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Tight-binding electron–phonon coupling and
band renormalization in graphene*
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The kink structure in the quasiparticle spectrum of electrons in graphene observed at 200 meV below the Fermi level
by angle-resolved photoemission spectroscopy (ARPES) was claimed to be caused by a tight-binding electron–phonon (e–
ph) coupling in the previous theoretical studies. However, we numerically find that the e–ph coupling effect in this approach
is too weak to account for the ARPES data. The former agreement between this approach and the ARPES data is due to an
enlargement of the coupling constant by almost four times.
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1. Introduction
The first realization of graphene[1] has inspired tremen-

dous interest in physics both experimentally and theoretically.
Graphene consists of a monolayer of carbon atoms in a honey-
comb lattice which comprises two interpenetrating triangular
sublattices. The band structure of graphene was first written
down by Wallace.[2] A charge carrier in graphene is described
by Weyl’s equation in the vicinity of the Dirac point, and pos-
sesses a simple linear energy spectrum.[3] This peculiar band
structure has been confirmed by angle-resolved photoemission
spectroscopy (ARPES) measurements.[4] In the ARPES mea-
surements, a kink was observed at about 200 meV below the
Fermi level.[4–7] In order to explain this feature, many theories
have been proposed.[8–12]

A continuum model suitable for the description of a
phonon in graphene was developed,[13] upon which the cou-
pling between electron and optical phonon was studied.[14,15]

A theory for the analytical calculation of the effect of the
electron–phonon (e–ph) coupling on the electronic properties
of graphene was developed by Tse and Das Sarma.[10] How-
ever, the kink structure they presented was not consistent with
that in the ARPES study.[4,5] Kang et al. revisited the ap-
proach and gave results that were more consistent with the
ARPES experimental data and first-principle calculations.[12]

Note that a dimensionless phonon-mediated e–e coupling con-
stant g2

ee = 0.02 [10] was adopted in both calculations, the value
of which was relevant to the strength of the kink structure.
However, according to the definition of g2

ee in Ref. [10], the
g2

ee calculated is four times smaller than 0.02. This renders the
above agreement uncertain.

In this paper, we investigate the e–ph coupling in
graphene due to the lattice vibration modulation of the near-
est hopping energy in the tight-binding model. From the tight-
banding model in second-quantized form, we formulate the e–
ph coupling, from which the electron self-energy of graphene
is obtained. A similar approach was adopted to calculate the
conductivity of graphene[16,17] and the transport of an elec-
tron in bilayer graphene[18] taking into account the effect of
the e–ph coupling. Besides, we adopt the full energy dis-
persion of free graphene instead of the linear energy spec-
trum, which is valid only in the vicinity of the Dirac point
and usually used in the previous theoretical calculations. We
numerically calculate the electron self-energy and the effect
of the e–ph coupling to the spectral function of a quasiparticle
in electron-doped graphene. We also calculate the effective
mass-renormalization parameter λ eff

ph . All our results are com-
pared with the results of Kang et al. based on the Tse and
Das Sarma model with g2

ee = 0.02,[12] and the distinction is
significant. Furthermore, we also revisit Tse and Das Sarma’s
model by setting g2

ee = 0.01 for comparison.

2. Electron–phonon coupling due to the nearest
hopping energy
The tight-binding model considering only the nearest

neighbor hopping reads[3]

H =−∑
𝑖,𝛿

t(𝑎†
𝑖𝑏𝑖+𝛿 +𝑏†

𝑖+𝛿𝑎𝑖), (1)

where 𝑖 runs over sites in sublattice A, 𝛿 is the nearest-
neighbor vector, and t is the nearest hopping energy. Since
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the lattice vibration changes the distance between the nearest
neighbor carbon atoms, t is modulated as[14]

− t =−t0 +
(
− ∂ t0

∂ac

)
1
ac
𝛿 · [𝑢B(𝑖+𝛿)−𝑢A(𝑖)], (2)

where 𝑢A(𝑖) and 𝑢B(𝑖+ 𝛿) are the lattice displacements at
sublattices A and B, respectively, and t0 = 3.03 eV[15] and
ac = 1.42 Å[3] are the nearest hopping energy and the equi-
librium bond length between adjacent carbon atoms in free
graphene without lattice vibration, respectively.

Only considering the long wavelength optical phonon, we
have[14]

𝑢B(𝑟+𝛿)−𝑢A(𝑟)≈
√

2𝑢(𝑟), (3)

where 𝑢(𝑟) is the relative displacement corresponding to the
optical phonon. We shall focus on the coupling between elec-
tron and longitudinal phonon in graphene. For the long wave-
length optical phonon,[15]

𝑢(𝑟) =

√
h̄

2NMcω0
∑
𝑞

(A𝑞 +A†
−𝑞)𝑒(𝑞)e

i𝑞·𝑟, (4)

where N is the number of unit cells, h̄ω0 = 196 meV is the
optical phonon frequency at the Γ point of graphene, Mc =

1.993×10−23 g is the mass of a carbon atom, and A𝑞 and A†
−𝑞

are the destruction and the creation operators of a phonon, re-
spectively. For the longitudinal phonon,

𝑒(𝑞) = i(qx,qy)/q. (5)

Substituting Eqs. (2)–(4) into Eq. (1) and using the Fourier
transform

𝑎𝑖 =
1√
N ∑

𝑘

a𝑘ei𝑘·𝑖, b𝑖+𝛿 =
1√
N ∑

𝑘

b𝑘ei𝑘·(𝑖+𝛿), (6)

we can obtain

H = H0 +H1. (7)

The first term is the tight-binding model Hamiltonian for
free graphene without lattice vibration

H0 = ∑
𝑘

ψ
†
𝑘

(
0 γ𝑘

γ*𝑘 0

)
ψ𝑘, (8)

where

γ𝑘 =−t0 ∑
𝛿

ei𝑘·𝛿, (9)

and ψ𝑘 = [a𝑘 b𝑘]T is a two-component operator.
The second term represents the e–ph coupling

H1 =
gep√

N ∑
𝑘,𝑞

ψ
†
𝑘𝑀(𝑘,𝑞)ψ𝑘−𝑞(A𝑞 +A†

−𝑞), (10)

where 𝑀(𝑘,𝑞) is the coupling matrix between electron and
phonon

𝑀(𝑘,𝑞) =
1
ac

∑
δ

(
0 (𝛿 ·𝑒(𝑞))ei(𝑘−𝑞)·𝛿

(𝛿 ·𝑒(𝑞))e−i𝑘·𝛿 0

)
, (11)

and

gep =
β t0
ac

√
h̄

Mcω0
(12)

gives the magnitude of the e–ph coupling, with β =

−dlnt0/dlnac ∼ 2.[15]

Diagonalizing H0 and considering the chemical potential,
we can obtain the full energy dispersion of free graphene

ξλ (𝑘) = λ |γ𝑘|−µ, (13)

where λ = +1 and −1 correspond to the conduction and the
valance bands, respectively, and µ is the chemical potential.

Note that we adopt the full energy dispersion expressed
in Eq. (13) rather than the linear dispersion, which is valid in
the vicinity of the Dirac point and usually used in the previous
theoretical calculations,[10,12] so our current model is work-
ing in a different basis representation. Both coupling matrix
and coupling constant have different meanings from those in
Ref. [10]. In fact, g2

ep = 0.033eV2 in our current model.
Using Green’s function theory, we obtain the expression

for the electron self-energy due to the e–ph coupling in the
diagonal basis

Σ±(𝑘, iωn) =−
g2

ep

2βT

1
N ∑

𝑞,iωm

∑
λ

𝒢(0)
λ

(𝑘−𝑞, iωn − iωm)

×𝒟(0)(iωm)[(|M12(𝑘,𝑞)|2 + |M21(𝑘,𝑞)|2)/2

±λRe(M12(𝑘,𝑞)
*M21(𝑘,𝑞)ei(θ𝑘+θ𝑘−𝑞))], (14)

where 𝒢(0)
λ

(𝑘, iωn) = 1/[iωn − ξλ (𝑘)] is the electron Green’s
function of free graphene in the diagonal basis, 𝒟(0)(iωm) =

2h̄ω0/[(iωm)
2 − (h̄ω0)

2] is the free phonon Green’s function,
and eiθ𝑘 = γ𝑘/|γ𝑘|. Because we now work with a complex
nonlinear energy dispersion, we are not able to obtain an an-
alytical expression of the self-energy through integrating over
𝑞. The self-energy can only be calculated numerically.

A similar approach to formulate the self-energy due to
the e–ph coupling in graphene was employed in the previous
works,[16,17] however, some technical differences need to be
mentioned here. Firstly, in those previous works, the free elec-
tron Green’s function in the expression of the self-energy is
corresponding to the operator ψ𝑘, and is not identified with
𝒢(0)

λ
(𝑘, iωn) in Eq. (14). Secondly, the integral over momen-

tum 𝑞 is performed by adopting the linear energy dispersion
and introducing a cut-off energy.
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3. Results and discussion
In Tse and Das Sarma’s approach, the e–ph coupling con-

stant is[10]

g =−β h̄vF

a2
c

√
h̄

2NMcω0
, (15)

where vF = 3act0/(2h̄) is the Fermi velocity of the
Dirac fermion.[3] They defined the dimensionless coupling
constant[10]

g2
ee ≡

g2𝒜
h̄2v2

F
, (16)

where 𝒜 is the area of the graphene sample. Accordingly, we
find g2

ee = 0.0046. Thus, the value of g2
ee fixed by the atomic

parameters in graphene is four times smaller than 0.02, which
was adopted by Tse and Das Sarma as well as Kang et al.[10,12]

In Fig. 1, we present the real and the imaginary parts
of the electron self-energy at doping n = 1.0 × 1013 cm−2.
The black solid line is the result numerically calculated
from Eq. (14), and the blue dashed line is that of Tse and
Das Sarma’s model with g2

ee = 0.02.[12] The difference be-
tween the two results is remarkable. The mutation of the real
part and the jump of the imaginary part of the self-energy
at −ω0 obtained in our current model are much weaker than
those in Tse and Das Sarma’s model.[10,12] The self-energy
in our results is smaller. We also calculate the self-energies
at doping levels n = 4.5× 1013 cm−2 and 12.0× 1013 cm−2,
and find that this difference becomes larger with increasing
doping. The real and the imaginary parts of the self-energy
control the energy renormalization and the broadening of the
spectral of quasiparticles. So the energy spectrum renormal-
ization due to the e–ph coupling in our current model will be
much weaker.
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Fig. 1. (color online) Real and imaginary parts of the self-energy of
graphene with electron-phonon coupling at 𝑘 = 𝑘F. The doping is
n = 1.0× 1013 cm−2. The solid (black) curve is the results of our cur-
rent model. The dashed (blue), the short-dashed (red), and the dot-
dashed (green) curves are the results of Tse and Das Sarma’s model
with g2

ee = 0.02, 0.01, and 0.005, respectively.

Such a big difference is unacceptable, because the ori-
gin of the e–ph coupling we considered and the atomic pa-
rameters we used are exactly the same as those of Tse and
Das Sarma. As we mentioned above, the value of g2

ee = 0.02
in Tse and Das Sarma’s approach is overstated. For com-
parison, we calculate the electron self-energy using Tse and
Das Sarma’s model with g2

ee = 0.005 and 0.01 respectively.
In Fig. 1, the green dot-dashed curve is for g2

ee = 0.005 and
the red short-dashed curve is for g2

ee = 0.01. The results from
Tse and Das Sarma’s model with g2

ee = 0.005 become too
small to be consistent with our model. It is interesting that
the result with g2

ee = 0.01 is very close to that of our current
model. The similarity between the results of our current model
and those of Tse and Das Sarma’s model with g2

ee = 0.01 is
confirmed further at doping levels n = 4.5× 1013 cm−2 and
12.0× 1013 cm−2. This implies that the appropriate value of
g2

ee in Tse and Das Sarma’s model should be about 0.01.
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Fig. 2. (color online) EDCs in a narrow 𝑘 range near the kink struc-
ture at doping levels (a), (d) 1.0×1013 cm−2; (b), (e) 4.5×1013 cm−2;
and (c), (f) 12.0× 1013 cm−2. Panels (a)–(c) are results of our current
model, while panels (d)–(f) are those of Tse and Das Sarma’s model
with g2

ee = 0.02.

The spectral function is a central quantity in a many-body
system, which is expressed in terms of the self-energy as

Aλ (𝑘,ω) =− 1
π

Im
1

ω −ξλ (𝑘)−Σλ (𝑘,ω)
. (17)

The energy distribution curve (EDC), a plot of A(𝑘,ω) versus
ω for a fixed value of 𝑘, reveals the energy renormalization of
the quasiparticle.
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In Fig. 2, a set of EDCs in a narrow 𝑘 range around the
kink structure at different doping levels n = 1.0×1013 cm−2,
4.5× 1013 cm−2, and 12.0× 1013 cm−2 is shown. From bot-
tom to top in every group of EDCs, 𝑘 is approaching Fermi
momentum 𝑘F. Figures 2(a)–2(c) are the results of our current
calculations. At doping n = 1.0×1013 cm−2, all the EDCs al-
most exhibit single-particle peaks with fine Lorentzian forms
as expected for a free Landau fermion. The kink structure
is hardly noticeable. With increasing doping, a double-peak
structure appears in the EDCs, and the second peak emerges
at about −ω0. From bottom to top, the first peak is moving
toward ω = −ω0 and becomes lower and broader, while the
second peak pinning at −ω0 becomes more important and fi-
nally dominates in the EDC. The evolution of the weakening
of the first peak and the enhancing of the second peak results
in the kink structure. The description in terms of quasiparticle
is not reliable in the range of the kink structure. The distance
between the two peaks describes the range of the kink. The
larger the doping level, the larger the range of the kink struc-
ture. We also show the results obtained by Kang et al. from
Tse and Das Sarma’s model with g2

ee = 0.02 [12] in Fig. 2 for
comparison. The kink structure is obviously sharper and larger
than that obtained in our current model. The kink is already
noticeable at small doping n = 1.0× 1013 cm−2. This large
magnitude of the kink is relevant to the large g2

ee. We believe
that the kink structure will become much smaller and approach
the feature of our current model if g2

ee = 0.01.
In Fig. 3, the momentum distribution curves (MDCs)

for given energies −214 meV, −206 meV, −186 meV, and
−174 meV are presented. The MDCs can be described by
a single Lorentzian peak. The peak is very sharp between the
kink and the Fermi level because the imaginary part of the
self-energy is almost zero in this energy range. The MDCs
width increase significantly below the kink due to the sudden
increase of the imaginary part of the self-energy.[19] The peak
becomes broader with increasing electron doping. This means
that the renormalization is stronger for a larger doping level.
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Fig. 3. (color online) MDCs for given energies at doping levels (a)
1.0×1013 cm−2, (b) 4.5×1013 cm−2, and (c) 12.0×1013 cm−2.

In Fig. 4(a), we plot the magnitude of the spectral function
of graphene calculated from Eq. (17) at three doping levels
n = 1.0×1013 cm−2, 4.5×1013 cm−2, and 12.0×1013 cm−2.
We also give the renormalized dispersion of the quasiparticle
by connecting the maximum peak positions of the EDCs. At
doping n = 1.0× 1013 cm−2, the renormalized dispersion al-
most coincides with that of bare graphene, and the kink struc-
ture is hardly recognized. At larger doping 4.5×1013 cm−2 or
12.0× 1013 cm−2, a kink structure appears in the vicinity of
−ω0, and the renormalized dispersion deviates from the bare
unrenormalized dispersion.

Compared with Tse and Das Sarma’s results, the shape
of the kink obtained in Kang’s work is qualitatively similar to
those in Refs. [20] and [21]. In Fig. 4(b), we present the cor-
responding results that Kang et al. calculated from Tse and
Das Sarma’s model with g2

ee = 0.02.[12] The distinction be-
tween the top and bottom panels in Fig. 2 is clearly revealed
in Fig. 4. It is obvious that the shapes of the kink structure cal-
culated from the two models are similar. However, the sharp-
ness and the range of the kink in our current results are much
smaller. The kink range is about 10 meV and 15 meV at the
doping levels of 4.5× 1013 cm−2 and 12.0× 1013 cm−2, re-
spectively, which are smaller than 25 meV and 45 meV in
Ref. [12]. Out of the range of the kink, the deviation of the
renormalized spectrum from the bare spectrum in our current
model is also much smaller. These disagreements are owing to
the overstated value of g2

ee. So we revisit Tse and Das Sarma’s
model by setting g2

ee = 0.01, and present the results in Fig. 5.
Comparing with Fig. 4(a), We find that all the features of
the results are now very consistent with those of our current
model. These suggest that the e–ph coupling due to the near-
est hopping energy is not strong enough to explain the kink
structure observed in experiments.[4–6]

In Fig. 6, the effective mass-renormalization parameters
near the Fermi level λ

ph
eff = v/v*(𝑘F)−1 at three doping levels

n = 1.0×1013 cm−2, 4.5×1013 cm−2, and 12.0×1013 cm−2

are presented. The renormalized Fermi velocity v*(𝑘F) is ob-
tained by linear fitting the maximum peak positions of the
EDCs of several momenta near 𝑘F. The reduction of the Fermi
velocity is about 1–2% within doping range n = 1.0× 1013–
12.0× 1013 cm−2, which is significantly smaller than the 2–
5% that Kang et al. obtained from Tse and Das Sarma’s model
with g2

ee = 0.02.[12] However, the latter is again close to the
former by setting g2

ee = 0.01, as shown in Fig. 6. This value
is much smaller than those obtained in experiments and first-
principle calculations.[4,5,9] Note that the results for Tse and
Das Sarma’s model with g2

ee = 0.02 in Fig. 6 are correspond-
ing to Kang’s calculations,[12] which are already smaller than
Tse and Das Sarma’s results.[10] Taking into account the con-
tribution of the electron–electron Coulomb interaction λ c

eff in
Refs. [22]–[24], we obtain λeff = λ

ph
eff + λ c

eff. Therefore, we
conclude that the mass-renormalization parameter λeff is in
the order of 7–9% within the range of doping n = 1.0×1013–
12.0×1013 cm−2.
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Fig. 4. (color online) The magnitude of the spectral function A(𝑘,ω) (top panel) and the renormalized quasiparticle dispersion plotted
by connecting the maximum peak positions of the EDCs (bottom panel). The dashed lines show the dispersion of free graphene. (a)
The results obtained from our current model. Momentum 𝑘 is along the K–Γ direction. (b) The results obtained by Kang et al. from
Tse and Das Sarma’s model with g2

ee = 0.02.
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Fig. 5. (color online) The renormalized conduction-band energy spec-
trum calculated from Tse and Da Sarma’s model with g2

ee = 0.01. The
dashed lines show the dispersion of free graphene. The top panel shows
the magnitude of the spectral function A(𝑘,ω), and the bottom panel
shows the renormalized quasiparticle dispersion plotted by connecting
the maximum peak positions of the EDCs.
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Fig. 6. (color online) The effective mass-renormalization parameter
λ

ph
eff = v/v*(𝑘F)− 1 at three different doping levels 1.0× 1013 cm−2,

4.5× 1013 cm−2, and 12.0× 1013 cm−2. The black square is for our
current model. The blue dot and the red triangle are for Tse and
Das Sarma’s model with g2

ee = 0.02 and 0.01, respectively.

4. Summary and conclusion
To summarize, we investigate the e–ph coupling due to

the lattice vibration modulation of the nearest hopping energy
in the tight-binding model for the kinetic energy of electrons
in graphene. We numerically calculate the electron self-energy
and the effect of the e–ph coupling on the spectral function
of quasiparticle in electron-doped graphene. The effect of
the e–ph coupling on the band structure renormalization is
very slight at the low doping level n = 1.0× 1013 cm−2, and
the kink is hardly recognizable. At doping levels n = 4.5×
1013 cm−2 and 12.0× 1013 cm−2, a kink structure emerges

017301-5



Chin. Phys. B Vol. 24, No. 1 (2015) 017301

at phonon energy h̄ω0 = 196 meV below the Fermi level.
However, the sharpness and the strength of the kink are much
smaller than those in the previous calculations.[10,12] Far away
from the kink, the quasiparticle description is still valid, while
the renormalized dispersion deviates from the bare disper-
sion. The mass-renormalization parameter λeff near the Fermi
level is about 7–9% within the doping range n = 1.0× 1013–
12.0× 1013 cm−2. This value is smaller than that obtained in
experiments[4,5] and theoretical calculations.[9,10,12] Compar-
ing our results with those that Kang et al. obtained from Tse
and Das Sarma’s approach,[12] a significant difference is pre-
sented. The effect of the e–ph coupling we obtained is much
weaker. This disagreement is due to the enlargement of g2

ee in
Ref. [10]. It is plausible that g2

ee = 0.01.

In conclusion, our numerical analysis shows that the
electron–phonon coupling due to the lattice vibration modu-
lation of the nearest hopping energy as first used by Tse and
Das Sarma[10] is too weak to explain the kink structure of
the quasiparticle band in graphene as observed in ARPES[4–6]

and first-principle calculations.[20] This result is in agreement
with another theoretical work,[9] where the electron–phonon
coupling matrix elements (with the electron–phonon coupling
strength being fixed by ab initio calculations[25]) are different
from those adopted in the present paper. However, there is also
another kind of theoretical work[8] that claimed an agreement
with the experimental data. Thus, the electron–phonon cou-
pling scenario for the kink structure of the quasiparticle band
as found in ARPES experiments needs to be studied further.
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