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Disordered quantum walks in two-dimensional lattices*
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The properties of the two-dimensional quantum walk with point, line, and circle disorders in phase are reported.
Localization is observed in the two-dimensional quantum walk with certain phase disorder and specific initial coin states.
We give an explanation of the localization behavior via the localized stationary states of the unitary operator of the walker
+ coin system and the overlap between the initial state of the whole system and the localized stationary states.
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1. Introduction

Quantum walk (QW) is the counterpart of the classi-
cal random walk (RW) in the quantum world.[1] The one-
dimensional (1D) QW consists of a walker and a coin. The
time evolution is described as follows. Firstly, the coin op-
erator C is applied only on the quantum coin. Then the shift
operator S = |x−1⟩w⟨x|⊗|0⟩c⟨0|+ |x+1⟩w⟨x|⊗|1⟩c⟨1| is fol-
lowed, which makes the walker move along the x axis accord-
ing to the state of the coin. The shift operator entangles the
coin and the walker. The QW is realized by successive coin
flipping C and position shift S. The features of the QW are
quite different from those of the RW[2–5] due to the principle
of superposition in quantum mechanics. The position vari-
ance σ2 = ⟨x2⟩−⟨x⟩2 of the QW is proportional to the square
of the evolution time n2, which is called the ballistic behav-
ior. Whereas, P of the RW is a Gaussian distribution. The
position variance σ2 is proportional to the evolution time n,
which is called the diffusive behavior. The position variance
represents the walker’s spread velocity, the faster the walk
moves, the bigger the value of the variance is. The spread
velocity of the QW is faster than that of the RW. Powerful
quantum algorithms based on the QW with higher efficiency
have been devised.[6–9] Besides the applications in quantum
algorithms, the QW is also used as a tool to study the dynam-
ics of complex systems, such as the energy transport in pho-
ton synthesis[10] and simulations of the formation of molecule
states.[11] The QW provides insights into quantum phenom-
ena, such as the Anderson localization[12–15] and topological
phases.[16,17] The QW can be also used for the universal quan-
tum computing[18–28] and the state transfer.[18,19,29] The QW
has been implemented experimentally in different physical

systems, such as optical systems,[30–39] NMR systems,[40–42]

trapped neutral atoms,[43,44] and trapped ions.[45,46]

The 1D QW can be extended to the 2D QW which in-
cludes a walker and two coins. The walker moves in a 2D
square lattice according to the states of the two coins. One
coin controls the walker’s movement along the x direction and
the other controls the walker’s movement along the y direc-
tion. The whole Hilbert space of the 2D QW is ℋc ⊗ℋw,
where ℋc is the four-dimensional coin space {|c1,c2⟩} with
c1,c2 ∈ (0,1), and ℋw = ℋx ⊗ℋy whose basis is {|x⟩⊗ |y⟩}
(x,y ∈ Z) corresponding to the walker’s lattice space. Without
loss of generality, we assume that the walker starts from posi-
tion (0,0). One step of evolution includes a coin flipping and
a shift operation, and the unitary operator is

U = ∑
x

∑
y
(|x−1⟩⟨x|⊗ℐy ⊗|0⟩c1⟨0|⊗ℐc2

+ |x+1⟩⟨x|⊗ℐy ⊗|1⟩c1⟨1|⊗ℐc2

+ℐx ⊗|y−1⟩⟨y|⊗ℐc1 ⊗|0⟩c2⟨0|
+ℐx ⊗|y+1⟩⟨y|⊗ℐc1 ⊗|1⟩c2⟨1|)
× (ℐx ⊗ℐy ⊗C12) , (1)

where C12 is the joint operator on the two coins, ℐx (ℐy) is the
identity operator on the walker along the x (y) direction, and
ℐc1 and ℐc2 are the identity operators on the two coins. The
influence of the decoherence and the disorder on the features
of the QW has already been studied in Refs. [47]–[58].

The static disorder transforms the ballistic spreading of
the 1D QW to localization due to the change of the interfer-
ence pattern. Here we focus on the features of the 2D QW
caused by inhomogeneity with the coin flipping C12 =C1⊗C2,

C1 =C2 =
1√
2

(
1 1
1 −1

)
. (2)
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The inhomogeneity is caused by the phase disorder at a certain
point, line, or circle in the two-dimensional lattice, and we call
the three types of phase disorders point, line, and circle disor-
ders, respectively. The position distribution P(x,y) and the
variance σ2 are used to describe the features of the 2D QW
with different types of phase disorders, and we also give an
explanation of the localization effect in the following section.
We find that the spreading velocity of the walker decreases in
the 2D QW with proper initial state and phase disorder. Such
features of the 2D QW are similar to the quantum resonance
in quantum chaos and are helpful to study quantum chaos.

2. 2D QW with point disorder
The 2D QW with point disorder in phase is considered in

this section. The walker moves in a two-dimensional square
lattice according to the states of two coins and acquires an ad-
ditional phase disorder e iφ (φ = π) at certain position (m,n).
The unitary operator UP of the one step evolution is

UP = ∑
x

∑
y

e iφδ(x,m)δ(y,n)(|x−1⟩⟨x|⊗ℐy ⊗|0⟩c1⟨0|⊗ℐc2

+ |x+1⟩⟨x|⊗ℐy ⊗|1⟩c1⟨1|⊗ℐc2

+ℐx ⊗|y−1⟩⟨y|⊗ℐc1 ⊗|0⟩c2⟨0|
+ℐx ⊗|y+1⟩⟨y|⊗ℐc1 ⊗|1⟩c2⟨1|)
× (ℐx ⊗ℐy ⊗C1 ⊗ C2) . (3)

2.1. 2D QW with point disorder at origin (0,0)

The features of the 2D QW with point disorder at (0,0)
are discussed in details in this subsection. The position dis-
tribution of the 2D QW without point disorder for initial coin
state |00⟩ is shown in Fig. 1(a), and the walker spreads far
away from the original position. However, when the point
phase disorder e iφ (φ = π) is added at (0,0), the walker ap-
pears at (0,0) with maximal probability after 50-step evolu-
tion, as shown in Fig. 1(b). This phenomenon is called local-
ization. The distributions of the 2D QW with point disorder
at (0,0) for initial coin states |11⟩, |01⟩, and |10⟩ are similar
to that for initial coin state |00⟩. In this paper, we only dis-
cuss the case that the walker starts from the original position
(0,0). If we choose other initial separated coin states, such
as (|0⟩+ i|1⟩)(|0⟩+ i|0⟩)/2 and (|0⟩− i|1⟩)(|0⟩− i|0⟩)/2, no
localization effect can be observed in the 2D QW with point
disorder at (0,0). For the initial singlet entangled state of the
coin (|01⟩− |10⟩)/

√
2 without point disorder at (0,0), the lo-

calization does not occur, as shown in Fig. 1(c). However,
we observe the localization effect when the point disorder is
added at (0,0), as shown in Fig. 1(d). For the initial triplet
entangled state of the coin (|00⟩+ |11⟩)/

√
2, the localization

effect is also observed. Whereas for other initial triplet entan-
gled states of the coin (|00⟩−|11⟩)/

√
2 and (|01⟩+ |10⟩)/

√
2,

no localization effect is observed in the 2D QW with point dis-
order at (0,0). We have shown the distribution of the 2D QW
with point disorder at (0,0), and the localization is observed
for specific initial coin states. If the point disorder is added
at other positions except for (0,0), the localization cannot be
observed for any initial states.

The localization effect is explained by analyzing the dis-
tribution property of the eigenstates of the unitary operator
for the 2D QW with point disorder. If the initial state of
the system |ψ⟩ is one of the eigenstates of the unitary op-
erator, then the state will stay unchanged. For the 2D QW
without phase disorder, none of the eigenstates of the unitary
operator exhibits localization. Thus the localization cannot
be observed in the 2D QW without point disorder for any
initial coin states. Whereas for the unitary operator of the
2D QW with point disorder φ = π at (0,0), some of eigen-
states |ϕk⟩ exhibit localization, and we call such states the
localized stationary states. If the overlap between the initial
state of the walker–coin system and the localized stationary
states F = ∑k |⟨ϕk|ψ⟩|2 ≫ 0, then the localization can be ob-
served. The overlap F depends on the initial state and the
unitary operator of the whole system. We calculate the over-
lap for different initial states |0⟩x ⊗ |0⟩y ⊗ |ψ⟩c. For initial
separated coin state |ψ⟩c = |00⟩ (|11⟩), F = 0.1760, whereas
for initial separated coin states (|0⟩+ i|1⟩)(|0⟩+ i|1⟩)/2 and
(|0⟩ − i|1⟩)(|0⟩ − i|1⟩)/2, F = 0. For entangled initial coin
states (|00⟩+ |11⟩)/

√
2 and (|01⟩ − |10⟩)/

√
2, F = 0.7049,

whereas for (|00⟩− |11⟩)/
√

2 and (|01⟩+ |10⟩)/
√

2, F = 0.
Thus we can explain the existence of localization in the 2D
QW with point disorder at (0,0) for initial coin states |00⟩
(|11⟩) and (|01⟩− |10⟩)/

√
2, as shown in Figs. 1(b) and 1(d).

If the point disorder is acquired at other positions except for
(0,0), F = 0 for all initial states. Thus the localization is not
observed in the 2D QW with point disorder at other positions
except for (0,0).

The variance of the 2D QW can be expressed as σ2(x) =
⟨x2⟩− ⟨x⟩2 and σ2(y) = ⟨y2⟩− ⟨y⟩2. Numerical calculations
show that σ2(x) = σ2(y). Thus we can use σ2 = σ2(x) to
describe the variance of the 2D QW. Figure 2 shows σ2 as a
function of the evolution time n for the 2D QW with point dis-
order at (0,0) and different initial coin states. It is shown in the
black line that the variance of the 2D QW without phase disor-
der increases with the evolution time n quadratically. The red
dot-dot-dashed line corresponds to the 2D QW with point dis-
order at (0,0) for the separated initial coin state |00⟩, and the
green dot-dashed line corresponds to the entangled initial coin
state (|01⟩− |10⟩)/

√
2. The rate growth of the variance for

the 2D QW with point disorder decreases compared to that of
the 2D QW without phase disorder, and the rate for the initial
separated state |00⟩ is larger than that for the initial entangled
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state (|01⟩− |10⟩)/
√

2. The probability P(0,0) for the entan-
gled initial coin state (|01⟩− |10⟩)/

√
2 is larger than that for

the separated initial coin state |00⟩ after evolution in the 2D

QW with point disorder at (0,0), as shown in Figs. 1(b) and
1(d). So the spread velocity of the entangled initial coin state
is slower than that of the separated state.
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Fig. 1. (color online) The distributions of 2D QW with point disorder e iφ at origin (0,0): (a) with φ = 0 (without phase disorder) for
the initial separated state |00⟩, (b) with φ = π for the initial separated state |00⟩, (c) with φ = 0 (without phase disorder) for the initial
entangled state (|01⟩− |10⟩)/

√
2, (d) with φ = π for the initial entangled state (|01⟩− |10⟩)/

√
2.
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Fig. 2. (color online) The variance of 2D QW with point disorder e iφ

(φ = π) at origin (0,0) for different initial coin states. The black line
corresponds to φ = 0 (without phase disorder) for the initial separated
state |00⟩; the red dotted line corresponds to φ = π for the initial sepa-
rated state |00⟩; and the green dot-dashed line corresponds to φ = π for
the initial entangled state (|01⟩− |10⟩)/

√
2.

2.2. 2D QW with point disorder at two symmetric points
(m,n) and (−m,−n)

We want to know whether the localization exists if the
walker acquires the point disorder at two symmetric positions
about (0,0). The distributions of the 2D QW with point dis-
order at positions (1,1) and (−1,−1) for different separated
initial coin states and for different entangled initial coin states
are shown in Figs. 3 and 4, respectively. We find that the
2D QW with point disorder added at two symmetric positions

(1,1) and (−1,−1) exhibits the localization effect for the spe-
cific initial coin states |00⟩ (Fig. 3(a)) and (|00⟩+ |11⟩)/

√
2

(Fig. 4(a)). Whereas for the other initial coin states, there
is no localization effect. For the 2D QW with point disor-
der at two symmetric positions (1,−1) and (−1,1), there also
exists the localization effect for the specific initial coin state
(|01⟩− |10⟩)/

√
2. Whereas the 2D QW with point disorder

at other positions (m,n) and (−m,−n) except for pair posi-
tions of (1,1), (−1,−1) and (1,−1), (−1,1) does not exhibit
the localization effect. The localization effect can also be ex-
plained by analyzing the distribution property of the eigen-
states of the unitary operator in this case. We calculate the
distribution of the eigenstates of the unitary operator for the
2D QW with point disorder at two symmetric positions (1,1)
and (−1,−1). Some of the eigenstates show localization. For
the separated initial coin state |00⟩ (|11⟩), the overlap be-
tween the initial state and the localized stationary states is
F = 0.0233. Whereas for (|0⟩+ i|1⟩)(|0⟩+ i|1⟩)/2, and (|0⟩−
i|1⟩)(|0⟩− i|1⟩)/2, F = 0.0465. For the entangled initial coin
state (|00⟩+ |11⟩)/

√
2, F = 0.0465. For (|00⟩ − |11⟩)/

√
2,

(|01⟩+ |10⟩)/
√

2 and (|01⟩− |10⟩)/
√

2, F = 0. Thus for the
initial coin states |00⟩ (|11⟩) and (|00⟩+ |11⟩)/

√
2, the 2D QW

with point disorder at (1,1) and (−1,−1) exhibits localization
as shown in Figs. 3(a) and 4(a).
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Fig. 3. (color online) The distributions of 2D QW with point disorder e iφ (φ = π) at two symmetric positions (1,1) and (−1,−1) for
different separated initial coin states: (a) |00⟩(|11⟩) and (b) (|0⟩+ i|1⟩)(|0⟩+ i|1⟩)/2.
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Fig. 4. (color online) The distributions of 2D QW with point disorder e iφ (φ = π) at two symmetric positions (1,1) and (−1,−1) for
different entangled initial coin states: (a) (|00⟩+ |11⟩)/
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Fig. 5. (color online) The variance of 2D QW with point disorder e iφ (φ = π) at two symmetric positions (1,1) and (−1,−1) for (a)
the separated initial coin states and (b) the entangled initial coin states.

The variance of the 2D QW with point disorder e iφ

(φ = π) at two symmetric positions (1,1) and (−1,−1) for
the separated initial coin states is shown in Fig. 5(a) and that
for the entangled initial coin states is shown in Fig. 5(b). The

σ2 of the 2D QW without point disorder at two symmetric po-
sitions with (|0⟩+ i|1⟩)(|0⟩+ i|1⟩)/2 is larger than that with
|00⟩ for the same evolution time, as shown with the solid black
line and the dashed green line in Fig. 5(a). In Fig. 5(a), it is
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shown that σ2 with point disorder at (1,1) and (−1,−1) is
smaller than that without phase disorder for the same initial
coin state and the same evolution time. Thus the point disor-
der at two symmetric positions decelerates the walker’s spread
velocity. However, σ2 is the same for four different Bell en-
tangled initial coin states as shown with the solid black line
in Fig. 5(b). The σ2 of the 2D QW without phase disorder
is smaller than that of the 2D QW with point disorder at two
symmetric positions for (|01⟩−|10⟩)/

√
2, and larger than that

for the other three Bell entangled states at the same n. Thus
the point disorder at (1,1) and (−1,−1) usually decelerates
the walker’s spread velocity. While for a specific initial entan-
gled state, the point disorder at two symmetric positions can
increase the walker’s spread velocity.

3. 2D QW with line disorder in phase

In this section, we discuss the properties of the 2D QW
with line disorder in phase added along a specific line.

3.1. 2D QW with line disorder at the axis and line disorder
paralleled to the axis

First, we consider the 2D QW with line disorder paral-
leled to the y axis. The walker acquires additional phase dis-
order e iφ (φ = π) when the walker is at line y = a (a ∈ Z),
and for a = 0 the line disorder is added along the y axis. The
unitary operator of the 2D QW with line disorder at y = a for

one evolution time is

Ul1 = ∑
x

∑
y

e iφδ (y,a)(|x−1⟩⟨x|⊗ℐy ⊗|0⟩c1⟨0|⊗ℐc2

+ |x+1⟩⟨x|⊗ℐy ⊗|1⟩c1⟨1|⊗ℐc2

+ℐx ⊗|y−1⟩⟨y|⊗ℐc1 ⊗|0⟩c2⟨0|

+ℐx ⊗|y+1⟩⟨y|⊗ℐc1 ⊗|1⟩c2⟨1|)

× (ℐx ⊗ℐy ⊗C1 ⊗C2) . (4)

Numerical calculations show that the distributions of the
2D QW with line disorder at y = a are the same for different
initial coin states. Figure 6 shows the distributions of the 2D
QW with line disorder at y = 0, y = 1, y = 3, and y = 30. For
the 2D QW with line disorder at y= 0, the walker mainly stays
near the line x = 0, and the probabilities at other positions are
nearly 0 as shown in Fig. 6(a). In Fig. 6(b), for the case with
line disorder at y = 1, the probabilities P(x,y) near line x = 0
are decreased compared to those for the line disorder at y = 0,
and are still larger than the probabilities at other positions. For
the line disorder at y = 3, the probabilities P(x,y) near x = 0
are decreased nearly to 0 and the walker spread far away from
the origin in Fig. 6(c). With the line disorder at y = 30 far
away from the origin (0,0), the distribution is similar to that
of the 2D QW without line disorder, as shown in Fig. 6(d). It is
shown in Fig. 6 that the further the line disorder is apart from
the origin, the less the influence on the properties of the 2D
QW.
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Fig. 6. (color online) The distributions of 2D QW with line disorder e iφ (φ = π) at (a) y = 0, (b) y = 1, (c) y = 3, and (d) y = 30.
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The variance of the 2D QW with line disorder at y = 0,
y = 1, y = 3, and y = 30 as a function of the evolution time
n is shown in Fig. 7. The variance of the 2D QW with line
disorder at y = 1 and y = 3 is smaller than that at y = 30 and
larger than that at y = 0 for the same evolution time n. This is
because when the walker acquires the line disorder at y = 0, he
is mainly at line x = 0 and the spread velocity is largely sup-
pressed, whereas the walker’s distribution with the line disor-
der at y = 30 is almost the same as that of the 2D QW without
the phase disorder and the spread velocity is nearly unchanged
compared to that of the 2D QW without line disorder.
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0

100

200

300

400

σ
2

n

y/

y/

y/

y/

Fig. 7. (color online) The variance of 2D QW with line disorder e iφ

(φ = π) as a function of the evolution time n.

3.2. 2D QW with line disorder at x = y

We consider another case with the line disorder at x = y
passing through (0,0). The unitary operator of the 2D QW
with line disorder at x = y is

Ul2 = ∑
x

∑
y

e iφδ (x,y)(|x−1⟩⟨x|⊗ℐy ⊗|0⟩c1⟨0|⊗ℐc2

+ |x+1⟩⟨x|⊗ℐy ⊗|1⟩c1⟨1|⊗ℐc2

+ℐx ⊗|y−1⟩⟨y|⊗ℐc1 ⊗|0⟩c2⟨0|
+ℐx ⊗|y+1⟩⟨y|⊗ℐc1 ⊗|1⟩c2⟨1|)
× (ℐx ⊗ℐy ⊗C1 ⊗C2) . (5)

The walker acquires the additional phase disorder e iφ (φ = π)
at line x = y.

The distribution of the 2D QW with line disorder at x = y
for the separated initial coin state (|0⟩+ i|1⟩)(|0⟩+ i|1⟩)/2
((|0⟩− i|1⟩)(|0⟩− i|1⟩)/2) is shown in Fig. 8(a), the walker
locates near the line x =−y, and appears at the position (0,0)
with the maximal probability. Whereas for the initial entan-
gled state (|01⟩− |10⟩)/

√
2, the walker also remains near the

line x = −y in Fig. 8(b), and the distribution along the line
x =−y is similar to that of the 1D QW without phase disorder.
We find that the line disorder passing through the original po-
sition (0,0) has an apparent influence on the properties of the
2D QW, while the line disorder far away from (0,0) has less
impact.
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Fig. 8. (color online) The distributions of 2D QW with line disorder e iφ

(φ = π) at x = y for (a) the separated initial coin state (|0⟩+ i|1⟩)(|0⟩+
i|1⟩)/2 and (b) the entangled initial coin state (|01⟩− |10⟩)/

√
2.

The variance of the 2D QW with line disorder at x = y
is shown in Fig. 9. The variance of the 2D QW without line
disorder is larger than that with the line disorder for the same
n. The line disorder at x = y decelerates the spread veloc-
ity of the walker. For the separated initial coin state (|0⟩+
i|1⟩)(|0⟩+ i|1⟩)/2 ((|0⟩− i|1⟩)(|0⟩− i|1⟩)/2), the walker lo-
cates nearly along the line x = −y and P(0,0) is the largest,
while for the entangled initial coin state (|01⟩−|10⟩)/

√
2, the

walker spreads along the line x =−y. Thus the variance of the
2D QW with line disorder at x = y with the initial separated
coin state is smaller than that with the initial entangled coin
state for the same n, as shown in Fig. 9.
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Fig. 9. (color online) The variance of 2D QW with line disorder e iφ

(φ = π) at x = y for different initial coin states.
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4. 2D QW with circle disorder in phase
In this section, we study the features of the 2D QW with

circle disorder in phase. The unitary operator of the 2D QW
with the phase disorder at circle x2 + y2 = r2 is

Uc = ∑
x

∑
y

e iφδ (x2+y2,r2)(|x−1⟩⟨x|⊗ℐy ⊗|0⟩c1⟨0|⊗ℐc2

+ |x+1⟩⟨x|⊗ℐy ⊗|1⟩c1⟨1|⊗ℐc2

+ℐx ⊗|y−1⟩⟨y|⊗ℐc1 ⊗|0⟩c2⟨0|
+ℐx ⊗|y+1⟩⟨y|⊗ℐc1 ⊗|1⟩c2⟨1|)
× (ℐx ⊗ℐy ⊗C1 ⊗C2) . (6)

The distribution of the 2D QW with circle disorder at
x2 + y2 = 4 exhibits localization for both the separated coin
state |00⟩ and the entangled coin state (|01⟩ − |10⟩)/

√
2, as

shown in Figs. 10(a) and 10(b). There also exists localization
in the 2D QW with circle disorder at x2 + y2 = 2 for both the

separated initial coin state and the entangled initial coin state.
However, the localization cannot be observed in the 2D QW
with circle disorder if the radius of the circle is increased to
r > 2. This is because the overlap between the initial state
and the localized stationary states of the unitary operator for
the 2D QW with circle disorder at x2 + y2 = r2 equals 0 when
r > 2. We also find that the 2D QW with circle disorder whose
center is not at (0,0) does not exhibit localization for any ini-
tial state. For the 2D QW with circle disorder at x2 + y2 = 4
and the initial separated state |00⟩, F = 0.6300. For the en-
tangled initial coin state (|01⟩−|10⟩)/

√
2, F = 0.7330. When

the circle disorder is added at x2 + y2 = 2, for the initial coin
state |00⟩, F = 0.2947, and for (|01⟩−|10⟩)/

√
2, F = 0.2618.

Thus there is localization for the 2D QW with circle disorder
at x2 + y2 = 4 and x2 + y2 = 2 with specific initial coin states
as shown in Figs. 10(a)–10(d).
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Fig. 10. (color online) The distributions of 2D QW with circle disorder e iφ (φ = π) at (a) x2 + y2 = 4 for the separated initial coin
state |00⟩; (b) x2 + y2 = 4 for the entangled initial coin state (|01⟩− |10⟩)/

√
2; (c) x2 + y2 = 2 for the separated initial coin state |00⟩;

(d) x2 + y2 = 2 for the entangled initial coin state (|01⟩− |10⟩)/
√

2.
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Fig. 11. (color online) The variance of 2D QW with circle disorder e iφ

(φ = π) as a function of the evolution time n.

The 2D QW with circle disorder at x2 + y2 = 4 and
x2 + y2 = 2 has localization, and the walker’s spread veloc-
ity is decreased. Thus the variance of the 2D QW with circle
disorder is smaller than that of the 2D QW without disorder
for the same n, as shown in Fig. 11.

5. Conclusion

We have shown the features of the 2D QW with point,
line, and circle disorders in phase e iφ (φ = π) via the position
distribution and the variance. A localization can be observed
with certain phase disorder and specific initial coin states, and
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can be explained through the overlap between the initial state
and the localized stationary states of the unitary operator of
the whole system. In future work, it would be interesting and
useful to discuss the influence of the position-dependent phase
disorder on the 2D QW, which can be used to study quantum
resonance and chaos.
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[52] Wójcik A Luczak T, Kurzynski P, Grudka A, Gdala T and Bednarska-

Bzdega M 2012 Phys. Rev. A 85 012329
[53] Segawa E 2013 Journal of Computational and Theoretical

Nanoscience: Special Issue: Theoretical and Mathematical
Aspects of the Discrete Time Quantum Walk 10 1583

[54] Segev M, Silberberg Y and Christodoulides D N 2013 Nat. Photon. 7
197

[55] Li Z J, Izaac J A and Wang J B 2013 Phys. Rev. A 87 012314
[56] Xue P and Zhang Y S 2013 Chin. Phys. B 22 070302
[57] Zhang R, Qin H, Tang B and Xue P 2013 Chin. Phys. B 22 110312
[58] Xu Y Y, Zhou F, Chen L, Xie Y, Xue P and Feng M 2012 Chin. Phys.

B 21 040304

010303-8

http://dx.doi.org/10.1103/PhysRevA.48.1687
http://dx.doi.org/10.1088/1674-1056/23/1/010301
http://dx.doi.org/10.1103/PhysRevA.85.022307
http://dx.doi.org/10.1142/S0219749903000383
http://dx.doi.org/10.1145/780542.780552
http://dx.doi.org/10.1145/780542.780552
http://dx.doi.org/10.1103/PhysRevA.67.052307
http://dx.doi.org/10.1088/1674-1056/22/5/050304
http://dx.doi.org/10.1088/1674-1056/22/5/050304
http://dx.doi.org/10.1103/PhysRevA.74.012312
http://dx.doi.org/10.1103/PhysRevA.74.012312
http://dx.doi.org/10.1088/1367-2630/14/7/073050
http://dx.doi.org/10.1103/PhysRevLett.91.130602
http://dx.doi.org/10.1103/PhysRevLett.91.130602
http://dx.doi.org/10.1038/nphoton.2013.26
http://dx.doi.org/10.1103/PhysRevA.85.012329
http://dx.doi.org/10.1103/PhysRevA.89.042317
http://dx.doi.org/10.1103/PhysRevA.82.033429
http://dx.doi.org/10.1103/PhysRevA.82.033429
http://dx.doi.org/10.1038/ncomms1872
http://dx.doi.org/10.1038/ncomms1872
http://dx.doi.org/10.1103/PhysRevA.90.012331
http://dx.doi.org/10.1103/PhysRevA.90.012331
http://dx.doi.org/10.1103/PhysRevA.85.022307
http://dx.doi.org/10.1103/PhysRevLett.102.180501
http://dx.doi.org/10.1126/science.1229957
http://dx.doi.org/10.1103/PhysRevA.81.042330
http://dx.doi.org/10.1103/PhysRevA.81.042330
http://dx.doi.org/10.1088/1674-1056/23/5/050307
http://dx.doi.org/10.1088/1674-1056/23/5/050307
http://dx.doi.org/10.1088/1674-1056/21/1/010308
http://dx.doi.org/10.1088/1674-1056/21/10/100306
http://dx.doi.org/10.1088/1674-1056/20/10/100310
http://dx.doi.org/10.1103/PhysRevA.83.062315
http://dx.doi.org/10.1103/PhysRevLett.104.153602
http://dx.doi.org/10.1038/ncomms1872
http://dx.doi.org/10.1103/PhysRevLett.104.050502
http://dx.doi.org/10.1103/PhysRevLett.106.180403
http://dx.doi.org/10.1126/science.1193515
http://dx.doi.org/10.1126/science.1218448
http://dx.doi.org/10.1038/nphoton.2013.26
http://dx.doi.org/10.1088/1367-2630/16/5/053009
http://dx.doi.org/10.1038/srep04825
http://dx.doi.org/10.1103/PhysRevA.67.042316
http://dx.doi.org/10.1103/PhysRevA.67.042316
http://dx.doi.org/10.1103/PhysRevA.72.062317
http://dx.doi.org/10.1103/PhysRevA.72.062317
http://dx.doi.org/10.1103/PhysRevA.81.022308
http://dx.doi.org/10.1103/PhysRevA.81.022308
http://dx.doi.org/10.1088/1367-2630/8/8/156
http://dx.doi.org/10.1103/PhysRevLett.104.100503
http://dx.doi.org/10.1103/PhysRevLett.103.090504
http://dx.doi.org/10.1103/PhysRevA.87.022334
http://dx.doi.org/10.1103/PhysRevLett.103.183602
http://dx.doi.org/10.1103/PhysRevA.67.042315
http://dx.doi.org/10.1007/b13745
http://dx.doi.org/10.1103/PhysRevA.85.012329
http://dx.doi.org/10.1166/jctn.2013.3092
http://dx.doi.org/10.1166/jctn.2013.3092
http://dx.doi.org/10.1166/jctn.2013.3092
http://dx.doi.org/10.1038/nphoton.2013.30
http://dx.doi.org/10.1038/nphoton.2013.30
http://dx.doi.org/10.1103/PhysRevA.87.012314
http://dx.doi.org/10.1088/1674-1056/22/7/070302
http://dx.doi.org/10.1088/1674-1056/22/11/110312
http://dx.doi.org/10.1088/1674-1056/21/4/040304
http://dx.doi.org/10.1088/1674-1056/21/4/040304

	1. Introduction
	2. 2D QW with point disorder
	2.1. 2D QW with point disorder at origin (0,0)
	2.2. 2D QW with point disorder at two symmetric points (m,n) and (-m,-n)

	3. 2D QW with line disorder in phase
	3.1. 2D QW with line disorder at the axis and line disorder paralleled to the axis
	3.2. 2D QW with line disorder at x=y

	4. 2D QW with circle disorder in phase
	5. Conclusion
	References

