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The residual symmetries of the Ablowitz—Kaup—Newell-Segur (AKNS) equations are obtained by the truncated
Painlevé analysis. The residual symmetries for the AKNS equations are proved to be nonlocal and the nonlocal residual
symmetries are extended to the local Lie point symmetries of a prolonged AKNS system. The local Lie point symme-
tries of the prolonged AKNS equations are composed of the residual symmetries and the standard Lie point symmetries,
which suggests that the residual symmetry method is a useful complement to the classical Lie group theory. The calcula-
tion on the symmetries shows that the enlarged equations are invariant under the scaling transformations, the space—time
translations, and the shift translations. Three types of similarity solutions and the reduction equations are demonstrated.
Furthermore, several types of exact solutions for the AKNS equations are obtained with the help of the symmetry method
and the Bicklund transformations between the AKNS equations and the Schwarzian AKNS equation.
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1. Introduction

Partial differential equations (PDEs) are widely used to
describe complex phenomena in various fields.['=>! The study
of the exact solutions of nonlinear evolution equations plays an
important role in the soliton theory and the explicit formulas
of PDEs.[®7I The explicit formulas may also provide physi-
cal information and help us to understand the mechanism of
related physical models. Many effective methods for obtain-
ing the explicit solutions of PDEs have been presented, such
as the classical and non-classical Lie group approaches, the
truncated Painlevé expansion method, the Bicklund transfor-
mation, the variational method, the multi-linear variable sepa-
ration approach, the function expansion method, and the map-
ping method. 8141

One important solitary wave system is the Ablowitz—
Kaup-Newell-Segur (AKNS) system

1. :
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where subscripts x and ¢ represent the partial differentiations.
Several exact solutions of the AKNS equation were stud-
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ied in Ref. [15]. Soliton scattering with changing amplitude
was proposed in a negative order AKNS equation.!'®) When
q = p*, equations (1) and (2) turn to the following nonlinear
Schrddinger equation

. 1
1pr — prx + ‘P|2P =0. 3

The Painlevé analysis is considered as one of the most
powerful and systematic methods to analyze the integrability
of nonlinear systems.!!’~2?] Several years ago, Painlevé and
his contemporaries identified a class of second-order nonlinear
ordinary differential equations, in which the movable singu-
larities exhibited by the general solution are only poles in the
complex time plane.!'”! Such systems are called the Painlevé
type, possessing the Painlevé property. Ablowitz, Ramani,
and Segur (ARS) pointed out the intimate connection between
the singularity structure and the integrability of the system,
particularly for the soliton equations.?!) Weiss, Tabor, and
Carnevale (WTC) extended the Painlevé analysis from ordi-
nary differential equations (ODEs) to partial differential equa-
tions (PDEs), and defined that a PDE has the Painlevé property
when its solutions are single-valued on the movable singularity
manifolds.*?! It means that the general solution to the model
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can be expanded locally in a Laurent-like series

v:v(xl,xg,...,xn):Zv,'f”” 4
i=0

with sufficiently arbitrary functions of the equal orders of

the differential equation system, where a is a negative in-

teger, v = v(x1,x2,...,X,) is a solution of the PDE, and

f = f(x1,x2,...,x,) is an analytic function.

f(xl,xg,...,xn) =

The truncated Painlevé analysis and the function expan-

The formula
0 determines the singularity manifold.

sion method are usually applied to find traveling wave and
non-traveling wave solutions for PDEs. For the coupled
AKNS equations, the truncated Painlevé expansions can be

written as (2]

p=po/f+p1, (5)
q=q0/f+a1, (6)
where
po=fre', p1= { ﬁ+21l+2%} e, (1)
= i = Ji _1& —iu
q0 = fxe 7, q1—{fx+27t ZfX]e . (®)

with A being an arbitrary constant. From the above truncated
Painlevé expansions, we can prove that the transformation

p=pi= [ ﬁ+21x+2%} el 9)
1 XX —1
qq1[1£+2 /’Lz];x}e 1 (10)

is a Bicklund transformation between the AKNS equations
and the Schwarzian AKNS equation (]

LY 37 1 fex 3 S fi
(ﬁ)_hﬁ 4<ﬁ2ﬁ>+MﬁL'“D

The phase u should satisfy the consistent conditions

w = 22422, (12)
2
u,—3; +8A£+6A2—<f;xm—;§t‘2>. (13)

In addition to the truncated Painlevé analysis, the symme-
try method is also a powerful method researching the PDEs.
There are several methods proposed and proved efficient for
finding the symmetries of the PDEs, including the famous
classical and non-classical Lie group approaches, and the di-
rect method.[>1%24-28 The residual symmetry method was
newly proposed in Ref. [29]. We will study the exact solu-
tions of the AKNS equations by combining the residual sym-
metry method and the Bicklund transformation. The paper is
organized as follows. In Section 2, we propose the nonlocal

residual symmetries of the AKNS equations and enlarge the
AKNS equations to a prolonged AKNS system in order to re-
search the local symmetry of the AKNS equations. Section 3
is devoted to similarity solutions and reduction equations of
the prolonged AKNS system. In Section 4, the exact solu-
tions of the AKNS equations are searched for by means of the
symmetry method and the Bécklund transformation. The final

section presents our conclusion and discussion.

2. Nonlocal residual symmetries of the AKNS
equations

The symmetry equations of Egs. (1) and (2) are
1
cP,+§ionx—2ipqu—ipzoq =0, (14)

1
cq,—iicqm—i—ial’qZ—&-Ziquq =0, (15)

which means that equations (1) and (2) are form invariant un-
der the transformations

p—ptec?, q— g+eoc? (16)

with infinitesimal parameter e. By means of the standard clas-
sical Lie group theory, we can easily obtain the following the-
orem for the AKNS equations.

Theorem 1 The AKNS equations (1) and (2) possess the
Lie point symmetries

ol = (A1x+2A1)~l+A3)px+ (2A1[+A4)pt

- (Ag—ZiAllx)p, (17)
ol = (A1x+2Alll+A3)qx+ (2A1I+A4)qt
— (ZiAllx—AQ—ZAl)q, (18)

where A1, As, Az, and A4 are arbitrary integral constants.
Furthermore, from the AKNS equations (1) and (2) and
the corresponding symmetry equations (14) and (15), we find
another theorem.
Theorem 2 If f is a solution of the Schwarzian AKNS
equation (11), then

o = (01,02) = (po,q0) = (fxei“,fxefi”) (19)

is a nonlocal symmetry solution of the AKNS equations (1)

and (2).
Proof  Substituting formula (o1,02) = (po,q0) =
(fre'", fre~1*) and the Schwarzian AKNS equation (11) into

the symmetry equations (14) and (15), both equations (14) and
(15) turn to 0 = 0, which means that (c1,02) = (po,qo) is a
good choice for the symmetry of the AKNS equations.

It is worthwhile to note that the symmetry components
po and gq are residues of the truncated Painlevé expansions
expressed by Egs. (5) and (6). Reference [29] defined the non-
local symmetry as the residual symmetry. In order to research
the localized symmetry, we have to prolong the original sys-
tem so that the nonlocal symmetry of the original system can
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be changed to a local Lie point symmetry of the prolonged
system. For the AKNS equations, the prolonged system can
be written as

1
Pt Sipa—ip’g =0, (20)
1
4 — 5iqw+ig’p =0, @1)
p=- []’f+m+2ﬂ e, (22)
q= [1?—1—21 —2?} e i, (23)
3£ 1 (fox 3 fu?
(), - (-3 v o
=20 101, (25)
2
Uy = 3f +8&ﬁ+612(fzx ;?2) (26)
fi=g @7

Let us consider a one-parameter Lie group of infinitesi-
mal transformation

= x+eX+0(), (28)
T =1t4€el+0(), (29)
p = p+eP+0(), (30)
G = q+eQ+0(e?), (31)
i = u+elU+0(e?), (32)
f = f+eF+0(e), (33)
g = g+eG+0(e), (34)

where X = X(x,t,p,t,u,f,g), T = T(xt,p,t.ufg),
U = Uxt,p,tuf,g), F = F(xt,ptufg), G =
G(x,t,p,t,u, f,g), which leave Egs. (20)—(27) invariant. The
corresponding five symmetry components {c?, ¢, ¢, o/,
08} can be assumed to have the form

o’ =Xp+Tp —P, (35)
0?1=Xq,+Tq,—Q, (36)
6" = Xuy+Tu, — U, (37)
o/ =Xf+Tf —F, (38)
o8 =Xg,+Tg —G. (39)

According to the standard process of the classical Lie
point symmetry method, the symmetry equations of the en-
larged system (20)—(27) are

1
o’ + EiG”xx—Ziqu” —ip?c?=0, (40)
1
ol = Fiotu + i6”q* +2ipgo? =0, (41)
pr2+ieiufx2 ux""eiuafxxf _ eiufxxcfx

c'e fluy — 20" e f2A +ic" e fufur =0, (42)

2Gqfx2 o ieiiufszux—l— efiuo.fxxfx _ e*i”fxxo-fx

_ Gue—iufx2ux_26ue—iufx2/l

_ io.uefiufxfxx =0, (43)
31,267 4+ 4[(A0l o — 0l ) fr— 407 fu

9
+ (6Gft +4A Gfx)fxx]ft + fongfxx

+ l:zflt Gfx - 4(Gft + 21 Gfx)fxt + (421 Gft - Gfxxx)fxx

1 X
- fxxxcfxx + Efxxxxcfx fx - fxxxfxxafx + (Gftt - 4)~Gfxt
1
+ Zo-fxxxx)fxz = 07 (44)
1 1

o1 = 50" fi— suo + Aol =0, (45)
2Gutfx3 - 3“xfx3 oy — ZGMXf)CSA’ + Gfxxxfxz

- fxfxxxo x 3fxfxx6fxx + 3Gf)cfx)c - O (46)
o¢—oc’/ =0. (47)

Putting Egs. (35)—(39) into the prolonged system (20)—(27)
and identifying all the coefficients of {p,q,u, f,g}, we ob-
tain the over-determined equations for the unknown functions
X(x,t,p.q,u.f.8), T(xt,p,q,u.f.g), P(xt,p.quf.g),

O(x,t,p,q,u, f,8), Ux,t,p,q,u,f.g), F(x,t,p,q,uf,g),
G(x,t,p,q,u, f,g). Solving the determinant equations, we
obtain the following theorem.

Theorem 3 The prolonged AKNS equations (20)—(27)
possess the Lie point symmetries

ol = (C1x+2Cllt+C3)px+ (2C1[+C4>p,

— (Cs —2iC1Ax)p — Cse'"g, (48)

ol = (C1x+2Cllt+C3)qx+(2C1t+C4)q,
— (2iCiAx—Cs5 —2Cy)g—Cse g, (49)

o' = (C1x+2C1M—|—C3)uX+(2C1t+C4)u,
+ (iC1 4+ iCs5 4+2C1 Ax), (50)

o/ = (Clx+2C1At +C3) fi + (2C1t +Ca) fo
+ (Cof* —Caf — Co), 1)

08 = (C1x+2C1At+C3)gc+ (2C1t +C4) g
+ (2Csf —C2+C)g, (52)

where Cy, (3, C3, C4, Cs, and Cg are arbitrary integral con-
stants. Obviously, Cﬁei“g in 6?, Cq e’i”g in 69, C6f2 in o/,
and Cg fg in 08 are related to the residual symmetries.

The vector field associated with the above group of trans-
formations can be written as

0 d
V = (C1X+2C12,l +C3)f + (2C1l —I—C4)f

ox ot
) ) d
— (1C1 +1Cs +2C1)nx)8—u
.0
+ [(C5 —2iC1Ax)p+Cse'g] =—

ap
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.0
+[(2iC1Ax — Cs —2C1)g +Cs e‘l“g]afq

2

—Ce 2 =—
+(Cf +Co=Cof) 35
9
gag'

All invariant linearly independent infinitesimal generators can

+ (C2 —C— 2C6f) (53)

be written as
V =C\V1+ GV +C3V3 + CyVy 4 CsVs + Co Vg, 54)
where

Vi = (x+ ZM)i + 2tz - Zi),xp;p + (2iAx— 2)qi

ox ot dq
. d 0
_(1+2)~x)$—gafg,
SRR SRV RV )
2 = af gaga 373)(77 478[7
d Jd .d
Vs —Pﬁ—qafq—1$7
_ iu J —iu J 2 J d
Ve =e 8,1 e gjq+(1—f )aff—ngafg- (55)

It is obvious that V; ,V;, and Vs are scaling transformations,
V3 and V; indicate space and time translations, and Vg is the
Galilean translations.

Remark 1 Comparing Theorem 1, Theorem 2, and The-
orem 3, we can find that the symmetries for p and g of the
enlarged AKNS equations are richer than those of the AKNS
equations. The standard Lie point symmetries and the resid-
ual symmetries together constitute the Lie point symmetries of
the enlarged system. So, the residual symmetries are a useful
supplement for the Lie group theory.

3. Similarity solutions related to the nonlocal
residual symmetries

After determining the Lie point symmetries of the pro-
longed system (20)—(27), we then find the group invariant so-
lutions and the group invariants which satisfy

o’ =0l=0c"=0/=0c%=0. (56)

The fact that the residual symmetries include exponents leads
to such complicated calculations that we cannot obtain any
similarity solutions when all the parameters are included. In
order to obtain some similarity solutions and reduction equa-
tions, we have to simplify some parameters. In the following,
Cg is always treated as 0. The combination of Egs. (48)—(52)
and (56) leads to the following three types of non-trivial simi-
larity solutions.

Case 1 C; # 0. In this case, we have the first type of
similarity solutions

p = P(E)(20)1 + Cy)(F2iA*C4F2i2C54C5)/(201)]

« e[2ik(—x+)u)+(2i(2041703)1)/@]’ (57)
g = O(E)(2C 1 + Cy)|(FHAC-2IA2C44Cs+261)/(201)]
% e[2il(X—M)+2i(c3—2C4)L)A/Cl]’ (58)
_ i(C1 +2iAC3 +Cs — 2iA*C4)In(2C 1 + Cy)
u=U(g) C
2(C3—2
2ae- i HO2AA, .
1
C.
f = F(E)2Ci+Cy), (60)
00
g = G(E)2C1+Cy) =i, 1)

where the group invariant is
B —C1x+2C4A — C5+2C1 At
V2C 1t + CyCy

and the reduction functions P(§), Q(&), U(&), F(E), and
G(&) are governed by the following reduction equations:

&= ; (62)

Pez +2iCEP: —2P°Q

+2(2AC3 — iCs5 —2C4A%)P =0, (63)
Q¢e —2iC15Q; —2PQ?

—20(2A%C4 —2AC5 +iC5 +2iCy) = 0, (64)
2PG+iGU:e'V +Gee'V =0, (65)
20Ge' —iGU; + Gg =0, (66)

3G® — [4GGgs +4FC(2GEC —3FC))|G
+G*Geee —4G*(GCI*E —2GC1EC

— 201G F +3F %) =0, (67)
—2FC; + GUg +2GEC, =0, (68)
—3G*Ug* —4C\G* U & — 4(iCs — 2A.C3

+2A%C4+iC1)G* +2GG: —3G* =0, (69)
G=F:. (70)

Case 2 C; =0 and C; # 0. The second type of reduction
equations are
Pe:Cy* —2(C4Cs +1C3%)P: —2C3°P2Q+ PCs* =0, (71)
0::Ca> +2(C4Cs +iC3%) Q¢ —2PQ°C3* + 0Cs* = 0, (72)
iCU; G+ Gz Cy —2GPC3e Y

— G(Cy+C5+2iC31) =0, (73)
—iC4U: G+ G Cy —2e'V G306
+ (C5—C,+2iC3A)G =0, (74)

G204 Ge2G —3C4 G +4C4[C4* Ge: G+ C3*CoF (2GC5
— 4AGCy —3CoF)|Ge — CrC4* G G* — C4 G e G*

+ 4C3%C,G(GC3 — CoF)

X (2GC3 —4AGCy —3CoF) =0, (5)
C4?Us G+ (2C3C4A + C4Csi — 2C3%) G+ 2C3C2F = 0,(76)
2C4*Geg —3C4>GUg* — 2(31C4Cs — 2C3C4A — 2C57)GUp
—3C4*Ge? /G +20,C4Ge + (3Cs — G
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+ 4iCsAC3 —4A2C32)G =0, (77)
GF F§C4

G=— -2 78
G cy (78)

where the group variable is & =t — C4x/C3, and the similarity
solutions for the enlarged AKNS system (20)—(27) are

p = PeSY/G, (79)
g = Qe G (80)
u = —iCsx/C3+U, 81
f = eGF, (82)
g = e2GG. (83)

Case 3 C; =0 and C3 = 0. The final type of the group
variable can be written as

E=x. (84)

The corresponding similarity solution is

p = PeSst/C, (85)
q = Qe %, (86)
u = —iCst/C4+U, (87)
f = Fe®/S, (88)
g = G/, (89)

where the group functions P = P(x), Q = Q(x), U = U(x),
F =F(x), and G = G(x) are determined by the reduction equa-

tions
—2iPCs + P,Cy —2P*QC4 = 0, (90)
Q.xCy —21QCs —2PQ*C4 =0, 91
2PGe 'V 4+ iGU,+2iAG+ G, =0, (92)
20Ge'V —iGU, —2iAG+ G, =0, (93)

3G,>Cy? +4G,[FC2(3FCy + AGCy) — 4G G Co?]
+ G?GrxCy? —4C,G* (BFCy 4+ 4AGCy) = 0, (94)

2FC; — UyGC4 4 2AGCy = 0, (95)
—3G?C4U 2 — 4G*CuUA — 3G, >C4 4 2G«GCy

—4(C4A2 +iC5)G? =0, (96)
G=F.. (97)

4. Exact solutions of the AKNS equations

To obtain some exact solutions of the AKNS equations by
means of the symmetry method, we need to obtain the solu-
tions of the reduction equations. Different reduction equations
lead to different results. We will consider the most difficult
condition in this section, i.e., Eqs. (63)—(70). After calcula-
tion, we obtain the following three types of nontrivial exact
solutions.

4.1. The first type solution
The first type solution for Egs. (67)—(70) is
1

g

where a; and c; are arbitrary constants and the other parame-

U=a,F=-2,G= (98)

C1
&
ters should satisfy the condition constraint

C1 = —Cy =2iA*Cy — 2iAC; — Cs. 99)

From the similarity solutions (59)—(61), the exact solutions of
the reduction equation given by Eqgs. (98) and (99), and the
variable & governed by Eq. (62), we obtain

u = a —27L(x—lt) —2A(C3 —C4l)/C1
— [(iCy —2AC3 +iCs +2A%Cy)

x In(2C1t 4+ Cy4)]/(2Cy), (100)
c1vV2C1t 4+ C4Cq (2C1t +C4)C2/(2C1)
f=- , (101)
—Ci1x+2C4A —C3+2AC1t
_ _6‘1\/2C1t+C4C12(2C11+C4)C2/(2C]) (102)

(—C1x+2C4A — C3 +27LC1[)2

The substitution of Egs. (100)—(102) into Bécklund transfor-
mations (22) and (23) leads to the exact solution of the AKNS
equations

Ciexp {iaﬁ-Zi?th—Zikx—i- 20 (2 A+Cy) ]

72&26'47 iC5+2AC3

P —Cix+2C4A —C3+2ACt ’
(103)
qg = - k

—C1x+2C4A —C5+2AC 1t
(104)

4.2. The second type solution
The second type exact solution for Eqs. (67)—(70) is

U=a+20:E% F=2, G=—5, (105)
g &
with the parameters constrained by
C1 = 3Gy, Cs=—2iAC3+2iA*C4+3Co.  (106)

The combination of Egs. (59)-(62) and (105)—(113) leads to
the exact solution for u, f, and g

20y (~Cix+2C4A — Cs +2A.C11)>
u = 3 +ap
(2C1t +Cy)Cy

_ w —2A(x— A1) = [i(C) +2iAC3
1

+Cs = 2iA%Ca)In(2C11 +Cy)]/ (2 C1), (107)
.  2V2Ci1+CaC1 (2C11 +Cy) Y/ ) w0

—C1x+2C4A —C5 +2AC1t ’

_ _C2\/2C1l +C4C12(2C1I+C4)C2/(2C1) (109)
§ (CCix+2Cih —C3 1 20C1)?
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Putting the solutions of u, f, and g into formulas (22) and (23),
we obtain

—(2C 1t + Cy)[IACHCs=21A2Cy) /20

X exp {i {(az +2CE%) + G -G)

(&
- 2/1(x—m)} } (zlczg é)

(cht+C4)[*1*(C5*217LZC4+211C3)/(2C1)]

X exp{ —i [(az +2C2E%) + MG =G)

Ci
- Zl(xlt)} } <2i§c2+ é) ,

with the group variable £ determined by

p:

(110)

<
I

(111)

Cix—2C4A +C5 —2C At
V2C 1t +C4Cy .

4.3. The third type solution

&=

The final type exact solution for Egs. (67)—(70) is

U=a3—2CE% F=c3¢, G=cs, (112)

where a3 and c3 are arbitrary constants and the other parame-
ters should satisfy the condition constraints

C) = —3Cy, Cs = —2iAC3+2iA*Cs+3C,.  (113)

The substitution of U, F, and G into formulas (65) and (66)
leads to the exact solution for the reduction functions P and Q

P: 21C2§ ei(u372C2§ u'; 2C2§

, Q= 2iGE e . (114)

Putting the above formulas for P and Q into the similarity so-
lutions for Egs. (57) and (58), we obtain the exact solution for
pand g

2iCy E (201 + Cy)[(FHAPCoH2IAC+C5)/(2C1)]
X €exp {i [(03 - 2C2§2) —2A(x— Ar)
2&( 21C4—|—C3 ]}

p

(115)
—(C5—2iA2C4+2iAC3)/(2C1)]

2A(—2AC4+C3)
G

q= —21025(2clt+c4)[

X exp {i {ZA(xlt) +
— (a3 —20252)} } (116)

with

—C1x+2C4A —C3+2C At
V2C it + CyCy '

Equation (1.1) in Ref. [15] can be written in the form

ng

Or +Qu —20°R=0, (117)

Ry — R+ 20R* = (118)

Soliton solutions, rational solutions, Matveev solutions, com-
plexitons, and interaction solutions of Eqs. (117) and (118)
were derived through a matrix method for constructing dou-
ble Wronskian entries in Ref. [15]. When 7 = 2iT, g(x,7) =
O(x,T), and p(x,t) = R(x,T), the AKNS equations expressed
by Egs. (1) and (2) are transformed to system (117) and (118).
With the same transformations, the exact solutions of system
(1) and (2) will turn to the exact solutions of system (117) and
(118). When ¢ = 2iT, the exact solutions (103), (104); (110),
(111); and (115), (116) are complex solutions. The complex
solutions are not given in Ref. [15].

5. Discussion and summary

We study the AKNS equations by means of the resid-
ual symmetry method. The residual symmetry is nonlocal,
while it can be localized by enlarging the AKNS equation to
the prolonged AKNS system (20)—(27) including eight equa-
tions. The Lie point symmetries are researched for the pro-
longed AKNS system. The calculation shows that the enlarged
AKNS system is invariant under some scaling transformations,
space and time translations and shift translations. The symme-
try reduction equations are classified to three types according
to different symmetry parameter constraints.

We obtain several exact solutions for the original AKNS
equations by means of combining the symmetry method and
the Bicklund transformations. When g = p*, equations (1)
and (2) turn to the nonlinear Schrédinger equation (3). From
Egs. (22) and (23), we know g = p* on condition that u is a
real function. The exact solutions (103), (104); (110), (111);
and (115), (116) show that u is a real function and g = p* if

= C4A. Correspondingly, the solutions for p in Egs. (103),
(104); (110), (111); and (115), (116) are the solutions of the
= C4A. In fact, the
exact solutions that can be obtained by the method presented

nonlinear Schrédinger equation (3) if C3

in this paper are very rich and one can obtain other exact so-
lutions for the AKNS equations by other reduction equations.
0 and C3 # 0, with the help of
the second type reduction equation and similarity solution, we

For example, when C; = C; =

can obtain an exact solution for p and ¢ in the form

(G [1(3C3% —8C3ACy)
P= <C4 21) {1[ Cs?
QZC* ag+2xA +61% ]} (119)
: 3 [1(3C32 —8C3A.Cy)
:1<2A—C4>exp{—1[ o
ZZC* ag+2xA +61% ]} (120)

It is worthwhile to note that the Lie point symmetries of
the prolonged AKNS system constitute the residual symme-
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tries and the traditional Lie point symmetries, which shows

that the residual symmetry method is very useful for the sym-

metry theory.
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