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Inspired by the fact that in most existing swarm models of multi-agent systems the velocity of an agent can be infinite,
which is not in accordance with the real applications, we propose a novel swarm model of multi-agent systems where the
velocity of an agent is finite. The Lyapunov function method and LaSalle’s invariance principle are employed to show that
by using the proposed model all of the agents eventually enter into a bounded region around the swarm center and finally
tend to a stationary state. Numerical simulations are provided to demonstrate the effectiveness of the theoretical results.
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1. Introduction

During the past decade, the distributed coordinated con-
trol of multi-agent systems has attracted a considerable
amount of attention in various fields, such as physics, bi-
ology, management science, computer science, and control

1=10] This has mainly been due to its ability to reveal

theory.|
the emergence properties of many natural complex systems,
and has wide applications in distributed and parallel comput-
ing, wireless sensor networks, unmanned aerial vehicles, and
so on. As one of the important issues in the distributed co-
ordinated control of multi-agent systems, the swarm has been

s.l11=25] One reason for this is that

studied by many researcher
many kinds of natural life-forms tend to perform a swarm be-
havior, such as flocks of birds, schools of fish, herds of ani-
mals, and colonies of bacteria. Another reason is that a good
understanding of the mechanisms and principles of swarm be-
havior can help us to design some practical engineering sys-
tems with a perfect performance, such as swarm home robots
and multiple unmanned aerial vehicles.

In order to design high-performance automated systems
in engineering by using swarm theory, we need to understand
the mechanisms and principles of swarm behavior by estab-
lishing the swarm models of multi-agent systems and then
carry out stability analyses to prove the effectiveness of the
proposed models. Until now, a great deal of work has been
done on the models and the stability analysis of a swarm of
multi-agent systems. Vicsek et al. established a swarm model
by using three rules, including separation, alignment, and co-
hesion, where the velocity direction of an agent is the average
of the motion directions of its nearby agents. They have val-
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idated the proposed model by numerical simulations.*®! On
the basis of Ref. [26], Gazi and Passion proposed a simple
swarm model that consists of a number of agents with the
attraction/repulsion rule and an identical interaction strength
among the agents. They carried out their stability analysis of
a swarm by using the Lyapunov function method.*” Tt was
shown that their model can capture the basic features of ag-
gregation, cohesion, and stability of a swarm. In Ref. [28],
Gazi and Passion further analyzed the stability of a swarm with
an environment profile, where it was assumed that each agent
can sense the goal position. Obviously, this assumption is too
idealistic to be in accordance with the practical situations. In
order to avoid collision among the agents, Liu et al. proposed
an attraction/repulsion model where the repulsion is infinite as
the distance between two agents goes to zero.!?”! In Ref. [30],
Liu et al. further studied the aggregation of a more general
swarm by considering the different weights of each agent.

A common feature of the swarm models proposed in
Refs. [27]-[30] is that the velocity of each agent might be
infinite; however, this is impossible in real applications. For
example, in multi-robot systems, the velocity of each robot is
always bounded due to the constraints of the robot hardware.
Therefore, it is hard to design automation systems by using
the swarm models proposed in Refs. [27]-[30]. This compels
us to establish a novel swarm model of multi-agent systems
with finite velocity that is in accordance with real applications.
Based on the above considerations, the aim of this paper is to
propose a novel swarm model of multi-agent systems with fi-
nite velocity.

The remainder of this paper is organized as follows. In
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Section 2, the problem is formulated and a novel swarm model
is proposed. The behavior analysis of the proposed swarm
model is given in Section 3. Numerical simulations are pro-
vided in Section 4. Finally, some concluding remarks are
stated in Section 5.

2. Problem statement and swarm modeling

Consider a swarm system composed of N agents in an n-
dimensional Euclidean space, where both N and 7 are positive
integers. In most of the existing swarm models, the dynamics
of the agent i are given by

N
Y s -al), ies£{1,2,--- N}, (1)
J=Lj#
where z' € R” is the position of agent i, and the function
g(z' — /) represents the attraction/repulsion force between
agent i and agent j. Obviously, the velocity &' of agent i
is determined by the sum of the attraction/repulsion forces
g(x' — /) from all of the other agents. This relationship be-
tween &' and g(z’ — /) might lead to the unboundedness of
the velocity &' of agent i. The reason for this is that the at-
traction force is inclined to infinity as the distance between
agent i and agent j increases.?’?”! Another reason is that the
repulsion force is inclined to infinity as the distance between
agent i and agent j goes to zero.!?’l However, both the veloc-
ity of a life-form in the nature and the velocity of a swarm
unit in the engineering field are finite. Thus, the unbounded-
ness of the velocity il (i.e., the unboundedness of the attrac-
tion/repulsion force g(z' — x/)) is not in accordance with the
practical situations. Therefore, we have to remodel the multi-
agent system (1) by designing a bounded attraction/repulsion
force function g(x! — /).
To this end, in this paper we choose g(-) in model (1) as

2
g(y) =— (Ha bew(—'i“)) 2)

where a, b, and ¢ are positive constants, and ||y|| = /y Ty,
y € R". The first term —ay/||y|| is the attraction force and the
second term by exp(—||y||?/c) represents the repulsion force.

Notice that [|byexp(—|ly|*/c)|| = bllyllexp(~ly|*/c).
and b||y||exp(—||ly||?/c) is a bounded function whose max-

imum is by/c/2exp(—1/2) obtained at ||y|| = \/c/2, thus
lbyexp(—|lyl|>/c)|l < by/c/2exp(—1/2).  In addition,
|| —ay/||yl||| = a. Therefore, we have

lg()l < a+by/c/2exp(~1/2),

which further results in

N—1)(a+b+/c/2exp(

Therefore, the velocity il of agent i, i € S is bounded.

& < (¥ ~1/2)), i€S. ()

Generally speaking, the maximum speed @&y, of a swarm

unit is a known quantity, which can help us to approxi-
mately choose the parameters a, b, and ¢ on the basis of

[&max]|/ (N = 1).

In the following, we will investigate the dynamic behav-
ior of the swarm system (1) with the attraction/repulsion force
function (2), including aggregation and stability.

3. Swarm behavior analysis

First, notice that

ar
I

Il
==
o

M=

Il
-
-

X
/
D)
~
||
|
S
o
>
s}
|
B}
~.
o |
HN
)
~_
~_

I
Z| =
M=
MZ
B
I
&N

\
[k
T

J

~.

[/ — |

X
/-
|
S
[¢]
>

e}
|
[

!-’Bj—win))
a ' —2||"
[ai—ai] P (‘ :

= OI’H (4)

1 N N )
Ni 1j=1,j#i

X
/|

where 0,, denotes the n-dimensional column vector with all
zeros, thus the center & = Y | @/ /N of the swarm system (1)
with the attraction/repulsion force function (2) is stationary for
all 7.

However, we still do not know anything about the relative
motion of the agents. Now we consider the relative motion of
the agents in the swarm system (1). The main results are given
in the following Theorem 1.

Theorem 1 Consider the swarm system (1) with the at-
traction/repulsion force function (2). All of the agents will

eventually enter into the region

&)~ {o: L2l <af.

where o £= (N — 1)bcexp(fl)/
Proof Let V = (1/2)YY ,eTe! be the candidate Lya-
punov function, where e = ' — &. It follows from Eq. (4)

098901-2



Chin. Phys. B Vol. 23, No. 9 (2014) 098901

that &/ = @', Taking the time derivative of V, we have

N N _
V = *Z (a:’fa:f)T
i=1j=1,j#i
i 12
X a —bexp —M e. (5
o —ai] ¢
Considering
e—el = (a:’fa":) — (a:jfa":) =z -z’
and
‘ o 1Y
el = lla'~ 2]l = ]2~ 5 X &
j=
_ L i (.’Bi—mj)
N =
< Ly ! J
<y Ll
we have
N N (l(ﬁcl sr:j)Te’
L L Tl a
N—1

iimj)Tei

ala’ — mi)Tej)

la* — | l* — 2|

_ N-1 N a(miimj)T (eiej)>
i=1 j:;rl ( ! — ||

_N—l N a(;g"—a:j)T(m"—wj)
B i=1 j:;rl |z’ — /||

N-1 N ) )
=Y L (afe'=2')

i=1 j=i+1

| N N ' '
=32 L (el =2l)

=1 j= i

N
> Ll ©)

=

Notice that exp(—||z’ —z/||*/c)||z’ —=/||*> is a bounded

cexp(—1)
thus exp(—||z' —2/||?/c)||z’ —x/|* <

function whose maximum is obtained at

o /> = .
cexp(—1). We have

i)Tej)

N g2\
=, Z bexp (_Hw cw H )Hm’—x’”z

%N(N— 1)bcexp(—1). @)

Substituting Eqs. (6) and (7) into Eq. (5) yields

IN

. NS ]
V- Zi ]|+ 3N
i=

_bcw—wexp(_l))

— D)bcexp(—1)

1 N
e
=1
Therefore, V < 0 as long as

Yo llefl> o

The proof of Theorem 1 is completed.

—1)exp(—1)bc/a = a. (8)

From Theorem 1, we gain the aggregation motion of the
swarm system (1) with the attraction/repulsion force function
(2). In addition, from inequality (8), we can find that the aggre-
gation region decreases as the parameter a increases (attraction
increases) and increases as the parameters b and ¢ increase (re-
pulsion increases). The expected aggregation region By (&) is
the goal of our swarm engineering systems. We can approxi-
mately obtain the parameters a, b and c by using Eq. (3) and
o when we design a practical swarm engineering system.

From Theorem 1, we know that all of the agents will enter
into the region By (&) around the swarm center &. However,
we still do not know the motion of agents in this region: mo-
tionless or relative motion. To this end, we need to carry out a
stability analysis. The main results are given in the following
Theorem 2.

Theorem 2 Consider the swarm system (1) with the at-
traction/repulsion force function (2). As 1 — oo, x — g =
{x:2 =0}, where x = [z!T ... 2MT|T,

Proof We choose the candidate Lyapunov function

1

N
Zwaa:/
=i+1

where

G@' —a/)=allz' — 2’|+ %bcexp (—

zi— |
|=' /]
" .

Then V ,;iJ(x') = —a'. This further yields that for all ¢,

=
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=
~
B
=
8.
I
M=
4
H~
<

From LaSalle’s invariance principle, we obtain

Q={x:J(x)=0}={x:&=0}=Qp.
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The proof of Theorem 2 is completed.

The aforementioned discussion shows that all of the
agents move along the negative direction of the gradient and
the swarm system (1) converges to an equilibrium point of the
system. In other words, all of the agents are eventually sta-
tionary.

4. Simulations

In this section, we provide numerical simulations to
demonstrate the effectiveness of the above theoretical results.
Without loss of generality, we choose n = 2. In the region of
1 x 1, we randomly choose 20 points as the initial positions of
the agents in a swarm system, as shown in Fig. 1, where the
blue circles represent the initial positions of the agents and the
blue star represents the position of the swarm center £. We
choose a =1, b =35, and ¢ = 0.01. The aggregation trajec-
tories of the agents are shown in Fig. 2, where the red circles
represent the final positions of the agents in the swarm sys-
tem. We show the final positions of the agents in Fig. 3 for
legibility again. From these simulations, we can find that all
agents move toward the center of the swarm to form a cohesive
swarm cluster around the swarm center. This coincides with
the above theoretical analysis.
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Fig. 1. (color online) The initial positions of the swarm agents.
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Fig. 2. (color online) The trajectories of the swarm agents.
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Fig. 3. (color online) The final positions of the swarm agents.

5. Conclusion

In this paper we have proposed a novel swarm model of
multi-agent systems with finite velocity. Using the Lyapunov
function method and LaSalle’s invariance principle, we have
proved that all of the agents using the proposed swarm model
eventually enter into a bounded region around the swarm cen-
ter and finally tend to a stationary state. Our future work will
establish more practical swarm models with finite sense abil-
ity, time delay, and so on.
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