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We present a novel efficient approach in calculating induced transmembrane voltage (ITV) on cells based on trans-
formation optics. As cell membrane is much thinner than the dimension of a typical cell, discretizing the membrane needs
numerous meshes. Using an anisotropic medium based on transformation optics, the thickness of the membrane can be
exaggerated by at least one order, which eliminates rigorous mesh refinement and reduces unknowns greatly. The accuracy
and efficiency of the proposed method are verified by a cylindrical cell model. Moreover, the influence on ITV with bound
water (BW) layers is also studied. The results show that when cells are exposed to nanosecond electric field, BW layers

should be rigorously considered in calculating ITV.
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1. Introduction

The interaction between electric field and cells has re-
ceived much attention for decades. When cells are exposed
to an electric field, the penetrability of the cell membrane may
increase, which leads to the formation of transient hydrophilic
pores in the membrane.!! This phenomenon is called elec-
troporation, which has been widely used in many applications,
such as fusion of cells, introduction of drugs into cells, and
the treatment of cancer.*%! However, the physical mecha-
nism of electroporation is admittedly poorly understood and
research reveals that it is related to induced transmembrane
voltage (ITV) across the cell membrane.!”-"! Hence, accurate
ITV is critical in clarifying the mechanism of electroporation.

In the past, many methods have been proposed to calcu-
late ITV, including finite difference method (FDM), finite ele-
ment method (FEM), and finite volume method (FVM).[10-12!
Nevertheless, these methods all need to discretize computa-
tional domains. As the cell membrane is much thinner than
the dimension of a typical cell, describing the cell membrane
with good accuracy makes mesh cumbersome.!'*! In order to
reduce meshes, the jumped boundary method and the scal-
ing method are usually employed. With the jumped boundary
method, the cell membrane is equivalent to a boundary with
zero thickness.['*] With the scaling method, the membrane is
replaced by a thicker one with higher permittivity and conduc-
tivity within the membrane. !

Nevertheless, the two equivalent methods both bear their
inherent limitations. It has been reported that the error of
the jumped boundary method increases with the thickness of
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membrane. When cell membrane is only 1% of the cell di-
mensions, the error reaches nearly 10%.1%! With the scaling
method, the error also remains a high value.l'”! For example,
when a spherical cell is exposed to nanosecond electric pulses,

18] Furthermore, recent research shows

the error reaches 10%.
that ITV values even with variation less than 3% result in pore
density variation being 80%.!!”) Besides, as is well known, the
cell membrane consists of some complicated structures, such
as hydrophilic headgroup regions and bound water (BW) lay-
ers. These structures may affect electric distribution within

19.201 Hence, there remains a need for an efficient ap-

cells.!
proach that can both calculate ITV accurately and deal with
the problems involved in cells with complex structures.

On the other hand, transformation optics has attracted
much attention in recent years. For example, Pendry et al.l?!!
and Schurig et al.!?*! used transformation optics to design an
invisible cloak, which was one of the most important progres-
sions in electromagnetics and optics in recent years. Besides,
some novel devices have also been reported based on transfor-
mation optics, such as concentrators, multi-window invisible
cloaks, and beam squeezers.m‘zs] In addition, transformation
optics is also extended to other fields, including acoustics and
thermodynamics. [*%-2%! Indeed, transformation optics can date
back to the 1990s. In 1996, Ward and Pendry et al. used this
theory to reduce the unknowns in computing Maxwell’s equa-
tions in complex geometries encountered in photonic band
structure.[*’! In this work, they employed an adaptive co-
ordinate system to expand the length scale by renormalizing
permittivity and permeability, which is extremely convenient
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to tackle multi-scale problems in computers. Moreover, Mil-
ton et al. proved that the Laplace equation also stays form-
invariant in different coordinate systems. %) Hence, this pro-
vides us with a potential way of calculating ITV on cells.

In the present paper, we propose an efficient approach to
calculating ITV on cells using transformation optics. Based on
the form-invariance of the Laplace equation, the thickness of
the cell membrane can be exaggerated by using an anisotropic
medium, which can reduce meshes greatly. Importantly, using
the proposed method, we can handle the problems with sophis-
ticated structures in cells. A cylindrical cell model shows that
the proposed method can enhance computational efficiency
greatly with high accuracy. Besides, utilizing the proposed
method, we calculate ITV involved with BW layers. The re-
sults show that the BW layers should be rigorously considered
when cells are exposed to a nanosecond electric field.

2. Theory of transformation optics for calculat-
ing ITV

Generally, transmembrane voltage in cells is determined
by the Laplace equation.!'”! As mentioned above, it is diffi-
cult to generate meshes to discretize cell geometry due to the
large ratio of cell dimensions to membrane thickness.!'*! As
Milton et al. proved that the Laplace equation also remains
form-invariant in different coordinate systems, which is simi-
lar to Maxwell’s equations, %! this inspires us that ITV may be
obtained by exaggerating the thickness of membrane in other
coordinates through using transformation optics. Thus, dense
meshes can be eliminated.

In a time-harmonic field, the Laplace equation can be ex-
pressed as

V-e(r)VV (r)=0. (1)

Here, € () is complex permittivity and  is the position vector.
We define a coordinate transformation as

' =T(r), 2)

where 7' is the position vector in the new coordinate. Corre-

spondingly, the voltage in the new coordinate satisfies>"!
V-E(r) VIV (r) =0, 3)
with
E(r') = Ae(r)AT /det A. @)

Here, A is the Jacobian tensor, and expressed as

B dx'/dx dx'/dy Jx'/dz
A= | 9y /dx dy/dy 9y /dz |. )
97 /dx 97 /dy 97 /dz

For an isotropic medium, equation (4) can be simplified into
E(r')=¢€(r)7, 6)
with
7=A-AT/detA. (7)

Usually, a cell model consists of cytoplasm 2., mem-
brane Qp,, and extra-cell medium €. as shown in Fig. 1(a).
Interior membrane boundary and exterior membrane bound-
ary are denoted by dQnm i, and dQmex, respectively. In
order to perform transformation, we add a virtual bound-
ary d€. jpwithin the extra-cell medium in Fig. 1(b). In the
new coordinate, the cell membrane is amplified by stretching
boundary 0 Q2 ex into 92}

m.ex and keeping boundaries 0Cmin

and d€. ;, unchanged. Hence, membrane Qy, and extra-cell
medium £ in the original coordinate are transformed into ],
and Q! in the new coordinate.

O\
~ OfZmex 7

-= 26—~
Fig. 1. (color online) Coordinate transformation for cell membrane.
In the membrane, point Py, () in the original coordinate

is mapped to P, (r') in the new coordinate by using the trans-
formation

/
el = [frmin]

||Tm,ex — Tm,in ||

r (T - 'rm,in) + Tm,in- (8)
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Here, Tmin, Tmex, and rfmex denote the position vectors of
points at dQm in, 0L ex, and I Q]

x> respectively. Similarly,

we can obtain coordinate transformation in extra-cell medium

/!
_ Irimex| = [[rein]

Hrm,ex —Te,in H

("" - ""e,in) + Tein, 9

where 7 i, denotes the position vectors of points at d € .

Fig. 2. (color online) Sketch of a cylindrical cell.

Also, we take an example of a cylindrical cell model to
demonstrate the proposed method as shown in Fig. 2. The ra-
dius of the cytoplasm and the thickness of the membrane are a
and ma, respectively. In the new coordinate, the thickness of
the membrane is na and the radius of boundary 9.Qe iy is ha. In
the membrane, position vectors corresponding to boundaries
9Qnm in, 9Qm ex, and 9 Q] ., are

a(x-ac+y-ay)

VAR

ma(x-ax+y-ay)

Fimex = , (11)
m,ex \/m

ro = —na(x-ax+y'ay)’ (12)

m,ex /x2 + y2

(10)

Tm,in =

where a, and a, are unit vectors of the coordinate system.
According to Egs. (8), (10), (11), and (12), we derive relation-
ships between the original coordinate and the new coordinate

as follows:
X =k-x+b-x/r, (13)
Y =k-y+b-y/n (14)
where
k=(n—1)/(m—1), (15)
b=(m—n)/(m—1), (16)
and

r=/x2+y2. (17)

Based on Eq. (5), the tensor in Eq. (7) can be expressed

as
= i e
- , 18
4 {le 7’22} (18)
with
Yo B-2br
= 1
N1 r’—b+r’3(r’—b)x ) (19)
) Y
=" 20
Y12 r,3 (r/_b)xy ) ( )
and
r b*—2br
Y22 r’fb+r’3(r’fb)y ) (21
where ¥ = /x2+y2. Similarly, we can obtain the posi-

tion vector corresponding to boundary d€2. j, in the extra-cell
medium

. :ha(x-ax+y-ay)' 22)

e,in \/}m
According to Egs. (9), (11), (12), (13), (14), and (17), we find
that the tensor of complex permittivity in compressing domain
is similar to Eq. (18) with the parameters of

k=(h—n)/(h—m), (23)
and

b=ha-(n—m)/(h—m). (24)

3. Numerical results

A cylindrical cell model is used to verify the efficiency
and accuracy of the proposed method as shown in Fig. 3.
The cylindrical cell is surrounded by a square with a size of
10 pmx 10 pm. The radius of the cylindrical cell is 1 um and
the thickness of the membrane is 10 nm. In the new coordi-
nate, the thickness of the membrane is 100 nm and the radius
of the boundary 9, is 1.2 pum.
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applied voltage
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Fig. 3. (color online) Computation domain for the cylindrical cell.

Table 1. Dielectric parameters of cell compartments.

& [» Srelax/MHz c/S-m!
Cytoplasm 67.00 5.00 17900 0.55
Membrane 11.70 4.00 179.85 1.1x 1077
Extra-cell 67.00 5.00 17900 0.55
BW layers 34.65 5.46 1760 0.66

Dielectric characteristic of each cell compartment can be
described as!’!

& — £ >+ c
1+jf/frelax j27l?f’

where & and & represent the permittivity values under static

e (f)=e (ax, + (25)

conditions and extremely high frequencies, respectively, and
frelax 1s the relaxation frequency. The dielectric parameters
are displayed in Table 1.!'”) Boundary conditions are shown
in Fig. 3, in which the applied voltage is 1 V. The model is
performed by FEM software with triangle elements. The mesh
size is 0.5 wm and it decreases toward the membrane as shown
in Fig. 4.

(a) (b)

Fig. 4. (color online) Meshes of the model: (a) by original FEM and (b) the
proposed method.

Table 2 shows the number of mesh elements when using
the proposed method is much lower than when using orig-
inal FEM. The numbers of unknowns when using original
FEM and the proposed method are 3361 and 27629, respec-
tively. Clearly, it seems that the proposed method can reduce

the numbers of meshes and unknowns greatly. In this model,
the cell dimension is 100 times the thickness of membrane.
Specifically, by using the original FEM it is shown that the
number of unknowns increases dramatically with increasing
the ratio of cell dimension to membrane thickness. For exam-
ple, when the radius of cytoplasm becomes 10 pm, it is hard to
generate meshes in personal computers by the original FEM.
Besides, it has been reported that there are BW layers on each
side of the membrane, whose thickness ranges from 0.5 nm
to 2 nm.3!l The cell dimension is several thousand folds of
the thickness of BW layer. The original FEM cannot deal with
these problems, but they can be solved readily by the proposed
method.

Table 2. Comparison of results between original FEM and the proposed
method.

Node number  Element number ~ Unknowns
Original FEM 6923 13784 27629
Proposed mthod 856 1650 3361

Figure 5 shows ITV across the membrane with a work-
ing frequency of 1 MHz. The black line (with solid squares),
red line (with solid circles), and blue line (with solid rhombi)
represent the results by the original FEM, the proposed method
and the previous scaling method in Ref. [17], respectively. The
maximum ITV by the previous scaling method is 0.1991 V,
which is 7.8% larger than that by the original FEM. It has been
found that pore density varies sensitively with ITV value. For
example, ITV values with variation less than 3% result in pore
density variation being nearly 80%.!!°1 The previous scaling
method will lead to inaccurate results in studying electropora-
tion. On the other hand, the results obtained by the proposed
method are in good agreement with those obtained by the orig-
inal FEM. The maximum ITV obtained by using the proposed
method is 0.1847 V, which is identical to that by using the
original FEM. It indicates the proposed method can provide
us with an efficient and accurate technique to calculate ITV.

0.30} —=— original FEM
—e— proposed method
0.20 T —— previous method

0.10

—0.10

Transmembrane voltage/V

—0.20

0 1 2 3 4 5 6
Arc length/pm

Fig. 5. (color online) Variations of transmembrane voltage across the
membrane with frequency of 1 MHz, obtained by different methods.
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Based on the proposed model above, we study the influ-
ence of BW layers on ITV with thickness values of 0.5 nm
and 2 nm, respectively. Figures 6(a) and 6(b) show the varia-
tions of ITV across the membrane with arc length at working
frequencies of 1 MHz and 1 GHz, respectively. In Fig. 6(a),
the influence of BW layers on ITV can be ignored at 1 MHz.
While the working frequency is 1 GHz, we can see signifi-
cant changes of ITV with BW layer. In Fig. 6(b), when the
thickness of the BW layer is 0.5 nm, the maximum value of
ITV along the arc is 0.0153 V, which is 5.45% larger than that
without BW layers. As the thickness of the BW layer increases
to 2 nm, the maximum ITV value decreases to 0.0147 V and
this is only 1.38% larger than that without BW layers. The
pore density is sensitive to the ITV value, which suggests that
when cells are exposed to a nanosecond electric field, BW lay-
ers should be rigorously considered in simulation.

0.30
—s—without BW

r —e—with 0.5 nm BW

0.20 L —s—with 2 nm BW

0.10

—0.10

Transmembrane voltage/V

—0.20

Arc length/um

—s— without BW
0.020 - —e— with 0.5 nm BW

> —— with 2 nm BW
>
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Fig. 6. (color online) Transmembrane voltage across the membrane
with BW layers with frequencies at (a) 1 MHz and (b) 1 GHz.

4. Conclusions

In this paper, we propose an efficient approach to calcu-
lating ITV across a cell, based on transformation optics. The
Laplace equation is mapped to a general form in which the
permittivity is anisotropic. By mapping the original space to
the transformed space, the need for rigorous local mesh refine-
ment to discrete thin membrane is eliminated, thus reducing

unknowns and improving computational efficiency. Specifi-
cally, we derive the expressions of anisotropic permittivity for
a cylindrical cell. A simple example is presented to verify the
proposed method. Compared with previous methods, the pro-
posed method shows good accuracy, which provides a power-
ful technique to investigate the physical mechanism of elec-
troporation with sophisticated structures. Using the proposed
method, the influence of BW layers on ITV is also studied.
The results show that the BW layers can affect ITV signifi-
cantly at 1 GHz. Hence, for the case where cells are exposed
to a nanosecond electric field, the BW layers should be rigor-
ously considered in the simulation.
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