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Characterizing the dynamics of quantum discord under phase
damping with POVM measurements”
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In the analysis of quantum discord, the minimization of average entropy traditionally involved over orthogonal projec-
tive measurements may be attained at more optimal decompositions by using the positive-operator-valued measure (POVM)
measurements. Taking advantage of the quantum steering ellipsoid in combination with three-element POVM optimization,
we show that, for a family of two-qubit X states locally interacting with Markovian non-dissipative environments, the decay
rates of quantum discord show smooth dynamical evolutions without any sudden change. This is in contrast to two-element
orthogonal projective measurements, in which case the sudden change of the decay rates of quantum and classical decoher-
ences may be a common phenomenon. Notwithstanding this, we find that a subset of X states (including the Bell diagonal
states) involving POVM optimization can still preserve the sudden change character as usual.
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1. Introduction

Quantum correlation can exist even without entangle-
ment.!!] This deducing was further presented independently
by Henderson er al.™?! and Ollivier et al.,'®! who demonstrate
that, the two equivalent definitions of classical mutual infor-
mation entropy can be generalized to the quantum version. !
In the quantum case of composite systems 7 and %, the Shan-
non entropy was replaced by the von Neumann entropy, for
which the corresponding probability distributions are obtained
from the density matrices. The differences of total and clas-
sical correlations associate with the to-be-measured set!®! of
one system (& or ). They defined the minimal difference
called quantum discord 2 as a measure for the quantum cor-
relation, which has always been nonnegative and is zero for
states with only classical correlations. The idea of discord pro-
vides a clue for DQC1 algorithm, ®! in which the quantum cor-
relation scales with quantum efficiency.!! It is a starting point
for applying discord to study many different protocols and
problems!”~"! in quantum information processes. More signif-
icantly, what we want to know is to what extent the discord
will be responsible for some quantum enhancements.!!%!1]
Following the definition of discord, various measures of quan-
tum correlation in terms of optimal procedures are defined,

¢,[13-161 and relative en-

such as quantum deficit,'?! geometri
tropy measures.[!”]

The quantum discord, as a measure to quantify the quan-
tum correlation, can capture much more non-classical corre-
lation than that of the entanglement measure. Meanwhile, the

dynamical evolutions of quantum discord under the Marko-
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vian and non-Markovian noises have also been investigated
in Refs. [18]-[21]. It is shown that discord, contrary to en-
tanglement, behaves much more robustly in resisting deco-
herence. In addition, the dynamics of discord conducted by
non-dissipative Markovian environments result in a variety of

[22-29] in which a freeze

interesting decoherence phenomena,
and sudden transition of classical and quantum correlation dy-
namics can emerge for the Bell diagonal states of two qubit
states. The sudden transition behaviors show that the quantum
and classical correlations remain constant and unaffected by
decoherence before and after the transition point, respectively,
while the sudden change behaviors just mean that the dynam-
ics of quantum and classical correlations are non-smooth. Ob-
viously, the behaviors of the sudden transition are included in
the cases of the sudden change.

It has been known that the sudden change behaviors re-
sult from the minimization procedure over the complete set
of orthogonal projective measurements. Furthermore, the sud-
den change point can be reflected in the detailed calculation,
in which the minimization will give rise to a non-smooth de-
cay rate of discord due to the different choices of optimal
observables.3% Nevertheless, the minimization procedures in-
volved over all possible measurements bring some difficulties
in the analysis of discord. For bipartite mixed states, the ana-
Iytical solution for the three-parameter family of Bell diagonal
states was first obtained in Ref. [31], and lately Ali et al.[?)
attempted to generalize the analytic form to the X states, in
which the optimal observable is limited to a set of Pauli op-
erators. Recently, researchers [33-35] have made clear that the
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optimization for some two-qubit X states is state-dependent
and out of the finite set as mentioned above. Meanwhile,
the authors3%49! found that, in the cases of POVM measure-
ments, the minimization procedures may lead to more optimal
quantities of discord than that given by orthogonal measure-
ments for a family of X states.

In this paper, by using the visualized tool of the quantum
steering ellipsoid,*!! we show that choosing three-element
POVM measurements rather than orthogonal ones to analyze
discord and classical correlation may obtain more optimal
quantities for a family of X states. Furthermore, we find that,
for some initial X states undergoing two-sided phase damping
(PD), the dynamics of discord and classical correlation in the
optimization over three-element POVM measurements exhibit
two smooth evolving curves without any sudden change point,
in contrast to the cases of the two-element orthogonal mea-
surements. However, for the Bell diagonal states it turns out
that the two alternative optimal procedures would lead to the
same dynamics of discord and classical correlation, and that
the sudden change point still exists.

2. The relationship of quantum discord and
steering ellipsoid

For a bipartite quantum system p., 5, the quantum dis-
cord 27, defined by the difference of total correlation
I(pyn) = (Pr)+-(P5) = (Pyz) and classical cor-
relation € (pwz) = S (P) — minzip,-Y(pd‘M;@) can be
written as

2Ly =IPaz)—C€ (Pyz)
= Lpz) = (perz) +min} pi (poypy»). (1)

where S(p) = —Trplog, p is the von Neumann entropy and in
the quantum case the minimum is taken over a complete set
of POVMs {M#} on % with p; = Tt[M?p ) and Por =
Tru[M?p.y5)/pi. In general, 2 is asymmetric, i.e., 27 #
2%, with 27 given by swapping the roles of &/ and %. Ex-
hausting all possible measurements can achieve the minimal
average entropy

?min = mlnzpl‘y(pgﬂM’%) 2

in Eq. (1). For convenience of analysis, we only consider a
class of X states with positive real matrix elements

pu 0 0 pig

0 pn p3 O
@B — 3

Psr 0 0 puy

for which the positivity requires p?, < p11pas and p3; <
P22P33 with p14 = p4; and pr3 = p32.

With the aid of a geometric picture of the steering ellip-
soid abbreviated as &, one can visualize the optimal measure-
ment of interest through finding an optimal convex combina-
tion of post-measurement ensemble p,, =Y pkp,f/ in the &
(including the surface). It has been pointed out in Ref. [30]
that any one element p,f'/ of the optimal ensemble can only be
found on the surface of €. Now let us define a 4 x 4 real ma-
trix R with elements R,y given by Ry =Tr [pg{@(cy ® Gv)}
for u,v =0,1,2,3, where 0y is the identity matrix and oy, (y)
(u,v =1,2,3) denote the usual Pauli matrices oy ,.. Let a
single-qubit positive operator Ey = ny - o = my [+ m, 01 +
ng, 02 + ny, 03 be an element of general POVM set {E;} such
that ”%0 > n%l + niz + né and ny, > 0. For any point on the sur-
face of €, the vector ny, satisfying nio = nil —|—n%2 —|—n%3 leads to
a rank-1 POVM on .89 In the Bloch vector representation,
the matrix R acted by the POVM measurement is represented
by

PkVk = Rny,
where Vi = (1,x;,yk,2¢)" is the four-component vector of
normalized marginal state pfy =Trg(Eipyz)/Tt(Epwz) =
Vi-0/2, and pp = Tr(Expys) = fo:OR()anka. The created
ensemble {py, Vi} by POVM measurements would be con-
strained by

VIR TRV >0, )

where the Minkowski metric tensor 1 = diag[1,—1,—1,—1].

One can write out its steering ellipsoid equation3%!
2 2 2
¥ ¥y (z—20)
St =1 (5)
2T 2 2 ’
SIS 4

where the three semi-axis lengths along the x, y, z axes and the
location of the center of the & correspond to

P14+ P23
V(P11 +p33) (P2 +pas)’
P14 — p23|
V(P11 +p33) (P22 +paa)’
|P11Pa4 — p22P33]

(P11 +p33) (P22 + pas)’

20 = P11P22 — P33P44 )
(P11 +pP33) (P22 +Pasa)’

respectively. The reduced state p4 corresponds to point A as
shown in Fig. 2(a), and its Bloch vector is (0,0,R;) with R, =
P11+ P22 — P33 — pas. The decomposed ensemble { py, pf;f} of
P distributing on the surface of three-dimensional € brings
out some inconveniences for finding the optimal . min. Con-
cerning this case, we find that the optimal measurements for
the X states must lie in the x—z plane.*”! So the following dis-
cussion is restricted to the ellipse abbreviated as E within the
x—z plane (See Fig. 1(a)).
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Fig. 1. (color online) (a) An E shrinks to z axis under the PD channels, and the E of the dashed line corresponds to the shrinking ellipse. Points
G, E (E'), and F (F') represent the decomposed states respectively corresponding to a fixed point A under the POVM measurements. (b) Plot of
the evolution of quantum and classical correlations of the X state with matrix elements py; = 0.4875, p2s = 0.1625, p33 =0.0875, pga = 1 —p11 —
P22 — P33, P23 = 0.1118, and p14 = 0.3354. The red and blue lines respectively correspond to classical and quantum decoherences. The time instant
of o (ty) =~ 0.4734 corresponding to the sudden change point as the result of the two-element orthogonal measurements can make .7, = ?i‘ The
embedded figure shows clearly that there is no sudden change point due to the optimization procedure of three-element POVM measurements. (c)
Adopting the POVM optimization, the point 2 can decrease continuously from point A to lower vertex H with the shrinking E.

A horizontal chord passing through the point A intersects
with E, on which the two crossing points of E and F cor-
respond to the decomposed two states induced by the two-
element projective measurements (I + 0,)/2 acting on parti-
tion # with probabilities pz = pr = 1/2. The coordinates of
E and F are (£4,1/43 — (R, —z20)?/{3, R;) in the x—z plane,
respectively. The average entropy ... given by a convex
combination of . (pg) and . (pF) is

S = pe Z(pe) +pr L (Pr)

= S(pe) = (pr) = h(r), @)
where
1—x 1—x 14+x 1+x
hx) = ———logy —= — ——logy —

for x € [0, 1] is a binary entropy function and

r=0E = OF = \[R2+ 2 [2 — (R. — 20)2] /2.

Similarly, the average entropy ?i of vertical decomposition
through the point A is

1 = p6 () +ru 7 (Pn)

= pG h(OG) + pn h(OH), ®)
where L L
_AH _AC _,
PG—GH7 PH—G—H— PG-

The intersections of E and z axis correspond to the two ver-
tices of G and H, whose coordinates are labeled as (0,zg) and
(0,zp), respectively.

3. Local filtering operation

Specifically, introducing a local filtering operation
(LFO)B%401 of the form

Ve 0) ©)

Fy = <
0 B
satisfies F, %F@ <1, where o and 3 are real positive values. Its
action on the Z of p 4 can be represented by

(IQF3)prs(1®Fz)'
[l Fz)puz(1® Fz)']

In the Bloch vector representation, equation (10) can be trans-

(10)

!
Pwn=

formed to

1
R = ;RA_;, (11)

T

where p = tr{(I® F)ps (10 Fz)'], Ag =Y (Fg @ F3)T
and

1 0 O 1
po oo
v21 01 =i 0
1 0 0 -1

Under LFO, the € remains invariant and the three semi-axis
lengths and the location of center will be the same as Eq. (6),
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whereas the Bloch vector of p, steered by the LFO on % can
be moved along the z axis. The Bloch vector of the steered re-
duced state p, is then defined as (0,r;) in the x—z plane with
the variable

.o (P11 —p33) + (P22 — pas) B/t 12
© (P +px)+(pn+pu)B/a’

Consequently, we have

P11 — P33

=——> forf/o—0,
oputpn bl

P22 — Paa
=——— forf/a— o 13
© pntpu h/ (13

corresponding to the 6, component of G or H in the Bloch rep-
resentation, respectively. Thus, the o, component of p, can
range along the entire line segment between the vertices of G
and H.

4. The optimization of minimum average en-
tropy using three-element POVM measure-
ments

Remark 1 When the ellipse center is located at the ori-
gin, the function .# . (r,) of horizontal decomposition defined
by LFO is either concave or convex and has no inflexion point.

Immediately, one can reduce Eq. (8) to ?ﬁ (r;) =
L (pc) = L (pr) = h(£3). For a fixed E with zo = 0, the z
axis coordinate R, of the local state ps can be shifted along
the z axis by LFO. Since the moved p4 is always on the z axis
and r, € (zy,z6), for £1 < £3 one can get OE < /3 resulting in
7 (r;) > h(l3), otherwise, for ¢; > {3, OE > {5 resulting in
L (r;) < h(l3).

The two functions of ?:: (r;) and ?‘3 (r;) never have any
crossing point except for the two vertices G and H of E. We
will demonstrate, in the following discussion, that there exists
no inflection point for the function of .7, (r;). Considering
the second derivative of the entropy function .7, (r,) with re-
spect to 7., one can get

d>.%(r;) _ r’arctanh(r) r? (14)
dr? N In2 In2(1—r2)’
where ¥ = dr/dr, = (¢ — 3) r./03 r and
n_ dizr _ (f%—é%)[f% (rz—rg)—f—f% rZZ]
dr? 03
62 62 _ 2
with r = r%—i—il( 32 rz).
G
(i) For £; > /3, one can obtain an inequality
d>.7 . (r,) rr’ 1 2
— > —————— >0, 15
dr? In2 In21-r2 (13)
where the inequality (15) follows the Taylor expansion of
2n+1
arctanh(r) = Y7 5,5 > r forr € 0, 1).

(ii) For ¢ < /3, similarly one can get

27 (r2)

a2 <0. (16)

Thus the function of ... (r,) is either concave or convex.
Having proved that, for the trivial case of /| < ¢3 with
70 = 0, the function of ., (r;) is concave, and the verti-
cal decomposition can take the minimal value . i, = h(43).
While ¢; > /3, horizontal decomposition takes over and there
exists no other optimal convex combination to achieve the
minimum. For an extreme case of ¢; = /3, any decomposi-
tion through the point A must be isotropic and give the same
value of . nin. Thus, the two functional curves of ?i(rZ)
and ., (r;) of interest coincide with each other. So far, it
can be safely said that, for the X states with p11p2 = p33p044,
the minimal average entropy can only be attained in the set
of Fmin = min {7, (r;),-#4(r;) }, whose optimal measure-
ments on & correspond to the observation of either o, or o.
Let us now turn to the discussion of a non-trivial case
that the center of E departs from the origin O in the x—z
plane, three-element POVM measurements will be introduced

30.37] Given an

by means of the geometric picture approaches.!
E with zg # 0 (i.e., p11P22 7 P33P44), one can use LFO to
move the point A along the 7 axis and leaves E unchanged. !
It is possible that the z coordinate of the moving point A cor-
responding to a certain value z7 makes .%¢, (z7) and %4 (zr)
be exactly equal as shown in Fig. 2(a). The two functions of
7 (r;) and .%4(r;) only have a crossing point if ignoring
the two points of G and H. It has been shown that the en-
tropy function .7 ., (r,) has at most one inflection point.3” As
shown in Fig. 2(a), one can always draw a straight line LG
passing through its right end point G tangent to the function
curve ., (r;), in which L4 has a tangent point correspond-
ing to a point 2 = (0,z4 ) on the z axis. The tangent line L ¢
with z7 € (z4,z6) can make it possible to obtain a smaller av-
erage entropy than that given by ?i or .7, corresponding to
the dashed blue and real black lines. The Lz gives a con-
vex combination of three entropy functions corresponding to
h(OE), h(OF), and h(OG), respectively, as described in the
context and illustrated in Fig. 1(a). The decomposed states in-
duced by various choices from POVM elements of {Mlg } can
be directly shown by E, on which three points are distributed
symmetrically. The average entropy can be given by

s = pc(pc)+ pe (PE) + pr (Pr)
= ph(OG)+ peh(OE) + prh(OF), (17

where OE = OF = \/Zi+ff (02— (za —20)%]/83, PG =
AZ/GZ, and pg = pr = (1/2)(GA/GZ’). The authorsl*”!
have pointed out that if the coordinate of local state py lies in
the range of z4 < r; < zg, three-element decomposition will
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give rise to a more optimal average entropy. As shown in
Fig. 2(a), the minimal average entropy given by the point M
on the tangent line L is smaller than that by point V.

S0) (=)

v

ZH ZA zr 2G Tz

Fig. 2. (color online) For a fixed E, a moving point A corresponds to
the p4 along the z axis by LFO. Blue dashed line and black real line
represent two functions of yi(rz) and ., (r;) respectively. The two

functions intersecting at the point N make .%y = .#,. One can draw a
tangent line Ly with zr € (z4,26), in which the average entropy can
access a smaller value than that given by ?i and .7, corresponding to
the dashed blue and real black lines. (b) In the PD channel, the shrink-
ing E will make the value of the function .7, (r,) increase. From top to
bottom, three real black lines corresponding to different evolution time
to + Ot,19, and o — 8¢ show that the ., increases continuously for a
certain z-axis coordinate zz of the local state. For a certain point (0,zr)
of the local state, Aj, Az, and A3z respectively correspond to optimal av-
erage entropy of different time instants of decoherence evolution under
the POVM measurements.

S. The dynamics of quantum discord

In terms of the three-element POVM measurements, we
set out to study the dynamical evolution of discord of the X
states and reinvestigate the sudden change. Specifically, we
shall introduce a typical kind of unital noise channel,* i.e.,
phase damping (PD) channel, which is a decoherence model
with no energy exchange between the system and environ-
ment. This channel can take the identity operator to itself so
that & (I/2) = I/2 and preserve any component of the Bloch
vector in the o direction, while shrinking any one in the o,
and o, directions. Specifically, the PD channel can be de-
scribed by a complete set of Kraus operators {K;} satisfying
normalization condition Zﬁ: 1 KZ;Kﬂ =1, and in the computa-
tional basis it has the following form of

Ky =0)(0]+ /1= y]1)(1],

Ky = /YI1)(1], (18)

where 7y represents the decay rate as a function of time . There
is an associated two-sided quantum map &, 5 that transforms
initial quantum state p ., 4 to

2
EvzPwzn)= Y. (Ki®K)pyzs(K © K,T)- 19)
ij=1
In the PD channel, equation (5) is transformed to the form of
x? N y? (z—120)?
(1-y2G  (1-7)24 G

On the scaled down surface of the &, each point shrinks to the

+ =1. (20)

z axis. Without loss of generality, one only needs to consider
the E in the x—z plane as shown in Fig. 1(a).

Remark 2 For the X states with pj1p = p33paa sat-
isfying ¢; > ¢3, when passing through the PD channels, the
dynamics of discord and classical correlations will exhibit a
sudden change.

The PD channels keep the center coordinate O and GH of
E fixed, therefore, with Remark 1, the .% i, can only be ob-
tained by two alternative decompositions, i.e., horizontal and
vertical ones. Thus, the sudden change of chosen optimal de-
composition leads to the sudden change of dynamical evolu-
tion. Obviously, the Bell-diagonal states are included in this
result.

Remark 3 For a family of initial X states with p1p2; #
P33p44 and .7, > ?@ at a time instant the sudden change de-
rived from orthogonal measurements should have happened,
three-element POVM measurements may make them evolve
smoothly without any abrupt change and give more optimal
quantities of discord during the decoherence process.

For the decay rate y(¢), the time instant fy of ?:i
equalling to ?tf, for which the two functions of .# . (r,) and
+(r;) induced again by LFO moving the point A along the z
axis have a crossing point corresponding to the moment 7y of
sudden change. [Note that we use the symbol 7y as superscript
to label the time instant of decay rate.] There is a tangent line
segment L, as pictured in Fig. 2, that can give a more op-
timal minimal average entropy .7 4. For an adjacent evolution
time instant #y F 8¢ of the fy, we must have an inequality of
?ﬁfét (R.) < Z°(R.) < ?Zj& (R,) , since the GH and the
Bloch vector (0,R;) of the reduced state p4 are fixed in the
PD channel. For each time instant, one can always move the
local state p4 by LFO along the z axis from G to H (H to G),

and define the two functions of .7, (r;) and ?i(rZ)' One can

still obtain the inequality ?ﬁfﬁt (r.) <72 (r) < ?‘ﬁf‘” (r2).

Figure 2(b) schematically illustrates a continuous series of the
functional curves of .7, (r;) with the continuous change of
time for ¢ — 0 in the PD channel . For the local state of ps
with the fixed Bloch vector (0,R;) in E, the minimal average
entropy of ?IA (R;) given by the tangent line Ly rises con-
tinuously over time 7.
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A concrete example of dynamical behaviour is revealed
by Fig. 1(b) to show that the entire evolution process from
classical to quantum decoherence is smooth and does not man-
ifest any sudden change. In Fig. 1(c), the value z, corre-
sponding to z axis coordinate of point 2 decreases continu-
ously from point A to lower vertex H with the shrinking E.
Within the interval of 0.4731 < () < 0.4737, the optimal
decomposition has three-element states corresponding to the
POVM measurements. In the situation where y(r) < 0.4731
or y(t) > 0.4737, the optimal measurements are equivalent
to two-element orthogonal measurements corresponding to ei-
ther oy or o;. Finally, it should be noted that the two-element
orthogonal measurement has been able to give a good approxi-
mation of the discord, and there is only a subset of X states for

[33.36] However,

which numerics shows their tiny differences.
the tiny differences may make an essential distinction for the

decoherence process.

6. Conclusion

In this work, we have combined the convex analysis with
the geometric picture of the available decomposition of local
state in the steering ellipsoid, and proved that choosing the
three-element POVM measurements instead of two-element
orthogonal measurements can give more optimal quantities of
discord for a family of X states. Furthermore, by means of the
three-element POVM measurements we presented that, except
for those initial states with p11p22 = pP33p44, there does not
exist any sudden change for a family of X states under the
phase damping channel. One interesting conclusion is that the
decoherence of some initial states with the sudden transition
character becomes a smooth transition due to more optimal
three-element POVM measurements. The physical mechan-
ics of the sudden and smooth transition may be valuable for
further considerations. In addition, the revised measure of dis-
cord defined by the three-element POVM measurements can
be used to reinvestigate the correlation dynamics of a compos-
ite system under the dissipative environments, and may reveal
the conditions of presence or absence of the sudden change
points compared to that given by two-element orthogonal mea-
surements.
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