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Lattice Boltzmann simulation of liquid—vapor system by
incorporating a surface tension term*
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In this study, we investigate the pseudopotential multiphase model of lattice Boltzmann method (LBM) and incorpo-
rate a surface tension term to implement the particle interaction force. By using the Carnahan—Starling (CS) equation of
state (EOS) with a proper critical pressure—density ratio, a density ratio over 160000 is obtained with satisfactory numerical
stability. The added surface tension term offers a flexible choice to adjust the surface tension strength. Numerical tests of
the Laplace rule are conducted, proving that smaller spurious velocity and better numerical stability can be acquired as the
surface tension becomes stronger. Moreover, by wall adhesion and heterogeneous cavitation tests, the surface tension term
shows its practical application in dealing with problems in which the surface tension plays an important role.
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1. Introduction

Multiphase problems involving liquid—vapor systems
have grown to be a hot topic in scientific research and
engineering application fields. Due to its good perfor-
mance in dealing with mesoscopic and multiphase problems,
the lattice Boltzmann method (LBM) emerges as an attrac-
tive method.'31 Among the multiphase models, three well-
accepted models are: the color-gradient model,!*! the phase-
field-based model,®! and the pseudopotential model.!!! De-
spite the progress made by these models, they have revealed
problems like small density ratio, large interface spurious ve-
locity, small reduced temperature, etc,®”! which restrict their
practical applications.

Peng et al.'®! conducted simulations to compare several
different EOSs in dealing with the problems mentioned above.
A density ratio over 1000 was obtained. His work showed
that the modification of interaction potential based on differ-
ent EOSs would be helpful to simulate multiphase problems
with a density ratio close to the real liquid—gas system. Kuper-
shtokh also made a comparison between some EOSs. 8101 Tn
his method, a relatively large lattice speed was used to acquire
good numerical stability of lattice Boltzmann (LB) algorithm.
Besides, the scheme was validated with strict mathematical
derivation. Liu ef al.!'') analyzed the pseudopotential model
and showed that a relatively small dP/dp ratio of EOS would
result in a better numerical stability.

Usually, when dealing with multiphase problems, the sur-
face tension effect is very important, especially in microscopic
problems. Using the mean field approximation for intermolec-
ular attraction and Enskog’s treatment of the exclusion-volume
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effect, He et al.'"?! proposed the surface tension term. Later,
Peng modified the term and conducted the Laplace rule test.!”]
Howeyver, it should be noted that no theoretical derivation or
validation by methods like molecular dynamics (MD) was
given in Yuan’s paper. Hence, further work considering the
surface tension term needs to be done and compared as well as
the numerical scheme.

In this paper, we concentrate on the pseudopotential
model, incorporate the surface tension term, and deal with
typical multiphase problems, namely, the Laplace rule, wall
adhesion, and heterogeneous cavitation.

2. Methodology
2.1. Framework of LBM

Lattice Boltzmann equations (LBEs) can be derived from
the BGK approximation of the Boltzmann equation. In the
standard LBM without external forces, the evolution of the
particles is described as

fo(x+eidt,t 4 8t) — fo(x,1)
_%(fa(wat)_ gcq(wJ))a (1)

where 7 is the dimensionless relaxation time. We adopt the

D2Q9 model and the equilibrium distribution function is ex-
pressed as
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where c is the lattice speed, and ; is the weight factor equal to
wy=4/9, ®_4=1/9, and ws_g = 1/36 for the D2Q9 model.
The equilibrium velocity wueq is derived from the interacting
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force, including cohesion force, wall adhesive force, and ex-
ternal force. Using the Shan—Doolen model to incorporate the
forcing term,[13:14] we have

. (F,
u = g + Tap o 3)

The macroscopic density and velocity are expressed as

p=) fa (4a)

1 6tFy,
u_p<§faea+ 5 > (4b)

2.2. Multiphase pseudopotential model

The original pseudopotential model was proposed by
Shan and Chen.[!! They approximated the interparticle force
by using the nearest neighbor interaction potential, and the
force was expressed as

F.=—gy(z)) oy(z+eqd)e;, )
o
where g is the interparticle interaction strength, and the effec-
tive mass y(p) is formulated as

6(p—p/3
v(p) = Sle—p/3) (6)
8
The parameter g in Egs. (5) and (6) is adjusted to ensure
that the whole term inside the square root is positive. Simi-

larly, the wall adhesive force takes the form of
Fyys = —gadsp(w)zwas(m‘Fea&)ea, @)
[0

where g,qs is the fluid—solid interaction strength. The solid
wall is regarded as a phase with constant density s, which is 1
for a solid node and O for a fluid node.

To implement Eq. (6), we apply a proper EOS, which de-
scribes the relationship between pressure, density (or volume),
and temperature for a given substance. In our work, we adopt
the CS EOS to acquire larger density ratio and much smaller
spurious interface velocity, [®%131 which is formulated as

1+bp +b*p% - b*p? )

=pRT —ap-. 8
P=p (—bp)? p ®)
To satisfy the critical point conditions, we have
3P>
— | =0, (9a)
(ap T
9*p
-— | =0. b
(%), o

By setting 7. = 1, p. = 1, and P, = 0.01, the parameters are
calculated as a = 0.03853462257, b =0.1304438842, and R =
0.02785855166. In simulation cases of this paper, the reduced

temperature is 7, = T /T, = 0.59. In addition, we introduce a
dimensionless coefficient proposed first by Kupershtokh!®!
PC
pe

K= =0.01. (10)

Here K represents a crucial factor in the numerical stability of
multiphase cases, where smaller K generally results in better
numerical stability. Instead of decreasing K by decreasing the
0t/ 6x ratio, namely increasing the lattice speed ¢, we keep a
uniform lattice velocity, which is a common practice in most
LB simulations and can avoid too many time steps in unsteady
problems.

To theoretically predict the density of both liquid phase
and gas phase, we solve the Maxwell construction using the in-
tegral technique.!'®! The density ratio of up to approximately
160000 (T = 0.55) is achieved successfully, and further ad-
justment of K will lead to an even larger density ratio in our
tests. The LBM simulated results fit well with the Maxwell
construction in Fig. 1.
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Fig. 1. (color online) Coexistence curve of theoretical and calculated
density of the CS EOS.

2.3. Surface tension term

Physically, the surface tension is caused by the attraction
between molecules of fluid, and it is an effect within the sur-
face layer of a fluid that causes the layer to behave as an elastic
sheet.[!!l The original pseudopotential model does not explic-
itly contain a surface tension term. Shan and Chen showed

that the surface tension term could be exclusively formulated
[12]
as

F.=xpVV°p, (11)

This
scheme offers a flexible choice to adjust the surface tension

where Kk determines the strength of surface tension.

strength in situations where the surface tension is important.
Numerically, we refer to the finite difference method
(FDM) and use the five-point scheme for the calculation of
VZp
Vip = p(i—1,j)+p(i+1,}))
Fp(ij+ ) +p(ij— 1) —4p(ij).  (12)
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The lattice discretized scheme for the gradient term V'V2p
(assuming ¢ = V2p) is

VVip =V =3Y 0aé(x+eqdt)eq. (13)

By expanding the right term, it can be proved that equa-
tion (13) is identical to the six-point method, ® while remain-
ing an easy form to calculate in the lattice evolution loop. By
incorporating the surface tension term in the interparticle in-
teraction force, equation (5) is implemented as follows:

F!=—gy(x)) 0ay(x+eqdt)eq+kpVVip. (14)
o

3. Results and discussion
3.1. Laplace rule

The typical Laplace rule (Fig. 2) indicates that the pres-
sure difference across the drop/bubble interface has an inverse
proportional relation to the radius, namely,

(o

Pin — Pout = R (15)

i e, R

\HWH\

i

Fig. 2. (color online) Droplet at 7 = 0.597;. (a) Density distribution;
(b) spurious velocity in the x direction.

Figure 2 shows the density and velocity distribution, and
we should note that the spurious velocity is unavoidable due
to the modeling of multiphase interaction. Besides, the maxi-
mum spurious velocity is less than the maximum spurious ve-
locity (namely, 0.092571) using the CS EOS when k¥ =0 in
Ref. [6]. In Fig. 3, drops/bubbles of various sizes are simu-
lated, and each line satisfies the linear relation well with the
slope equal to the surface tension coefficient 6. By changing
k in Eq. (11), we can increase ¢ by up to 55.4% and decrease
o by about 2% without modifying the initial density ratio.

Another form of surface tension term proposed by Peng is
described as Fy = ky(p)VV?y(p).U") However, our simula-
tion results show that the surface tension coefficient increases
by 19.2% at most and decreases by 15.0% if the initial density
ratio is not modified.

It should be noted here that the interface becomes thicker
once the surface tension is strengthened, as shown in Table 1.
Since the pseudopotential model is a diffuse-interface method,
it is usual that the interface occupies several lattice units.

Huang et al. constructed an analytical expression of density

distribution of Laplace rule!'*!

PP PPy
P=" 2
e vy
X tanh 2(\/(x %0)*+ (= y0)* —R) , (16)

w

where (xg,yo) is the center position of domain, and the radius
of the droplet is implicitly located, namely, p = (p; + py)/2.
Figure 4 shows the coexistence curve in the x direction, and
the curve in the range of 0 < x < 100 is just symmetrical to
that of 100 < x < 200.
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Fig. 3. (color online) Plot of curvature (1/R) versus pressure difference.

Table 1. Properties of droplets (R = 50) for different k. w denotes the
interface thickness.

K | | P Py c w
-0.002 0.03582 3.159 0.001021 0.09213 4
0 0.03378 3.159 0.001098 0.09401 4
0.02 0.02071 3.161 0.00195 0.11445 4
0.04 0.01435 3.163 0.002858 0.13185 5
0.06 0.01072 3.165 0.003756 0.14607 5
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Fig. 4. (color online) Coexistence curve of LBM simulated and theoret-
ical density distribution in the x direction.

Since the cohesive force in Eq. (5) is the main force that
determines the phase interaction, our analysis will concentrate
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on it. Equation (5) is a discretized form. In fact, there is an-
other equivalent form

F. = —gy(x)) oy(z+eqbi)e;
o

1
= —3ew(@) Vy(x)
= VY (@)
1
= V(3pp> . 17
In the x direction, we have
(1 dp\dp
Fux= (3‘9,3) = (18)

In our work, the ratio of critical pressure and critical den-
sity is set to be 0.01, ensuring a small d p/dp ratio. Moreover,
a thicker interface means a smaller density gradient (dp/dx)
around the interface, making the interaction force smaller.
Usually, the density of vapor phase is small and the velocity of
vapor phase is easy to vibrate even under small perturbation,
which causes the spurious velocity and numerical instability.
In our experience, when numerical instability occurs, density
changes sharply near the interface, making the interface rather
thin. The above analysis can also explain the situation that nu-
merical stability becomes better when k becomes larger, since
the density of vapor phase is larger.

3.2. Wall adhesion

According to Young’s equation, the contact angle of a
droplet on a smooth plate board will satisfy

Osy — O,
cosf = M, (19)
O-l,v

where 0y is the liquid—vapor interfacial tension, o5y and O
are the solid—vapor and solid-liquid interaction strength, re-
spectively. Usually, the contact angle is determined by the
solid-liquid interaction strength g,q4s only.l'”l By changing
kK, we can also acquire different wettability, or hydropho-
bic/hydrophilic property, on the solid wall, as shown in Fig. 5.

Fig. 5. (color online) Wall adhesion (the gray arrows denote the veloc-
ity vector, with the reference vector of unit magnitude) (a) gaqs = —2.0,
k=0, and 6 =77°; (b) gads = —2.0, K =0.02, and 6 = 114.2.

In our work, although the curve in Fig. 5(b) does not fit
linearly as Fig. 5(a), we can also obtain the corresponding re-
lationship before simulating cases involving wall contact an-
gle parameters. Besides, by changing k, numerical stability is
improved.
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Fig. 6. (color online) Coexistence curve of calculated and fitted
data of contact angles. (a) K =0 and g,q varies from —2.2 to —1.6.
(b) gags = —2.0 and « varies from —0.002 to 0.06.

3.3. Heterogeneous cavitation

Cavitation is a catastrophic transition from liquid to va-
por, and it is called heterogeneous cavitation when it is nucle-
ated by pre-existing bubbles or other disruptions in the struc-
ture of the liquid.!"®! Simulations on heterogeneous cavitation
usually concentrated on the critical radius!'®?°! according to
the energy theory by Ou and Truller,?°! who gave

R* = —0/AP, (20)

where R* is the critical radius, and AP is the outer pressure dif-
ference acting on the bubble. If given the pressure difference,
a bubble with a radius less than R* will condensate, while a
bubble with a radius larger than R* will nucleate cavitation.
Our simulations deal mainly with different phenomena caused
by different surface tension strength. In all cases, the density
of the liquid—vapor system is (3.116, 0.08), and the pressure
difference is 5.162 x 1073, To gain different surface tension
strengths, the parameter x in the surface tension term is made
0 and 0.06, individually.

From Figs. 7 and 8, we know that the radius of a bubble
changes with time. It should be noted that the radius in every
time step is obtained through tracking the interface where the
density of the node is closest to 0.5(p; + py). Thus, only inte-
gral data are captured, and the tendency is drawn clearer with
polynomial fitting.

When the surface tension is strong, more energy for the
bubble is needed to expand and it has a tendency to conden-
sate. On the contrary, bubbles will nucleate cavitation. Our
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Fig. 7. (color online) Effect of surface tension on evolution. (a)-(d) k = 0, bubble nucleates cavitation. (a) t = 200, (b) r = 2000, (c) t = 3000, (d) = 3440.
(e)—(h) x = 0.06, bubble dissipates due to condensation. (e) t = 200, (f) t = 500, (g) t = 800, (h) t = 940.

36 sity ratio can be achieved, which can be up to 160000 when the
i Sinlmlati?nl fiti reduced temperature is 0.55. Our modification deals mainly
i polynomial fitting . . . .

32 with the surface tension term, which offers a flexible way to

adjust surface tension strength in liquid—vapor systems. The
28 spurious velocity around the liquid—vapor interface is reduced
and the numerical stability is improved if the surface tension
24 strength increases. Furthermore, simulations on wall adhesion

and heterogeneous cavitation are conducted, showing the prac-

20

tical application of the surface tension term in dealing with
liquid—vapor problems.
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