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In this paper, we prove one case of conjecture given by Hernandez and Leclerc. We give a cluster algebra structure
on the Grothendieck ring of a full subcategory of the finite dimensional representations of affine quantum group U, (A3).
As a conclusion, for every exchange relation of cluster algebra, there exists an exact sequence of the full subcategory

corresponding to it.
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1. Introduction

Affine quantum group (or quantum affine algebra) is a
Hopf algebra that is a g-deformation of the universal envelop-
ing algebra of an affine Lie algebra. They were introduced
independently by Drinfeld and Jimbo as a special case of
their general construction of a quantum group from a Car-
tan matrix.!"?! One of their principal applications has been the
study of the Yang—Baxter equation, which is a necessary con-
dition for the solvability of statistical models.

Cluster algebras are a class of commutative rings intro-

[3-51 A cluster algebra of rank

duced by Fomin and Zelevinsky.
n is an integral domain A, together with some subsets of size
n called clusters whose union generates the algebra A. The
clusters satisfy various conditions.

In Drinfeld’s approach, quantum groups are universal en-
veloping algebras of certain Lie algebras, generally semisim-
ple or affine. Given a Cartan matrix of a Lie algebra, a cluster
algebra can be obtained. Naturally, affine quantum groups and
cluster algebras are linked by Lie theory.

In recent years, there has been much interest in the studies
of categorification of theories in fundamental mathematics and

(6-12] In general, categorification is a pro-

theoretical physics.
cess of replacing set-theoretic theorems by category-theoretic
analogues. It replaces sets by categories, functions by func-
tors, and equations between functions by natural transforma-
tions of functors. Categorification can be thought of as the pro-
cess of enhancing an algebraic object to a more sophisticated
one, while “decategorification” is the process of reducing the
categorified object back to the simpler original object. Thus,
a useful categorification should possess a richer structure not
seen in the underlying object. The categorification of physical
theories may extend the mathematical structures of existing
physical theories and help us solve the remaining problems in
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fundamental physics. This can also help us better understand
the physical essence.

Khovanov and Lauda used the diagrammatic methods to
study the categorification of quantum groups.'*! Khovanov
has constructed a categorification of the Heisenberg algebra
based on a graphical category that can act naturally on the cate-
gory of representations of all symmetric groups,!!3 and Cautis
et al. have also carried out many significant works about the
categorifications of the quantum Heisenberg algebras. %]

In 2010, Hernandez and Leclerc defined the monoidal
categorifications of cluster algebras and gave a model of
monoidal category for certain cluster algebras.!!>] An abelian
monoidal category M is a monoidal categorification of a clus-
ter algebra A if the Grothendieck ring of M and A are iso-
morphic as rings. The cluster monomials of 4 are the classes
of all the real simple objects of M and the cluster variables
of A (including the frozen ones) are the classes of all the real
prime simple objects of M.

Hernandez and Leclerc conjectured that a series of cer-
tain full subcategories of finite dimensional representations
of affine quantum group U, (g) for simple Lie algebra g are
monoidal categorifications of certain cluster algebras.! !

We give a proof of the above conjecture in the case of
g = sly for £ = 2 in the present work.

The paper is organized as follows. In Section 2, we give
some notations and our main results. Some discussion is given
in Section 3. In the appendix, we prove assistant Proposition 1.
We give the polynomial ring isomorphism between cluster al-
gebra A and Grothendieck ring R; first. Then, we calculate
the truncated g-characters of all real prime objects. Lastly, we
check the cluster monomials are the classes of all the real sim-
ple objects.
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2. Main result

Let g be a simple Lie algebra of type ADE. We denote
the vertex set of its Dynkin diagram by I, the corresponding
affine quantum group by U,(g) (parameter ¢ € C* is not a
root of unity), the category of finite-dimensional U,(g) rep-
resentations of type 1 by C. For ¢ € Z>o, denote the such
full subcategory of C by C;: for any V of Cy, the roots of the
Drinfeld polynomials of every composition factor of V belong
to {g % |0<k</l iel}, where & = ¢ for i € I, and
I = Ip U1 is a bipartition of 1.

Denote the Grothendieck ring of C; by Ry, then Ry =
Z [[Wl(zzmgi]iel,ogkgd :

To study the finite-dimensional representations of U, (g),
Frenkel and Reshetikhin introduced ¢ characters.!'®! The mor-
phism of g characters is an injective ring homomorphism from
the Grothendieck ring R of C to Y = 7] za]zel wect.  We
denote the simple object with the highest weight monomial

m by L(m). Frenkel and Mukhin proved that x,(L(m)) =
m(1 + Y, M,), where each M), is a monomial in variables
A . = Yllqu”ul]_l _HYj;”, i €l,ac C*. Besides, for ev-

ery dominant monomlal m, they define a polynomial FM(m)
which equals x,(L(m)) under certain conditions.!!”] We call
this algorithm the FM algorithm.

Let V be an object of C and any subset J of I, x,(V) has

a unique decomposition!!>!

V)= Z/lm(pl(m)

where m is J dommant Am € Z>o, and @y (m) is deﬁned as fol-
lows. If m = [] HY ,) 11 HY s SetT = 11 HY 7
jelk=1 1% jeN\Jk=1 "% jeJk=1 I “k
and L(m) becomes a simple object of U, (g;) which is a subal-
gebra of U,(g) generated by the Drinfeld generators attached
to the vertices of J. Write x,(L(7)) = m(1 + Y, M;,), then
set @7(m) = m(1+Y.M;,), where M;, are obtained from the

corresponding M;, by replacing each A by A,

For P,P € Z|Y: lEIrEZ]P<PmeansthatP Pc
N[er,lel reZ).

We define a useful polynomial N(m) < yx,(L(m)) for
We will see later that N(m) =
Xq(L(m)) for some simple objects L(m).

(i) Vi € I, by definition, ¢;(m) can be written as such ex-
pression @;(m) = m(1+Y.M;,). Denote all such mM;,

(i) m;, is j-dominant for j € I\{i}, and @;(m;,) =
m;,(14+ ¥ M, ). Denote the monomials in @;(m;,) by m;, ;

lr’

dominant monomial m.

by mi,;

X0 — [L(YL())],
x4 = [L(Y30)],

x1 = [L(Y14Y2,1)],
x3 = [L(Y2,1Y34)],

(iii) Repeat this procedure until every monomial contains
all Al_a1 with i € I. Put all such distinguished monomials to-
gethef and denote it by N(m). Clearly, N(m) < x,(L(m)).

To simplify the notations, we write ¥; , and A; , instead of
Y, and A; 4 respectively.

Let V be an object of Ca, x4 (V) =m(1 +Zp
is a dominant monomial in the variables Y ¢, Y; ¢, 12, Yi £, 14 (ie

»), Where m

I), and the M, are certain monomials in the A;' =
Yir1Yirs1 [z Y]a;j. Thus, it can be checked that for r > 5,
there cannot exist a monomial mM,, such that mM, is domi-
nant.

For this reason, we can define the truncated g-character
Xq(V)<4 of V as the polynomial obtained from y,(V') by keep-
ing the monomials M, which do not contain any A rl with
r>>5. ’

Using the mathematical method of Proposition 6.1 in
Ref. [15], it can be proved that, the map V — x,(V)<4 is an
injective homomorphism from the Grothendieck ring R of C»
to Y.

Similarly, we attach a polynomial FM (m) <4 which is ob-
tained from FM(m) by keeping only the monomials which do
not contain any A; rl with » > 5.

If L(m) is minuscule, then x,(L(m)) = FM(m). That
is, x4(L(m)) and FM(m) have the same dominant monomials
with the same multiplicities. Hence, we have

Xq(L(m)) <4 =FM(m)<4

Lastly, we define N(m)<4 as the polynomial which is ob-
tained from N(m) by keeping only the monomials which do
not contain any A; ! with r > 5.

‘We have the following result of the cluster algebra of rank

Proposition 1 If A is the cluster algebra of rank 6 with

initial seed (x,I"), where © = (xy,...,Xs,X6,X7,X8), Xg,X7,X8

are frozen variables, I is

7 6 8

e
1\2

Then the map t: A — Ry,

x = [L(Y14Y2,1Y34)],
x5 = [L(Y25)],

X6 — [L(Y21Y23Y25)], x7 = [L(Y1,0Y12Y14)], x8 — [L(Y30Y32Y34)]

can be extended to a ring isomorphism. Furthermore, C; becomes a monoidal categorification of .A.
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The proof of this proposition will be given in the ap-
pendix.

A partition of I = Iy U1, is given by choosing Iy = {1,3}.
In order to distinguish the label of the vertices of Dynkin dia-
gram Eg from A3z, we denote the vertex set of Dynkin diagram
Eg by I = [0,5], and choose Ip = {1,3,5}.

For a finite mutation sequence L = Uy U3 o Us Lo Mg, de-
note I; = p(I'). If we ignore the label of vertices, I is defined
by

(1,1) « (1,2) — (1,3)
3 T
(2,1) = (2,2) «+ (2,3)
T 1
(3,1) « (3,2) — (3,3).
Let A, be the cluster algebra attached to the initial seed
(x,13), where © = (x(jp) | i € [,1 <k < 3), x(;3) are frozen
variables. By definition, C; is a monoidal categorification of
A if and only if C, is a monoidal categorification of A;.

Thus, the above proposition is equivalent to the following
statement:

Theorem 1 (Main result)

x(uy = Wy ) .2y o W ), 30y = Wy .
fen = [Wfi;], *22) [W;?ql]a X(2,3) [W;’Zq)l},

)
3 3 3
X3, [Wl(_q)z]v X32) [W;;z]a X;33) [W3<7q)0]

extends to a ring isomorphism t from the cluster algebra A, to
the Grothendieck ring R, of C,, where Wk(,i;)f(i,k) are KR mod-
ules of C,. Furthermore, C, is a monoidal categorification of
Aj.

This is just the case of g = sly for £ =2 in the conjecture
given by Hernandez and Leclerc. "]

In the case of ¢ = 1, for every simply laced g, the cluster
type of Grothendieck ring R; of C; coincide with the root sys-
tem of g. However, this does not work for ¢ > 2. In the case of
¢ > 2, one needs to judge the compatibility of any two cluster
variables. When a quiver is bipartite of type ADE, two cluster
variables are compatible if and only if the corresponding two
almost positive roots are compatible. Therefore, Proposition 1
plays an important role to obtain Theorem 2.

3. Conclusions and discussion

We mainly prove one case of Hernandez and Leclerc’s
conjecture.l>! This is a full subcategory of the finite-
dimensional representations of affine quantum group U, (;\;),
which is a monoidal categorification of a certain cluster alge-
bra.

Some other conclusions are obtained in the proof. Since
there are 45 cluster variables in the cluster algebra of type E¢
with 3 frozen variables, the category C, has 45 real prime sim-
ple objects. The class of any simple object of C; in R; is a clus-
ter monomial. Besides, for every exchange relation of cluster

algebra A, there exists an exact sequence of C, corresponding
to it. The set of such exact sequences includes the 7' systems
and coincides with extended T systems defined in Ref. [18].

For example, for exchange relation x[—ap]x[ap] =
x[— o]+ x7, the corresponding exact sequence is

0— L(Y174Y271) — L(YL()) ®L(Y172Y174) —
L(Y10Y12Y14) — 0.

For exchange relation x[—ap]x[a + o + 0] = x[otg + 041 |x6 +
x[ap]x[—o3]x[—0os], the corresponding exact sequence is

0 — L(Y34) ®L(Y21Y23Y25) — L(Y14Y2,1Y34)
®@ L(Y12Y25) = L(Y12Y14) @L(Y25) ® L(Y2,1Y34) — 0.

Furthermore, L(Y374) ® L(Y271Y273Y2,5) = L(Y271Y273Y2,5Y374),
LY12Y14) ®L(Y25) @L(Y2,1Y34) = L(Y12Y1 4Y21Y25Y34).

The cluster algebras A, defined in the conjecture are of
finite type if and only if £ and the type of g satisfy one of the
conditions: / is arbitrary and g is of type Aj; £ =1 and g is of
type ADE; g is of type A, such that n¢ = 4, 6, 8.1 In this
paper, we consider the case of A3 for £ = 2. The remaining
finite types can be proved in the same way. When the clus-
ter algebra A, is of infinite type, .4, has an infinite number of
cluster variables and there exist simple objects of C;, which are
not real, our method does not work.

Since the calculations of the detailed expressions of clus-
ter variables and compatible roots are mechanical and lengthy,
we omit them here. We refer the readers to the expanded ver-
sion of the present paper for more mathematical details./'"!

These results will help us study the simple objects of
affine quantum groups and the categorifications of cluster al-
gebras in mathematical physics.

Appendix A: Proof of Proposition 1

We prove the proposition by three steps. Firstly, we give a
polynomial ring structure on cluster algebra A and a ring iso-
morphism from A to R,. Secondly, we calculate the truncated
g characters of all real prime simple objects of C;. Finally, we
realize the monoidal categorification of A.

Let Q be the root lattice of type Eg. Let @ C Q be the
root system, the vertices of the Dynkin diagram are labelled as
Proposition 1. Denote the set of simple roots by I, and the set
of almost positive roots by ®>_;.

Ring isomorphism

For every cluster variable (J/ fol", there exists a unique
almost positive root Y. d;a;, where o; (0 < i < 35) is the sim-
ple root corresponding to i (0 < i < 5).[*l Hence, we denote
x[Ld:a] by the variable /] x¢".

Theorem 2 The cluster algebra A is equal to the polyno-
mial ring Zla,d’,b,c,c’,d,d' e, f], where a = xo,d’ = x4,b =
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xs,c = x[ap + oy],c’ = x[oz + s, d = x|+ a1 + 0 +
os],d = x[or+ o3+ o+ as),e =x[ag+ o + o+ o3+
ou+as), f =x[on+ o).

Proof The detailed polynomial expressions of clus-

ical and lengthy, so we omit them. Furthermore, these

nine generators are algebraically independent.
Zla,d ,b,c,c',d,d' e, f].
Obviously, the assignment

ter variables in a, da', b, ¢, ¢/, d, d’, e, f are mechan-
|
x[—ao] = [L(Y10)], x _‘)2:0 ai—s—ocs} = [L(Y12)], x[os + oy = [L(Y14)],
x[— OC4] > [L(Y37())], X _‘i (Xi:| — [L(Ygﬁz)], X[O(Q—FOC]] — [L(Y374)},
x[or + as] = [L(Ya,1)], x ): 0‘1} [L(Y23)], x[—o5] = [L(Ya5)],

extends to a ring isomorphism t from A to R;.

Truncated g characters of real prime simple objects

For each 8 € &~_;, we attach a simple object S(f3) of C;.

Hence, A =

2
S(=a) =L(Y10), S(_Zoai-l-as) =L(Y12), S(oz +o4) = L(Y14),
5
S(—OC4) :L(Y3,0)7 < Z2al> - (YB 2) S((X0+061) ZL(Y3,4),
5
S(ar+a5) = L(¥a), s( ,zoai) —L(%3), S(—as) = L(¥s5).
P
S(—oy) =L(Y14Y2,1), S(—op) =L(Y14Y21Y3 4), S(—o3) =L(Y21Y34),
S(ao) = L(Y12Y14), S(ou) = L(Y32Y34), S(as) = L(Y21Y23),
S(ou) =L(Y10Y34), S(op) =L(Y21Y25), S(o3) = L(Y14Y3 )
\
For any positive roots @ = Zaiai € &9 —{II, o+ rithm.
iel The following eight objects L(Y2s5Yi2), L(Yi4Ys

oy, 03+ 04, 0+ s}, o can be uniquely written as

()ifay =a > a3, a=az(0p+ 0+ 0+ 03+ o+ 0s5) +
(a1 —a3)(ap+ o+ o+ o) + Z bi(—a;) for some b; € N,

i=04,5

()ifa) <ap=as, a=aj(op+ 0oy + 0+ 03+ 04+
0s5) 4 (a3 —ar ) (0 + a3 + 04+ t5) + Y0 4.5 bi(— ;) for some
b; €N,

(i) if a; = a3 < ar, ¢ = La2/2j ((Xo+(X1 +(X2—|—OC5)—|—
laz/2](0n + 03 + a4 + as5) 4 (a1 — [a2/2]) (00 + o1 4+ ap +

o3+ 0o+ as)+ Z bi(—a;) for some b; € N, where |a;/2|
i=0,4,5
denotes the biggest integer is smaller than a; /2.
Correspondingly, we define S(@) as
(i) if a1 = ay > a3, S(a) = ¥} §¥y CVRYy ¥ 4YY,,
(i) if a1 < a» = a3, S(at) = Y{fgyﬁZY;gY;gY3’ng;; a
(iii) if a1 = a3 < az, S(a) = Y}oy [/ yflal2lybs ybs
la2/2] ' ' '
Y3’22 .
Forie Iy ={1,3}, we denote F; = L(Y; oY;2Y; 4); fori =2,
=L(Y21Y23)25).
The eighteen Kirillov—Reshetikhin modules of C;, are mi-

we denote F»

nuscule. Their g characters can be obtained by the FM algo-

LY10Y23Y25), L(Y14Y21Y34), L(Y10Y34),
L(Y23Y1), and L(Y> 11> 5) are also minuscule.

L(Y10Y12)>

Let us introduce the notation
PN Q = {the monomials are contained in P and Q}

forP,Q € Z[Y:iel,rcZ].

L,r’

Consider L(Y; 0Y23Y3 ),
N(Y10Y23Y30)<4
= Y1 0¥30)23(1 +A[]1 +A7, +A§} +A£{A£31
+AT1AZM AT, +AT AT
+ATIADAS ] +AS AT +AT AT LAS | + AT A7 IAS
+2A7 1A73A5 4AT 1 +AT 1A 3ASIAT )
< Xq(L(Y10Y23Y30)).

Fori=1,j=3,0ori=3, j=1, we have

Xa(L(Y10Y23Y30))<4
(L(Yi0Y23))<a2q(L(Y}0)) <4,
(Y1,0Y23)) <axq(L(Y3,0))<4)
(L(Y3,0Y2,3)) <4 Xq(L(Y10))<4)

< X
(x

4(L
ﬂ(Xq

010201-4
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= N(Y10Y23Y30)<4-

Hence, 2,(L(Y10Y23Y30))<4 = N(Y10Y23Y30)<a.
In the same way, the remaining real prime simple objects
can be calculated. Therefore,

Lx[B]) =1[S(B),  t(xe) = R,

L) =[R], ilxs)=1[F], (B€P>).

For any , 8 € ®>_1, Fomin and Zelevinsky associated
a nonnegative integer (o||3).?%! Two roots a, B € &~ are
compatible if (a||f) = 0. For o € ®»_1, denote the set of
almost positive roots, which are compatible with o, by Cy. A
description of compatible subsets of type Eg are lengthy, one

can see the details in our paper.[!”)

Monoidal categorification

The unique cluster expansion of y € Q is the expression

Y=Y mga, where my € Z>o, and mgmg = 0 whenever
OCE(PE,I
(| B) # 0.0

For any o € ®>_;, we have attached a simple ob-
ject S(a) = L(mg) for some highest weight monomial mg,.
Set Y% = mg, then for y = Z ngo, define YV =

(XEQSZ,l
[Hoco.  (Y*)".
Let V be a simple object in C,, and its highest weight

. b ¢
monomial my = [[Y% Y7 Y
v zenl i,§7 0,642 i,6+4

Then my can be written as

for some a;,b;,c; € Z>p.

m = [I(gYig oY gea)™ @ty

iel
= [1MigYigoYigpa)™ @) T (re)
i€l D>
for some unique cluster expansion y = Z ngt € Q. The
aeqf)z,]

factorization of my is unique.
Theorem 3 C; is a monoidal categorification of A.
Proof In order to prove this theorem, we then need to
prove that

L(mv) ) ®F}®min(a,-,b,-,c,-) ® S((X)®na. (1)

iel acds |

Hernandez proved that for simple objects S1,S52,...,Sy
of C, the tensor product S| ® --- ® Sy is simple if and only if
S;®S; is simple for any i < j.[2!] Therefore, to check Eq. (1)
reduces to check the following cases: (i) for every @ € &>_,
S(a) is prime; (ii) for every i € I, F; is prime; (iii) F; ® S(t)
and F; ® F; are simple for each & € @>_; and i, j € I; (iv) if
(a||B) =0, then S(ax) ® S(B) is simple.

Since we have given explicit formulas of x,(F;)<a(i € I)
and x,(S(a))<4 for all @ € &»_. Thus, cases (i) and (ii)
follow.

There is another method. Recently, Chari ef al. explored
the relationship between self extensions of simple objects of C
and the property of a simple object being prime. By Theorem
2, we can quickly check that S(a)(a € @>_;) and F;(i € I)
are prime. [>?]

Now we copy with the case (iii).

For every i,j € I, x4(Fi ® Fj)<a = YigYie 1aYig 14V,
Yj,§j+2Yj7§j+4, hence F; ® F; is simple.

N(Y;eYigoVig s *)<a
=YieYieoYie aN(Y ") <a = 2q(F) <axq (LY ") <a,

so F;® S(a) is simple.

Finally, we deal with the case (iv).

We have described explicitly the pair of compatible roots
of E¢ in Ref. [19].

For every a € &>_;, B € Cq,
Xo(L(YOYP)) < 2,(S(a) @ S(B)). In order to prove that
S(a) ® S(B) = L(Y*YP). We only need to check that
all the dominant monomials of y,(S(a) ® S(B)) belong to
Ka(LYeYP)).

For most of the cases, we can check that each domi-
nant monomial occurs in some @; (Y *YPM) < x, (L(Y*YP)),
where J C I, and M is a J-dominant monomial. For such cases,

we know that

we omit them, or see also Ref. [19]. We list the special cases
only.

() a=—-0o, Y*=Yi0, B =au, YP =Y V34, de-
note m = Y*yP = Y1270Y3,4. The only dominant monomials in
Xq(S(0) @ S(B))<4 are m and mAI’%AEéAgé

It is easy to see that N(m)<s + mA||A;3A7} =
2a(S(0) @ S(B))<s-

mA| 1Ay 3A3 3, then L(m) is minuscule and x,(L(m)) =

If x,(L(m))<4 does not contain

FM(m). However, mAf}Ai ;A; 1 < N(m) is not contained in
FM(m).

(i) @ =, Y* = Yo Vas, B=m+as, YP =1y,
denote by m = Y*YB. The only dominant monomials in
Xa(S(@) @ S(B)) <4 are m and mA AT 1AL 1A ).

If mAiéA;éA;éAi}t is not contained in ,(L(Y*YP))<4,
then L(Y*YP) is minuscule, and x,(L(Y®YP))
FM(Y?YP) = ¥ A,,¢01(m). In other words, any monomial
in x,(L(m)) must be contained in some @;(m’), where
m € M4 and m' < x,(L(m)).
Ai %A;%A; %A; ‘1‘ does not satisfy this property. This is a con-

However, the monomial

tradiction.

(iii) @ = o1 + a0, B = ap + 05. The situation is similar to
(2). We omit it.

(iv) @ = oy + a5, B = 0 + o3 + 0. The situation is sim-
ilar to (2). We omit it.

M a=a+m+o3, Y* =Y Vh3Y5V30, B =0+
2000 + 200 + 203 + a4 + Qs, YB = Y1,0Y2273Y2,5Y3_’0, denote
m = Y*YP. The only dominant monomials in y,(S(c) ®
S(B))<a arem, mA; j, mAT 1A JAT ], 2mAT AT 1AL 3AS ), and
mAT1A73A5 AT

010201-5
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We can check that all the monomials excluding
mAl_%Az_é 3_{ of x4(S(at) ® S(B))<4 are contained in
Xg(L(m))<4. If mAl’}AZ’;A;{ is not contained in x,(L(m)),
then 7,(L(m))<s = 7,(5(@) © S(B))<s — mAT A543} =
Y A @1 (m). However, there does not exist such monomial m’
such that mA [ TA;3A5 ] < @i (m').

(iv) o = o +20+ o3+ 05, Y* =Y oY1 2V 5Y30Y3 0,
B = a + 200 + 30 + 203 + a4 + 05, YPb =
Y101 2Y23Y5'5Y3 013 2, denote

m = YaYﬁa

my = mA; 1AL 3A; 35 1A 1A S,
my = mAT |AT3A7 347 1A 143,
m3 = mAy AT 345545 3451453,
my = mA; 1AT3A; A7 1A 1A 3,

_ —1A24—14-24—-14-2
ms = mA 1A 3A; 54, 1Az 1 A5 3.

Denote the set of monomials of x,(S(a) ® S(B))<4 ex-
cluding m;(1 <i <5) by £. We can check that every mono-
mial of £ is contained in ,(L(m))<4.

If all m; are not contained in ,(L(m))<4, and x4 (L(m)) =
Y An @1 (m). Considering the monomial Ai}A(_éml, obviously,
for any m' € L, AiiA;éml does not occur in @1 (m’). Only
for mj, we have Af}A;%ml < @1(my)<q = m(1 +Aié +
AﬁA;é) Thus, m; 4 m; is contained in x,(L(m))<4.

Similarly, we can check that m3 and ms are contained in
Xq(L(m))<4. Since my is not dominant, we have proved that
all dominant monomials of x,(S(¢t) ® S(B))<4 are contained

in g (L(m))<a.
This finishes the proof of Theorem 4.
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