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New reconstruction and forecasting algorithm for TEC data*
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To reconstruct the missing data of the total electron content (TEC) observations, a new method is proposed, which is
based on the empirical orthogonal functions (EOF) decomposition and the value of eigenvalue itself. It is a self-adaptive
EOF decomposition without any prior information needed, and the error of reconstructed data can be estimated. The interval
quartering algorithm and cross-validation algorithm are used to compute the optimal number of EOFs for reconstruction.
The interval quartering algorithm can reduce the computation time. The application of the data interpolating empirical
orthogonal functions (DINEOF) method to the real data have demonstrated that the method can reconstruct the TEC map
with high accuracy, which can be employed on the real-time system in the future work.
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1. Introduction

In the whole solar-terrestrial space environment, the iono-
sphere couples tightly with the magnetosphere, lower and mid-
dle atmosphere in various forms. Any intense solar activity
such as solar flares and coronal mass ejections can disturb the
ionosphere. Meanwhile, ionosphere is a major region for hu-
man space activities, where a variety of processes like mo-
mentum, mass and energy transfer and severe disturbances,
may have a significant impact on military activities and daily
lives.[1?!

The TEC can be retrieved from both Global navigation
satellite system (GNSS) and ionosonde observations, > with
special assumptions primarily about the plasma distribution
in the topside ionosphere. The GNSS TEC is the slant TEC
instead of vertical, and the thin-sheet approximation can in-
troduce errors, which requires additional discussions. The
ionosonde TEC has been existing for near half century while
the GNSS has been introduced during recent years.!> There
are two main factors contributing to the missing data of TEC,
one is that many ground based equipment do not update their
digitization due to limited funds and age-old, the other is that
some observations have been lost widely for quite a long time.
The overall analysis and forecasting of space weather need a
complete TEC database. Therefore, the reconstruction of the
missing and invalid TEC data has important scientific value
and practical significance.!"~]

The ionosphere data inversion and reconstruction is a hot
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research topic in the world. The improved Kriging method
with the Chinese ionospheric background as reference has
been proposed, which is suitable for the construction of Chi-
nese regional ionospheric TEC and critical frequency foF3.
This method reconstructs the regional ionospheric parameters
by using the Kriging method with the introduction of the iono-
sphere distance and the regionalized variable.!'! The kalman
filter of the Gauss Markov is used to reconstruct and assim-
ilate TEC data.!3! However, the most drawbacks of the opti-
mal interpolation and the Kriging interpolation are tremendous
calculation, which need repeated priori information.!'%!!] In
order to solve the above problem, the data interpolating em-
pirical orthogonal functions (DINEOF) method is proposed to
reconstruct the missing data.l'>!°1 DINEOF method is self-
adaptive and do not need any prior information, which has
been used to successfully reconstruct the sea surface tempera-
ture (SST) in the cloud coverage via the satellite remote sens-
ing. The physical basis of the DINEOF lies in that the EOF
decomposition can extract several main modes and degrees of
freedom that reflect the real physical variation from a large
number of data, and then the retained optimal modes can be
used to reconstruct the missing data efficiently. In this paper,
based on the foregoing work, we introduce an interval quar-
tering algorithm to reduce the computation time, and it shows
that the precision and speed have been improved as compared
to the Kriging interpolation method. After the reconstruction
of TEC data is done, the TEC data can be forecasted with
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three steps. Firstly, the TEC data is decomposed with the EOF
method. Secondly, non-linear time series forecasting of time
field coefficient with genetic algorithm combined with the idea
of chaotic prediction. Thirdly, with optimal reconstructed or-
der, the space filed of EOF decomposition and the time filed
of prediction is reconstructed. Finally, we can reduce the data
noise and make forecast. The detailed process is beyond this
paper, which will be presented in an accompanying paper.
The article is organized as follows. The methodology
employed to reconstruct data is described in Section 2. The
comparison with Kriging and DINEOF method to the simula-
tion results are shown in Section 3.1, the real experiment data
results are shown in Section 3.2, and the more details about
comparison with Kriging and DINEOF method are shown in
Section 3.3. A conclusion of the work is given in Section 4.

2. Principle of the DINEOF

Unlike the optimal interpolation method, which obtains
the interpolating data by calculating the minimum error covari-
ance, the DINEOF is an adaptive EOF decomposition method,
which speculates the missing data through the empirical or-
thogonal function. ?0]

2.1. Interpolation and adaptation of the EOFs

The M x M (M > N) matrix Xy is the original observa-
tion data, where M is spatial dimension and N is the temporal
dimension. Each column of X corresponds a dataset of size
M, and there are N observation data. The EOF decomposition
of Xy is written as Xy = UDVT, where U is M x r, rep-
resenting spatial decomposition and V' is N X r, representing
temporal decomposition, D is a r X r (r < min(M,N)) diago-
nal matrix filled with eigenvalues. Having value of the matrix
U, D, and V', we can resolve X via reconstruction formula
X = UDVT = ‘)él piUi\/iT , where p; is the n-order eigen-

i=
value and k (k < r) is order.

The method EOF data reconstruction presented above as-
sumes that the matrix X is perfectly and completely known.
Nevertheless, the amount of data has not been observed or in-
valid. Thus, additional processes are necessary for the miss-
ing data sets. Large-scale EOFs are not influenced by local
changes in the values of a few points, and so we could try to ac-
quire the missing data through the iterative EOF. The method
can be described as follows. Suppose that I is the ensem-
ble of discrete points where data are missing or invalid, when
[(i,j) € 1], we do not have data or they are invalid, and the
number of missing data points is nyg. X is the observation
data matrix with missing or invalid data. The anomaly matrix
of the matrix X is X, and it can be written as X = X(’) — X,
where X is the matrix that is calculated by setting the miss-
ing data in the original matrix X to be zero, and X is the
mean value of X.

First of all, we use the EOF decomposition of this matrix
to obtain the first estimation of the spatial and temporal EOFs
U and V as well as their amplitudes D. Then the missing data
[(i,j) € 1] can be filled by the truncated EOF reconstruction,
and it can be expressed as

(Xa)ij = (UvDyVy )i = (X°);j =

M=

px(UR)i(Vih);,
=1

(i,j) €1, ey

where X, is the outcome of reconstruction of missing data.

For any of these matrices, X° is the reconstruction of the cor-
responding matrix by the first N EOFs, 6 X is the modified
matrix in each iteration process. The above reconstruction for-
mula only keeps the first N order optimal EOFs. We thus ob-
tain the truncated reconstruction of the matrix as the missing
data points. Now, we obtain an analyzed field X,. Compared
with X, the modified part is 6 X, where the matrix 6 X is
zero everywhere, except at the missing points. The relation
between X, and X can be written as

X, = X +6X. 2)

When the missing data points are filled by their new val-
ues, the same procedure can be applied again, because the
EOFs as well as their amplitudes will be modified by the
changes at the missing data points. The following set of repe-
tition is performed until convergence, and it can be expressed
as

UDVT = X,, 3)
(Xa)ij = (UNDNWR )ij = (X°);;

N
= Y pU)iVi)y (h)el 4
k=1
It is important to analyze how the changes from one iteration
to the next are structured. When the changes are very small,
we can consider that the iteration is convergent.[>l The cri-
teria of convergence is that the changes from one iteration to
the next are less than 10~3. More details about convergence
criteria can be found in Ref. [21].

2.2. Determination of the optimal number of EOF

In the above section, we have the order N for the EOF
data reconstruction. However, the optimal N is a key point.
On one hand, with a rather small value of N, the recon-
structed data could not reflect the inner physical distribution.
On the other hand, a fairly large value of N will make er-
rors even bigger and the calculation slower. Here we deter-
mine the optimal EOF order by adopting the cross valida-
tion algorithms based on the Monte Carlo as well as the ob-
22.23] Referring to the empirical conclusions
by Alvarez et al., for an M X N observation matrix, we pro-
duce min(0.01 x M x N +40,0.03 x M x N) random data and
replace some of them with valid data. Since these random

jective analysis.!
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data are known, we can ascertain the error between the recon-
structed and known data with different orders of N. The opti-
mal reconstructed order N corresponds to the minimum error.

In the traditional algorithm, the optimal order N is se-
lected one cycle in turn by comparing the error value of N =i
and N =i+ 1. The method to determine the optimal order N
is largely arbitrary and blind, and the computation also costs
much. In order to solve the problem, the interval quartering

algorithm?!!

is introduced to determine the optimal order N
that is based on the overall change tendency and local exis-
tence fluctuation characteristic of the error curve. The error
function is set for e = f(N), where the function variable N is
integer. The overall changing trend of the function is that it is
first reduced, then increases, and exists between small fluctu-
ations, and the purpose is to calculate the minimum value of
the function in the integer interval [a, ].

The basic idea of interval quartering algorithm is as fol-
lows: the interval [a,e] is averagely divided into four small
rooms by interval differentiate points b, ¢, and d, and deter-
mines the minimum value belong to which village room or
which two adjacent village room. Then the new small room

TEC observations with
missing data

analyzed matrix of each
observation point and
after analyzed matrix

solve the after analyzed
with the DINEOF
method

no

is convergence?

optimal
number
of EOF

output reconstructed TEC
data sets

Fig. 1. (color online) Flow of reconstructed TEC data that includes
missing points.

is subdivided into four more small rooms, and determine the
minimum value belong to which village room or which two
adjacent village room, etc. This process is repeated until the
interval region cannot be segmented. At this time, the value
of each point in the small room is computed, and find out the
minimum point location.

The whole reconstruction procedure of the DINEOF is
shown in Fig. 1.

3. Analysis of experimental results

The global TEC data of the whole year of 2007 is used,
which is provided by the GNSS observation network of Chi-
nese Earthquake Administration. The TEC data are derived
from the GNSS and ground ionosonde measurements, and are
updated by two hours. The area of TEC data is from 180 °W
(the same in the following texts) to 180 °E in longitude and
from 87.5 °S to 87.5 °N in latitude. The resolution is 5° in
longitudinal direction and 2.5° in the longitudinal direction.

In order to evaluate the precision of DINEOF, the root
mean square error (RMS error) of reconstruction data is em-
ployed for the evaluation of the quality of the reconstruction.
There are two evaluations: one is the reconstruction based on
the simulation data, with the ratio of missing data being 30%,
50%, and 70%, respectively; and the other is the reconstruc-
tion based on the real experimental data.

3.1. Reconstruction precision analysis for simulation ex-
periment

TEC distribute in three dimension as TEC(Lat,Lon,UT),
the size of data is 71 x 73 x 4380, the TEC image is updated
every two hours. Since the change in TEC is closely related
to the local time, the TEC change cycle is about one day for
short-period variation, which provides a good opportunity to
make advantage of temporal correlation of TEC data. Using
the DINEOF method can not only reconstruct missing data
both spatially and temporally, but also improves overall re-
constructed precision, so it may be better than ordinary spatial
interpolation methods (such as Kriging method, etc.). Three
reconstructed results of the DINEOF method with data miss-
ing ratio being 30%, 50%, and 70% respectively are shown
in Fig. 2, and for the Kriging method are presented in Fig. 3.
Navy blue color on the left represents data missing. On the
right is the reconstructed TEC image. The TEC value is shown
as color with unit of TECU. Three pairs of TEC images are
at 6:00UT on 1 June 2007. It can be seen from Fig. 2 that
the reconstructed TEC exhibits global changes of ionosphere,
with the real physics remained well. The comparison between
Figs. 2 and 3 suggests that it is hard for the Kriging method
to achieve the ideal result when the data missing ratio is high.
Nevertheless, the DINEOF algorithm achieves better spatial
and temporal characteristics as compared to the empirical or-
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thogonal functions. The missing TEC data are effectively re-
constructed by retaining the best modes, and the temporal and
spatial characteristic distributions of reconstruction data are
maintained well.

To illustrate the different reconstruction precisions with
different number of EOFs employed, the optimal number of
EOFs for different data missing percentage can be seen from

Fig. 4. For instances, when 50 percent of data is missing and
the optimal number of EOFs retained is 19, and the reconstruc-
tion precision can be as high as 0.83 TECU. It can be seen from
Fig. 4, when the data missing percentage is high, the number
of EOFs is larger. For instance, for 10 percent of data missing,
the optimal EOF number is set to 13, for 50 percent it is 19,
and for 80 percent it is 21.
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Fig. 2. (color online) (a) TEC images with (a) 30%, (b) 50%, and (c) 70% missing data reconstructed from the DINEOF method.
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Fig. 3. (color online) TEC images with (a) 30%, (b) 50%, and (c) 70% missing data reconstructed from the Kriging method.
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Fig. 4. Real error in the function of the number of EOFs retained.

3.2. Reconstruction precision analysis based on the real

experimental data

.

There are no effective observations from 18:00UT to
24:00UT 20 on August 2007 in northwest China from the
GNSS observation network of Chinese Earthquake Adminis-
tration. The regions with missing TEC data are from 65 °E
to 115 °E in longitude and 32.5 °N to 52.5 °N in latitude, the
spatial range in longitude direction is 50° and in the latitude
direction is 20°. The TEC data of four observation time peri-
ods (18:00UT, 20:00UT, 22:00UT, 24:00UT) are missing. The
instance of missing data is representative in space and time
distribution, and this paper as an example is to illustrate the
DINEOF reconstruction effect for real experimental data. The
observed TEC data from Chinese Academy of Sciences are
used to evaluate the reconstruction results. The originality and
reconstruction results can be seen in Fig. 5. Navy blue color
on the left represents data missing, and on the right is the re-
constructed TEC image. It can be seen from Fig. 5 that the
area of data missing is larger and time of missing data is long,
but the good reconstruction results can be obtained from the
DINEOF method.

In order to further illustrate the difference between the
Kriging method and the DINEOF method for the real ex-
periment data, the reconstruction TEC image of the Kriging
method is listed in Fig. 6. Comparing Fig. 5 with Fig. 6, it can
be seen that the precision of DINEOF method is better than
that of Kriging method, and the distribution and variation of
TEC data physical characteristics is maintained well for the
DINEOF method. Further statistics can show that the recon-
struction error of the Kriging method is 1.06TECU for real
experiment data, and the reconstruction error of the DINEOF
method is 0.65TECU. Therefore, the DINEOF reconstruction
accuracy is significantly better than the Kriging method for
real experiment data reconstruction.
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Fig. 5. (color online) (a) Real TEC images with missing data and (b)
those reconstructed from the DINEOF method.
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Fig. 6. (color online) (a) TEC images with missing data and (b) recon-
struction of Kriging method for real experimental data.
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3.3. More details about comparison with Kriging and DI-
NEOF method

In order to show the advantages and disadvantages of DI-
NEOF method and Kriging method, the reconstruction preci-
sion and computational time for the two methods were com-
pared. As the interval quartering algorithm can only improve
DINEOF computational efficiency, with no effects on the pre-
cision of DINEOF algorithm, the interval quartering algo-
rithm is considered only for the improvement of the compu-
tation efficiency in comparison. Our computation equipment
is a ThinkPad T420 equipped with four CPUs (I5-2520-m,
2.50 GHz) and 4 GB of EMS memory bank.

The reconstruction errors of the DINEOF and Kriging
method for Simulation experiment are listed in Table 1 with
the unit of TECU. The reconstruction precision of two meth-
ods for different data missing ratio is shown in Fig. 7 at the
same time. It can be seen from Fig. 7, the reconstruction pre-
cision of Kriging method is better than that of the DINEOF
method when the data missing ratio is about less than 30%,
and the reconstruction precision of the DINEOF method is bet-
ter than that of Kriging method when the data missing ratio is
about greater than 30%. Thus, the DINEOF method is more
suitable for the reconstruction of large data missing.

The computation times for the DINEOF and Kriging
methods for simulation experiment are listed in Table 2,
and the unit is s. In order to illustrate the improvement of

Table 1. Reconstruction error of the DINEOF and Kriging method for
simulation experiment.

TEC data missing ratio

Algorithm
10% 20% 30% 40% 50% 60% 70% 80%
Kriging 022 042 0.62 082 101 122 142 1.62
DINEOF 039 048 058 075 083 096 1.09 122
1.8
| —— Kringing
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1.4} 1
=)
Q
=
£ 10} ]
-
o
-
= J
€2}
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Missing data ratio

Fig. 7. Reconstruction precision for different methods.

computing efficiency for interval quartering algorithm, we
consider two situations for DINEOF-IQA (DINEOF that with
interval quartering algorithm) method and DINEOF method.
It can be seen from Table 2 that the interval quartering algo-
rithm can improve the computational time a lot.

Table 2. Computation time of DINEOF and Kriging method for simulation experiment.

TEC data missing ratio

Algorithm
10% 20% 30% 40% 50% 60% 70% 80%
Kriging 180.8 219.7 261.5 303.9 336.3 373.8 415.8 447.1
DINEOF 120.5 123.6 127.2 129.9 133.2 135.8 138.1 141.4
DINEOF-IQA 42.6 43.7 445 459 53.7 59.2 62.1 66.6

4. Conclusion

The DINEOF algorithm can be successfully applied to
large database matrix reconstruction with good accuracy. It
does not require any priori statistical error information and
is proved to be stable. In the reconstruction of global TEC
data of the whole year 2007, with the huge size of matrix
of 22701540, we introduce the interval quartering algorithm
to greatly improve the calculation speed and computation ef-
ficiency. In practice, the DINEOF algorithm has success-
fully reconstructed the global TEC data and the precision is
0.65TECU for real experimental data and 0.83TECU for sim-
ulation experimental data when 50 percent of data are missing.

The comparison between Kriging and DINEOF method
suggests that the Kriging method can achieve better recon-
struction results when the data missing ratio is less than about
30%, and the DINEOF can achieve the ideal result when the
data missing ratio is higher. The DINEOF method can make

full use of spatial and temporal relationship of TEC data dis-
tribution, and it can achieve better TEC data’s physical charac-
teristics. In the following research work, forecasting and addi-
tional optimization work such as improvement of convergence
criteria in iterated reconstruction is necessary for dealing with
much more larger data matrix. We can reconstruct other iono-
spheric remote sensing data like critical frequency foF;. To
reconstruct the critical frequency foF; is not easy, because its
distribution not only tends to be clump but also its spatial cor-
relation is weak. So, traditional interpolations such as the op-
timal interpolation or Kriging interpolation fail to reconstruct
the missing data. In contrast, the characteristics of DINEOF

make it suitable for the reconstruction of such data.[?]
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