinct (Fig. 2(b)). The results show that
the oscillatory behavior of the amplitude function A(t) gets
bigger if we increase A, i.e., A(¢) has much more increasing in-
tervals in the fixed time interval. Hence, the non-Makovianity

gets stronger in the symmetric phase.

8
(a)
A=0.1
6 ----- A=0.5
-------- A=0.8
= 4
2 -
0 .
0 0.1 0.2 0.3 0.4 0.5
)\/
150
(b)
A=1.1
----- A=15 P
100 -mans A=1.8 e

50

0 0.1 0.2 0.3 0.4 0.5

Fig. 5. (color online) Setting N = 500, the non-Markovianity versus A’
are plotted in panels (a) and (b) with different A: (a) A = 0.1, 0.5, and
0.8;(b) A =1.1,1.5,and 1.8.

Next, we discuss the effects of the parameter A’ on the
non-Markovianity in the symmetry broken phase in Fig. 5(a)
and the symmetric phase in Fig. 5(b) respectively. From Fig. 5,
we get that the degree of non-Markovianity W increases with
increasing A’. The evolution of W shows the very interesting
ladder shaped growth in the symmetry broken phase. When
the coupling interaction between the system and the environ-
ment becomes stronger, the reflux information is invariable in
some intervals, while in other intervals, the reflux information
is more. This phenomenon is concerned with the oscillatory
behavior of amplitude function #'(r). Figure 6 demonstrates

the oscillatory behavior of amplitude function #'(¢) for two

different values of A’. As A" adds 0.07, the amplitude function
adds a period. So we can gain that the period of this function
in our fixed parameter space is nearly 0.07. According to the
definition of non-Markovianity, W is a summation of 4'(z) in
increasing intervals. So as A’ adds 0.035, //(¢) will increase
half a period. If //(¢) is monotonic increasing in this interval,
the degree of non-Markovianity will increase, otherwise it re-
mains the same. That is why the degree of non-Markovianity

increases by ladder shape.

()

Fig. 6. (color online) /'() versus time ¢ with A’ = 0.23 and 0.3 when
N =500, =0.6.

The curves in Fig. 5(b) show how the coupling strength
between the system and the environment affect the non-
Markovianity in the symmetric phase. As the coupling
strength gets stronger,the degree of non-Markovianity in-
creases. Apparently, the degree of the non-Markovianity in
this phase is powerful. The curve trend of A = 1.1 is dras-
tic. The total trend is increasing but the growth rate becomes
slow. We will resolve this case by Fig. 7. As the coupling in-
teraction between the system and the environment becomes
strong, the frequency of the oscillatory increases and A(t)
shows a damped amplitude oscillation. Hence, the degree of
non-Markovianity increases but the growth rate decreases.

At last, we discuss the effects of the total spin number N
on the degree of non-Markovianity in the two different phases.
From Fig. 8, we can find that the effects of N in the two phases
are similar. The reflux information is all distinctly increasing
as the number of spins in the environment increases. Enlarg-
ing N, the frequency of the amplitude function in both phases
increases, as shown in Fig. 9. In the fixed time interval [0, 1s],
more increasing intervals appear. Hence, the degree of non-
Markovianity increases and more information reversed from

the environment.
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1.0

0.8

0.4

0.2

h(t)

(b)

— XN =0.2

0.5
t/s

Fig. 7. The curves of h(t) versus ¢ with different A’ are plotted in (a) A’ = 0.1, (b)) A’ = 0.2, (c) A’ = 0.3, (d) A’ = 0.4 in the case of

(a) —— \N=0.1
1.0 ]
oslﬂﬂﬁﬂﬂﬂﬂﬂﬂﬂﬂ”ﬂ
=
= 0.6 5
0.4}
0.2}
% 0.5 1.0
t/s
(©) N=0.3
1.0 ]
0.8
= 06
=
0.4
0.2
0
0 0.5 1.0
t/s
N =500, A = 1.1.
12
10}
8.
= 6
4.
2.
0
0
400 :
N=500
------ N=1000
300 e N=1500
(b) 3
= 200} e

100

1.4 1.6 1.8 2.0

A

Fig. 8. (color online) The non-Markovianity versus A’ with different
values of N. N = 500 (solid line), N = 1000 (dashed line), N = 1500
(dotted line). (a) A =0.8. (b) ' =0.5.

Fig. 9. (color online) The oscillatory behaviors of amplitude function in dif-
ferent phases. (a) A = 0.4, A’ = 0.5, N = 500 (solid line), N = 1000 (dashed
line). (b) A = 1.2, A’ = 0.2, N = 100 (solid line), N = 200 (dashed line).

100305-7

1.2

1.0

0.81:

h'(t)

0.4}

0.2¢

0.6f

1.2

1.0

0.8

0.6

h(t)

0.4

0.2

O b

t/s



Chin. Phys. B Vol. 24, No.

10 (2015) 100305

4. Conclusion

In this paper, we discussed the non-Markovianity of the
single qubit coupled to an isotropic LMG bath with the method
proposed by Breuer and co-workers. On both sides of the QPT
point in the LMG bath, the memory effect of the central qubit
has obvious differences as a result of the different oscillatory
behaviors of the amplitude function. In the symmetric phase
(A > 1), the memory effect is strong and much information re-
versed from the environment to the central qubit system, while
the memory effect is tremendously weak in symmetry-broken
phase (0 < A < 1). In the symmetry broken phase, the am-
plitude function is a constant amplitude oscillation with low
oscillatory frequency. In the symmetric phase, the amplitude
function has a complicated oscillatory behavior, i.e., when
A > 1.1, the amplitude function shows an amplitude-damped
oscillation; the oscillatory frequency becomes higher than that
of the other phase. Hence, the non-Markovianity is strong in
the symmetric phase and weak in the symmetry-broken phase.
We then analyze the effect of three parameters (A, A’, and N )
on the non-Markovianity in the two different phases. We find
that the symmetric phase is more sensitive than the symmetry-
broken phase for these parameters. A enhances the memory
effect by increasing the oscillatory frequency and decreasing
the amplitude-damped rate of the amplitude function in the
symmetric phase, while it hardly has influence in the mem-
ory effect in the symmetry-broken phase. A’ modulates the
memory effect of the central qubit system via changing the os-
cillatory period in the symmetry-broken phase, but enlarging
A’ can also make the non-Markovianity powerful by increas-
ing the oscillatory frequency and the amplitude-damped rate
of the amplitude function in the symmetric phase. The number
of spins N in the environment enhances the non-Markovianity
degree by modifying the oscillatory period in both phases. Our
results are helpful for studying the non-Markovian processes
and may have potential applications in the quantum informa-
tion field.
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