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Thermodynamic study of fluid in terms of equation of state
containing physical parameters
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We introduce a simple condition for one mole fluid by considering the thermodynamics of molecules pointing towards
the effective potential for the cluster. Efforts are made to estimate new physical parameter f in liquid state using the equation
of state containing only two physical parameters such as the hard sphere diameter and binding energy. The temperature
dependence of the structural properties and the thermodynamic behavior of the clusters are studied. Computations based
on f predict the variation of numbers of particles at the contact point of the molecular cavity (radial distribution function).
From the thermodynamic profile of the fluid, the model results are discussed in terms of the cavity due to the closed surface
along with suitable energy. The present calculation is based upon the sample thermodynamic data for n-hexanol, such as
the ultrasonic wave, density, volume expansion coefficient, and ratio of specific heat in the liquid state, and it is consistent
with the thermodynamic relations containing physical parameters such as size and energy. Since the data is restricted to
n-hexanol, we avoid giving the physical meaning of f , which is the key parameter studied in the present work.
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1. Introduction
In this paper, we use the equation of state (EOS), which

was developed in earlier papers,[1–7] to study the new parame-
ter associated with clusters at different temperatures covering
the liquid state only. The model is very simple, and demands
one to study the role of the standard state. The main equation
of state has already been published in the previous papers. The
numerical results based on the equation of state and the asso-
ciated results listed in tables are merely qualitative represen-
tations, however they lead to physical conclusions. The prop-
erties of hard sphere provide the theoretical backbone towards
the equations of state for real fluids. The extended scaled par-
ticle theory[1–3] is presently used to calculate thermodynamic
measurable parameters. Since the equation of state is origi-
nally designed to capture the packing interactions in a fluid, it
seems to be an ideal path for calculating thermodynamic mea-
surable parameters through model parameters and vice versa.
Two parameters are necessary for real fluids, the radius and
the binding energy of the molecule. The author[4,5] has used
the equation of state for a strong repulsive potential together
with a weak attractive potential.

The equation of state is a basic equation used to describe
the relationship among pressure, volume, and temperature of a
system. Perhaps the first one is the van der Waals equation of
state, which can be used to describe thermodynamic properties
for fluids qualitatively. The most popular model for the behav-
ior of gases is the virial equation, in which the second and the
higher-order virial coefficients have been investigated[8] ex-
tensively. Since the pioneering ideas[9] of Bernal and Scott[10]

on the static packing models of hard spheres, assemblies of

spherical particles interacting via a hard sphere potential have
been studied quantitatively in order to model dense liquid and
gas. Besides the hard sphere fluid, the Lennard–Jones fluid
has also been investigated extensively. The equation of state is
not only very important for studying the equilibrium thermo-
dynamic properties, but also a basic equation used to predict
the fluid surface properties such as surface tension and Tol-
man length,[11] and construct a Helmholtz energy functional
for inhomogeneous fluids.[12] The density functional theory
developed from the equation of state has been successfully ap-
plied to the pressure tensor[13] and the phase transition[14] for
confined fluids.

2. Mathematical model Z(η) for real fluid
2.1. One parameter model

The following set of equations can be used for reproduc-
ing the thermodynamic profile:

PV
RT

= Z(η), (1a)

Mu2

γRT
=

∂ (η ·Z(η))

∂η
, (1b)

Mu2αT
γRT

=
∂ (T ·Z(η))

∂T
, (1c)

η =
πρσ3

6
, (1d)

where two physical properties (R,γ) along with the model pa-
rameter η can be evaluated for any real fluid by assuming any
model fluid. It is observed that the above thermodynamic
properties are highly sensitive to the choice of hard sphere
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(cavity) radii. Normally a real fluid can be represented by a
minimum of two parameters such as the size of the molecule
and its binding energy. Hence the equation of state contain-
ing a single parameter has limited success. A different size
of cavity (model parameter) is required to reproduce a differ-
ent thermodynamic property. Because the hard sphere model,
which is used for real fluids, is not at all sufficient and signif-
icant to reproduce density, volume expansion coefficient, and
velocity data simultaneously.

The physical significance of R is the work per degree per
mole. It may be expressed in any set of units representing
work or energy (such as joules), other units representing de-
grees of temperature (such as degrees Celsius or Fahrenheit),
and any system of units designating a mole or a similar pure
number that allows an equation of macroscopic mass and fun-
damental particle numbers in a system, such as the ideal gas.
In order to take deviation or check the gas constant in a liquid
state for any model equation, let R→ ζ ·R, then the above set
of equations becomes

PV
ζ RT

= Z(η), (2a)

Mu2

γRT
=

∂ (η ·Z(η))

∂η
, (2b)

Mu2αT
γRT

=
∂ (T ·Z(η))

∂T
. (2c)

The above three equations are the basic equation of state and
the partial derivatives with respect to temperature and volume.
This set of equations can be used to determine (i) deviation pa-
rameter ζ for scaling thermodynamic variables such as pres-
sure, volume, temperature, and gas constant; (ii) γ associated
with the ratio of specific heat; (iii) model parameter η . Hence
the solution set is a triplet (ζ ,γ,η). The present calculation
shows that the ratio of specific heat does not have a logical
domain [0 < γ ≤ 1.6667] corresponding to ζ = 1 (no devia-
tion) and vice versa for an assumed model function Z, which
naturally depends on η .

2.2. Two parameters model

Hence it is necessary to use the equation of state, which
contains a minimum of two model parameters (σ ,ε), and there
should be one-to-one correspondence between model vari-
ables and thermodynamic variables, i.e., (σ ,ε)→ (V,T ),

PV
ζ RT

= Z(η ,τ), (3a)

Mu2

γRT
=

∂ (ηZ(η ,τ))

∂η
, (3b)

Mu2αT
γRT

=
∂ (τZ(η ,τ))

∂τ
, (3c)

τ = (KBT )/ε. (3d)

It is a simple observation that all thermodynamic poten-
tials are primarily determined by any two thermodynamic vari-
ables such as volume and temperature. For a given EOS, intro-

ducing scaling parameter ζ for existing thermodynamic vari-
ables such as P,V,T or a constant such as R along with model
parameters such as regular molecular cavity diameter σ and
binding energy ε , then the above set of equations becomes

PV
ζ RT

= Z(η ,τ), (4a)

Mu2

γζ RT
=

∂ (ηZ(η ,τ))

∂η
, (4b)

Mu2αT
γζ RT

=
∂ (T Z(η ,τ))

∂T
. (4c)

One can evaluate model variables (η ,τ) in terms of model pa-
rameters (σ ,ε). Hence the inter consistency demands a set of
solutions in terms of unique triplet [ζ ,η ,τ]. Here the model
variable again depends on scaling parameter ζ , which means
[η(ζ ),τ(ζ )] and [σ(ζ ),ε(ζ )]. Hence we conclude that model
variables (η ,τ) depend on ζ , which is to be decided by the
set of three equations. If we accept the variation of ζ , which
means that it has to be related to some measurable physical
properties, then the gas constant is a universal constant only
when η → 0,τ → ∞, (point object !). In this case, we obtain

Z(η ,τ) = 1, (5a)
∂ (ηZ(η ,τ))

∂η
= 1, (5b)

∂ (T Z(η ,τ))

∂T
= 1, (5c)

i.e., we obtain the standard relations which are independent of
the model function. It is not a surprising result, because every
model equation must satisfy the following set of conditions:

PV = RT, (6a)

u =

√
γRT
M

, (6b)

αT = 1. (6c)

Hence we conclude that if η 6= 0,τ 6= 0 then R must be related
to a physical property. It is observed that η is a reduced ther-
modynamic variable as the volume is related to hard sphere
diameter σ , which can be related to the potential energy. Sim-
ilarly, reduced temperature τ is related to the binding energy
and hence related to the kinetic energy, i.e.,

η → f (σ)→ f (PE), (7a)

τ → f (ε)→ f (KE). (7b)

3. Theoretical basis
3.1. Equation of state used

The compressibility factor Z for a fluid of Lennard–Jones
molecules[15–17] can be represented as Z(η ,τ)), which con-
tains the physical condition in terms of relation λ = g(η , f )

Z(η ,τ) = Z0 +Z1, (8)
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Z0 =
8η2λ 2m−8η2λm+4ηλ 2m−9η2λ +2η2m−4ηλm+6η2−2ηλ +ηm−λ

(η−1)2(4ηλ 2m−4ηλm+ηm−λ )
,

Z1 =−(1056/35)
(4λ 2m−4λm−4λ +m)η

τ2(4ηλ 2m−4ηλm+ηm−λ )
,

where

λ = g(η , f ) = 1+ f η
1/3. (9)

For graphical recreations, the above set of equations becomes

PV
ζ RT

= Z(η ,τ), (10a)

Mu2

γζ RT
=

∂ (ηZ(η ,τ))

∂η
= Y (η ,τ), (10b)

Mu2αT
γζ RT

=
∂ (T Z(η ,τ))

∂T
= X(η ,τ). (10c)

We first assume a liquid state γ = 1 at 273.16 K, and eval-
uate the model parameters η and τ from the following com-
bined equations:

αT =
X(η ,τ)

Y (η ,τ)
, (11a)

γ =
Mu2

Y (η ,τ)RT
= 1. (11b)

In this way, we can easily obtain the following model parame-
ters:

η = ηs, (12a)

τ = τs. (12b)

Substituting these model parameters in the basic equations of
state, we can easily evaluate thermodynamic scalar variable ζ ,

ζ =
PV

Z(ηs,τs)
= ζ (ηs,τs). (13)

However, the deviation parameter ζ does not come out to unity
as we expect. Hence, we should declare that the equation
is mathematically exact, but physically fails to accommodate
the thermodynamic data profile. We check the basic formula-
tion or domain of such equations of state and relax or mod-
ify any physical property relating conditions so that the equa-
tions of state have some additional parameter, which explains
or throws some light on the problem, then we could say some
aspects are more within logical extensions. With the help of
λ , we can explore the situation by evaluating the internal pa-
rameter or variable such as f . It is observed that when we
select f suitably, we can use the equations to reproduce the
computer simulation result in the neighborhood of the critical
temperature. Note that f = 0 represents an original boundary
condition.

3.2. Thermo dynamic data

The density data profile for a liquid[18,19] is represented
in the following equation:

ρ = 0.808234285724032−0.151666666754055×10−2 · t
+0.137142857397586×10−4 · t2

−1.33333333575155×10−7 · t3 (gm/cc).

The ultrasonic wave velocity data profile for the liquid is rep-
resented in the following equation:

u = 1.35720285714239×105−193.333333329167 · t
−5.48571428583408 · t2

+0.533333333344559×10−1 · t3 (cm/s),

where temperature t = (T − 273.16). For T = 273.16 K and
M = 41.05(1−hexanol), we have

M/V = ρ = 0.808234285724032 gm/cc,

u = velocity = 1.35720285714239×105 cm/s,

αT = 0.512589819837013, T = 273.16 K.

4. Numerical results
4.1. Numerical computation and few aspects of real fluid

We assume the following functional form of λ :

λ = 1+ f η
1/3, (14)

which is already tested in the light of the computer simulation
result for the equation of state for Lennard–Jones fluids. If we
assume other forms of function, such as

λ = 1+ f · η
1/3

τ
, λ = 1+

f
τ

; (15)

then our maple code returns no solution, even if we run the
program for 75000 s. If we search the solution under con-
straints such as η < 1, there is no solution. The form

λ = 1+ f η (16)

does yield a solution, but it has poor computer simulation re-
producibility in the vicinity of the critical temperature. With
standard values ζ = 1, γ ≈ 1 and solving a set of equations for
η , f , and τ

Z(η ,τ) =
PV

ζ RT
, (17a)

Y (η ,τ) =
Mu2

γRT
, (17b)
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X(η ,τ) =
Mu2αT

γRT
, (17c)

we have the following form of solution:

S[s] = η = ηs, f = fs,τ = τs.

4.2. Numerical solution at 273.16 K for real fluid

It is better to represent the numerical representation of the
solution in Maple format than a conventional table format

S[s] = η = 0.1027732598, f n =−2.024600567,

τ = 3.736226107, η = 0.1027732598,

f n =−2.024600567, τ =−3.736226107,

η = 0.2358064033, f n = 1.875297399,

τ = 1.223700683, η = 0.2358064033,

f n = 1.875297399, τ =−1.223700683,

η = 0.6210295121, f n = 2.173137703,

τ = 1.237404599, η = 0.6210295121,

f n = 2.173137703, τ =−1.237404599,

η = 0.6696011186, f n = 1.635329713,

τ = 0.8267646213, η = 0.6696011186,

f n = 1.635329713, τ =−0.08267646213,

η = 1.073018868, f n = 0.8162130663,

τ = 1.390545040I, η = 1.073018868,

f n = 0.8162130663, τ =−1.390545040I,

η = 1.344864945, f n = 1.069405124,

τ = 0.3594380146I, η = 1.344864945,

f n = 1.069405124, τ =−0.03594380146I,

η = 3.840299199, f n =−0.05311121383,

τ = 2.058446983I, η = 3.840299199,

f n =−0.05311121383, τ =−2.058446983I,

η = 10.69491823, f n =−0.01611734726,

τ = 57.54897238I, η = 10.69491823,

f n =−0.1611734726, τ =−57.54897238I,

η = 2.477069505×107, f n =−0.1714909096×10−2,

τ = 31583.46053I, η = 2.477069505×107,

f n =−0.1714909096×10−2, τ =−31583.46053I,

η = 0.6313746261+0.4204888831I,

f n =−0.6595455637+0.1737560908I,

τ = 3.253034942+0.9977557947I,

η = 0.6313746261+0.4204888831I,

f n =−0.6595455637+0.1737560908I,

τ =−3.253034942−0.9977557947I,

η = 0.3639220664+0.2705882926I,

f n =−0.9719970341+0.1642718367I,

τ = 2.193454489+1.080226610I,

η = 0.3639220664+0.2705882926I,

f n =−0.9719970341+0.1642718367I,

τ =−2.193454489−1.080226610I,

η =−0.7790421172×10−1 +0.1829326192I,

f n =−2.712905151−1.666468817I,

τ = 9.493544895−7.312812570I,

η =−0.7790421172×10−1 +0.1829326192I,

f n =−2.712905151−1.666468817I,

τ =−9.493544895+7.312812570I,

η =−0.6997466807×10−1 +1.164549208×10−1606I,

f n =−1.301263700+2.253854843I,

τ = 3.526730431×10−2977 +9.282513557I,

η =−0.6997466807×10−1 +1.164549208×10−1606I,

f n =−1.301263700+2.253854843I,

τ =−3.526730431×10−2977−9.282513557I,

η =−0.7790421172×10−1−0.1829326192I,

f n =−2.712905151+1.666468817I,

τ = 9.493544895+7.312812570I,

η =−0.7790421172×10−1−0.1829326192I,

f n =−2.712905151+1.666468817I,

τ =−9.493544895−7.312812570I,

η = 0.3639220664−0.2705882926I,

f n =−0.9719970341−0.1642718367I,

τ = 2.193454489−1.080226610I,

η = 0.3639220664−0.2705882926I,

f n =−0.9719970341−0.1642718367I,

τ =−2.193454489+1.080226610I,

η = 0.6313746261−0.4204888831I,

f n =−0.6595455637−0.1737560908I,

τ = 3.253034942−0.9977557947I,

η = 0.6313746261−0.4204888831I,

f n =−0.6595455637−0.1737560908I,

τ =−3.253034942+0.9977557947I.

We select a few real solutions by rejecting complex solu-
tions in the first instant for simple physical interpretation, see
Table 1. The corresponding critical constants are

λ = 1+1.875297399η
(1/3), η1 = 0.2358064029,

τ1 = 1.223700682, ζ = 1.000000015, λ = 2.158569299,

ηc = 0.7423292193×10−1, τc = 0.772491375;

and the reduced parameters are

η0 =
η1

ηc
= 3.176574447, τ0 =

τ1

τc
= 0.6903845622;

due to the input

density = 0.808234285724032 gm/cc,

velocity = 1.35720285714239 ·105 cm/s,

αT = 0.512589819837013, T = 273.16 K.
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Table 1. State of a fluid corresponding to real solution S[s].

S. No. η τ fn State of fluid→ S[s]
1 0.102773259 ±(3.736226) −2.0246005 gas
2 0.235806403 ±(1.223700) 1.87529739 gas liquid (supported implicit graph)
3 0.621029512 ±(1.237404) 2.17313770 liquid state 1
4 0.669601118 ±(0.826764) 1.63532971 liquid state 2 (supported by implicit graph)

4.3. Graphical representation of solution at 273.16 K for
real fluid

For visualization, we show Z(η ,τ) by red, Y (η ,τ) by
blue, and X(η ,τ) by green. Looking at the intersections, we
feels that they might represent two eigen states, as shown in
Fig. 1.

5

4

3

2

1

0
0 0.2 0.4 0.6 0.8 1.0

η

τ

Fig. 1. (color online) Graphical representation of solutions at 273.15 K
for a real fluid. The red, blue, and green lines represent the solutions to
Eqs. (17a)–(17c).

4.4. Numerical representation of solution at critical tem-
perature for real fluid

The equation of state with the first set of critical constants
(η = 0.07423292188, τ = 1.772491374) is

PcVc

RTc
= 0.2929535148,

which is closer to the experimental expectation. This is justi-
fied by the intersection of red, blue, and green curves. Another
set of critical constants η = 0.3633095199,τ = 1.307124675
leads to

PcVc

RTc
=−3.123385646.

The second set of critical constants should be rejected, as sup-
ported by the following plot. Observing the intersection of
(blue, green) and (green, red) curves and using a graphical
language, we have

PV
RT

= Z(η ,τ) = z = 0 (red), (18a)

∂P
∂ρ

= Y (η ,τ) =
∂ (ηZ(η ,τ))

∂ρ
= y = 0 (blue), (18b)

∂Y (η ,τ)

∂ρ
= yy = 0 (green). (18c)

5

4

3

2

1

0

τ

0 0.2 0.4 0.6 0.8 1.0

η

Fig. 2. (color online) Graphical representation of solutions at critical
temperature for a real fluid. The red, blue, and green lines represent the
solutions to Eqs. (18a)–(18c).

4.5. Numerical representation of solution at critical tem-
perature for real fluid

We have many solutions for critical constants correspond-
ing to f = 1.875297399 in the following form:

η = ηc, τ = τc,
PV
RT c

= zcc.

Hence we have the following set of critical constants corre-
sponding to f = 1.875297399. Once again it is better to rep-
resent the numerical representation of the solution in Maple
format than a conventional table format

soluc := η = 0.7423292188×10−1, τ = 1.772491374,

zcc = 0.2929535148, η = 0.7423292188×10−1,

τ =−1.772491374, zcc = 0.2929535148,

η = 0.3633095199, τ = 1.307124675,

zcc =−3.123385646, η = 0.3633095199,

τ =−1.307124675, zcc =−3.123385646,

η = 55.36959992, τ = 189.5673114,

zcc = 0.2992225319×10−1, η = 55.36959992,

τ =−189.5673114, zcc = 0.2992225319×10−1,

η = 0.2517341485+0.1827994292I,

τ = 1.641873442−1.280500374I,

zcc = 1.174904066−0.9824753565×10−1I,

η = 0.2517341485+0.1827994292I,

τ =−1.641873442+1.280500374I,

zcc = 1.174904066−0.9824753565×10−1I,

η =−1.024811695+0.1198916935I,

τ = 0.9977353887×10−1 +8.429507955I,

zcc = 0.1639394486+0.1021853094I,

η =−1.024811695+0.1198916935I,

τ =−0.9977353887×10−1−8.429507955I,
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zcc = 0.1639394486+0.1021853094I,

η =−1.024811695.1198916935I,

τ = 0.9977353887×10−1−8.429507955I,

zcc = 0.1639394486−0.1021853094I,

η =−1.024811695−0.1198916935I,

τ =−0.9977353887×10−1 +8.429507955I,

zcc = 0.1639394486−0.1021853094I,

η = 0.2517341485−0.1827994292I,

τ = 1.641873442+1.280500374I,

zcc = 1.174904066+0.9824753565×10−1I,

η = 0.2517341485−0.1827994292I,

τ =−1.641873442−1.280500374I,

zcc = 1.174904066+0.9824753565×10−1I.

4.6. Generalization

We have the following general set of equations containing
thermodynamic reduced variables [η ,τ, f ]:

PV
ζ RT

= Z(η ,τ);
Mu2

γRT
= Y (η ,τ);

Mu2αT
γRT

= X(η ,τ);

λ = 1+ f η
1/3, ζ = 1, γ = 1,

where v is the volume of cavity containing chemical units, V is
the molar volume, P is the standard pressure, ρ = N/V is the
number density, T is the temperature, ε is the binding energy
of the cluster containing chemical units, f is to be determined,
and KB is the Boltzmann constant.

5. Conclusion
For the gas phase, we have ζ = 1,γ ≥ 1 and η → 0,τ →

∞, while in a liquid state, the molecule can select one of the

possible solutions as there is more than one solution for new
parameter f and the corresponding critical constants can be
calculated using Maple18. Note that the conclusion is too
short and too simple because the computations are at a fixed
temperature and not over the entire liquid state. On computa-
tions at different temperatures,[17] the size of the cavity rapidly
decreases as the temperature of liquid increases. In the case
of water, it is observed that the size of the cavity rapidly de-
creases as the temperature of the liquid increases.
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