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Converging spherical and cylindrical elastic—plastic waves
of small amplitude
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Converging spherical and cylindrical elastic—plastic waves in an isotropic work-hardening medium is investigated on
the basis of a finite difference method. The small amplitude pressure is applied instantaneously and maintained on the outer
surface of a spherical or a cylindrical medium. It is found that for undercritical loading, the induced wave structure is an
elastic front followed in turn by an expanding plastic region and an expanding elastic region. For supercritical loading, the
elastic front is followed in turn by an expanding plastic region, a narrowing elastic region and an expanding plastic region.
After yielding is initiated, the strength of the elastic front is constant and equal to the critical loading pressure. The motion
of the continuous elastic—plastic interface is discussed in detail. Spatial distributions of pressure near the axis show the
strength of the converging wave is nearly doubled in the reflecting stage.
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1. Introduction

The diverging spherical and cylindrical elastic—plastic
waves induced by loading at a circular cavity have been
widely investigated by many researchers, both analytically and

1=101 Morland developed a linearized theory to

numerically.|
determine the global solutions for diverging spherical elastic—
plastic waves in terms of wave functions.!!! For instantaneous
loading, Chadwick and Morland have obtained explicit forms
of those wave functions in which the elastic—plastic interface
is discontinuous and propagates at a pre-determined speed.?!
Morland carried out a closed-form solution for instantaneous
loading and smooth unloading.®! An explicit solution was ob-
tained by prescribing the attenuation of the plastic loading
front. The initiation of elastic—plastic interfaces is investigated
in Refs. [4]6]. Milne et al. constructed a solution for contin-
uous loading.!”! The motion of the continuous elastic—plastic
interface is part of the solution to be determined. In contrast
to the diverging elastic—plastic waves mentioned above, inves-
tigations on converging waves were mainly focused on gas,
fluid but not elastic—plastic materials.!! =71 Bach ez al. has ob-
tained analytical solutions for the initial phases of the collapse
of the converging spherical or cylindrical shock wave in a per-
fect gas.['!l Sod introduced a numerical procedure to solve
the one-dimensional equations of gas dynamics for a converg-
ing cylindrical or spherical flow,'?! in which the assumption
of inviscid and no-heat-conducting is used. By a theoretical
study of the singular points of a set of three ordinary differ-
ential equations, Chisnell R F provided a simple analytic de-
scription of the flow behind collapsing shock waves.[*! For
converging shock waves in solids, Hiroe ef al. constructed a
Riemann solver for the solids with the Gruneisen-type equa-
tion of state. The solver needs no iteration in the classifica-
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tion of three flow patterns which appear in the generalized
Riemann problem and is incorporated into the random choice
method.[1¢]

The purpose of this paper is mainly to carry out the con-
verging spherical and cylindrical elastic—plastic wave struc-
tures and analyze the motion of the continuous elastic—plastic
interface. The source of the waves is a small amplitude pres-
sure applied suddenly and maintained on the outer surface of a
spherical or a cylindrical medium. The material is assumed to
be rate-independent, isotropic work hardening and obeying the
von Mises yield condition. Basic equations for spherical and
cylindrical waves are provided in Section 2. The calculation
results for spherical waves are presented in Sections 3.1 and
3.2. It should be mentioned here that after yielding is initiated,
the elastic front will keep a constant strength which is equal
to the critical loading pressure. The motion of the continuous
elastic—plastic interface is investigated in detail. The cases of
cylindrical waves are presented in Section 3.3. It can be seen
that except ry where yielding is initiated, the wave structure
of the cylindrical wave is similar to that of the spherical wave.
Finally, spatial distributions of pressure in the reflecting stage
are given in Section 3.4.

2. Governing equations and constitutive rela-
tions

For spherical polar coordinate (r,0,¢), the principal

stress O, strain €, and strain rate € arel’]

Oy = Gr(rvt)a GQ(rvt) = G‘P(r7t)’

& =¢&(nt), &(rt)=¢gy(nt), (1
) = P00y = ey = 15D
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For cylindrical polar coordinate (r,0,z), the principal
stress, strain, and strain rate are!!8!

Gr:Gr(r7t>7 GGZGG(r7t>7 GZZGZ(r’t)’
g =¢(nt), €g =¢€g(nt), &(nt)=0,

6 (r) = 200 gy =

2)

where v(r,1) is radial velocity. Radial mass balance is given
by

{ PoR*dR = pr?dr, spherical, 3)

PoRdR = prdr, cylindrical,

where R and r are the Lagrange and Euler coordinates, respec-
tively, pp and p are the initial and transient densities. The ra-
dial momentum balance, in the absence of body force, is given
by

d[—(p+gq)+sy] S —So v
IR T =Py
2, spherical,
ny = L (4)
1, cylindrical,

where p is the hydrostatic pressure, s, and sg are deviator
stresses, and ¢ is the artificial viscosity

pL[CoL(S\/)Z — CICKS\/L &y <0,
q= )

Oa éV > 07

where cg, c; are artificial viscosity coefficients, cg is the bulk
wave speed, and €&y is the bulk strain rate

1
3 (&-+2€g), spherical,

& =197 (6)
3 (é-+8&p), cylindrical.

For small amplitude loading and assuming no plastic vol-
ume change, the dilatation law in both elastic and plastic re-
gions is

0,(r,t) +noog(r,t) + nio,(r,t) = 3K (g +noeg), (7

where ngp = 2; ny = 0 and ng = 1; n; = 1 for spherical and
cylindrical waves, respectively.

For elastic changes, inside or unloading from the yield
surface, there are shear laws

ds, =2Gde,, .
{ dsg = dsy = 2Gdey, spherical,
ds, =2Gde,,
dsg =2Gdep, cylindrical. (8)
ds, =2Gde,,

For plastic loading, assuming rate-independent and
isotropic work hardening, the yield condition becomes

6 =6(8) =Y +Bg), )

where Y is the initial yield stress, B and N are strain harden-
ing coefficients, and g, is the effective plastic strain. Let the
trial stress status be defined as s, s = s, for spherical waves
and sy, sp, s7 for cylindrical waves, using the radius regression
method proposed in Ref. [19], the true stress status is obtained

SiiZ((_F/G*)Si*i, (10

where ii are 7, 6 and r, 0, z for spherical and cylindrical waves
respectively, 6 and o are the effective stress of the true stress
status and the trial stress status. The finite difference method is
used to discretize the above governing equations and constitu-
tive relations. The calculation process is similar to Ref. [20],
which is not stated here in detail. According to Fig. 1, the
radius a is set to be 0.1 m. A uniform pressure denoted by
po is applied instantaneously and maintained on the outer sur-
face of a spherical or a cylindrical medium. The mass den-
sity is 2770 kg/m>, the shear and bulk moduli are 27.6 GPa
and 78.6 GPa respectively. The work hardening case with
Yy = 337 MPa, B = 343 MPa, and N = 0.41 is investigated.
According to Refs. [2] and [3], the critical loading pressure is

K 2
=Y —=+=]. 11
Per 0(2G+3) (11

According to Eq. (11), four cases with different forms of wave
structures and interface motions are presented in the following

v
—N/ \\4—

y

Fig. 1. Spherical and cylindrical loading for 6,(a,t) = po.

sections.

a

3. Calculation results
3.1. Spherical undercritical loading (|py| < |Pcr|)

From Figs. 2(a) and 2(b), it is observed that before ty =
7.87 us at which yielding is initiated, a discontinuous elastic
front propagates with an increasing strength toward the center.
Atty =7.87 us, yielding is initiated, then the elastic front will
propagate continuously with a constant strength denoted by
Pcons followed by a slower continuous elastic—plastic interface.
The two dashed vertical parallels of each time in Fig. 2 denote
the elastic front and elastic—plastic interface respectively, the
whole radius of each time is divided into three regions, the
elastic front region E, followed by the plastic loading region
Py, in turn followed by the elastic region E,.
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Fig. 2. Spherical converging elastic—plastic wave structure for py =
Per/2. (a) Radial stress versus the radial distance. (b) Effective stress
versus the radial distance.

It should be noted that along the continuous elastic—
plastic interface bounded by P; and E;, both the radial stress
o, and effective stress |0, — 0g| reach their peak values. Fur-
thermore, as time goes on, the radial distance between elastic
front and elastic—plastic interface becomes larger, resulting in
an expanding plastic loading region P;. From Ref. [5], the
speed of continuous elastic—plastic interface A bounded by Py
and E, is governed by

oo, —0olp [ *

|4 ( 2(1-v)B ) (12)
d|o, — ople A2 1+(1-2v)B )’

ot g_l

where the subscripts e and p denote the evaluations of effective
stress |0, — Oy in the elastic and plastic regions respectively,
cp is the plastic wave speed, v is the Poisson ratio, and f is
related to the work hardening rate and is in the range of [0,1].
According to Fig. 2(b), we can obtain

d|o, —oglp -

d|o, — ogle -
ot

0, ot

0. (13)
Using Egs. (12) and (13), (A*/cf —1)/(A*/c;—1) <0is
obtained, hence, ¢, <A < cp or cp, <A < ¢p. As shown in
Fig. 2(a), the maximum of radial stress is within 5 GPa. In
this range, the shear modulus and flow stress will not change
much as pressure and temperature increase,>'~2’! which leads

to ¢p < cL, thus
cp <A <crL. (14)

Therefore, the continuous elastic—plastic interface will propa-
gate at a speed A less than elastic wave speed ¢, which vali-
dates the expanding of plastic region Py, as shown in Fig. 2. In
elastic region E», the radial stress o, decreases monotonously
from its peak value to boundary pressure pg, while the effec-
tive stress |0, — 0g| firstly reduces to zero and then increases to
a maximum that will not exceed the yield stress ¥y. However,
if boundary pressure pq is larger than critical loading pres-
sure pcr, the maximum of effective stress in elastic region E,
would exceed the yield stress and another new elastic—plastic
interface begins to emerge. This will be discussed in the next
section.

3.2. Spherical supercritical loading (|pg| > |per|)

It can be seen from Figs. 3(a) and 3(b) that yielding is ini-
tiated at # = O ps, then a discontinuous elastic front propagates
with a constant strength p.on toward the center, followed by
a slower continuous elastic—plastic interface. The two dashed
vertical parallels of each time in Figs. 3(a) and 3(b) denote the
elastic front and elastic—plastic interface respectively, similar
expanding is found in plastic loading region P;.

However, owing to strong converging effects, the effec-
tive stress |0, — Og| in elastic region E, firstly reduces to
zero and then increases to a magnitude which exceeds the
yield stress, as shown in Figs. 3(b) and 3(c). Then, another
new elastic—plastic interface forms. The dotted vertical lines
of each time in Fig. 3(c) denote the new continuous elastic—
plastic interfaces, while the two dashed parallels have the same
definition to that shown in Figs. 3(a) and 3(b). The three verti-
cal lines of each time divide the whole radius into four regions,
the elastic front region Ej, followed by a plastic loading re-
gion P, in turn followed by an elastic region E», and a plastic
region P». The capital and lower case forms of E; and P, in
Fig. 3(c) denote wave structures atf = 13.2 us and t = 9.3 s,
respectively.

It can be seen from Fig. 3(c) that as time increases, the
elastic region E, (e) bounded by two elastic—plastic inter-
faces becomes narrower, while the plastic region Py (p2) ex-
pands. The speeds of the elastic—plastic interfaces bounded by
Pi, Ey (p1, e2), and Ey, P» (ez, pa) are A4, A, respectively.
According to Fig. 3(b), we can obtain

a|Gr_0'6|P >

d|o,—ople
_— >
ot

0, ot

0. (15)
By using Egs. (12) and (15), (A} /cf —1) / (A3 /c5—1) > Ois
obtained, so A, > cL or A, < ¢p. Supposing A, < ¢, and ac-
cording to Eq. (14), then ¢, < A, < cL, hence, 4, < A,. How-
ever, it can be seen from Fig. 3(c) that narrowing is found in
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elastic region E,, which means A;, > A,. Conflict appears, thus it has jumps at # = 12.8 ps and # = 13.8 ps respectively, which
further validates the wave structures as illustrated in Figs. 2

X/}) > CL. (16) and 3.
It should be noted from Fig. 3(c) that within 3.9 ps, the 0.015 F
elastic front of speed ¢, bounded by E;, Py (e;, p1) travels R=0.03m
=
about 0.025 mm, while the elastic—plastic interface of speed 'F 0.012}
Ap bounded by E;, P, (ez, p2) travels about 0.05 mm larger 5
. . S 0.009 |
than 0.025 mm, which validates Eq. (16). E .\
2 supercritical
2 0.006 | | \
o 1 1
3.0 8 I 1
t=11.6 us (a) Ko ) : :
I = 0.003F ! !
/ | |
0 1 (i 1 L 1 1
p 201 9 10 11 12 13 14 15
o
g I t/us
I Fig. 4. Effective plastic strain versus time at R = 0.03 m for spherical
| 1ok converging elastic—plastic waves.
| Peon
T 3.3. Cylindrical undercritical and supercritical loading
Er | Figure 5 shows a similar wave structure as shown in
0 L L — . .
0 0.02 0.04 0.06 0.08  0.10 Fig. 2. The wave structure E; <— P; <— E;, and the expanding

Radial distance/m plastic loading region P; are found as well.
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Fig. 3. Spherical converging elastic—plastic wave structure for py = Radial distance/m

2per- (a) Radial stress versus radial distance, (b) effective stress versus

radial distance, and (c) narrowing of elastic region E;. Fig. 5. Cylindrical converging elastic—plastic wave structures for under-

critical loading pp = per/2. (a) Radial stress versus radial distance, (b)
effective stress versus radial distance.
The wave structures E; < Py < E, and E| < P, + E»

P, in Figs. 2 and 3(c) can also be interpreted from the plas- The most outstanding difference is the position ry where
tic strain versus the time histories in Fig. 4. It is observed that  yielding is initiated. From Figs. 2 and 5, ry is approximately
for undercritical loading, the effective plastic strain has a jump  a/2 and a/4 respectively. From Ref. [18], before yielding is
from 0 to 0.0015 at r = 11 us, while for supercritical loading, initiated, the strength of the discontinuous elastic front, the
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corresponding hoop and normal stress are 6, = apy/r, Gg =
6y = v0,/(1 — v) for spherical waves and o, = po+/a/r,
0g = 0, = V0, /(1 —v) for cylindrical waves. Let 6 = ¥,
thus

ry =alpo/pe|,  spherical,

ry = a(po/per)?, cylindrical. an
Since pg = per/2 in Figs. 2 and 5, according to Eq. (17),
ry = a/2 and ry = a/4 are obtained respectively. Figure 6
shows a similar wave structure to that shown in Fig. 3. The
expanding of plastic loading region P; and narrowing of elas-
tic region E are found as well. Similar to what is shown
in Fig. 4, the wave structure E| < P; < E; in Fig. 5 and
E| < P, < E; < P; in Fig. 6(c) can also be validated from
plastic strain-time histories in Fig. 7.
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Fig. 6. Cylindrical converging elastic—plastic wave structures for super-
critical loading pyp = 2p.r. (a) Radial stress versus radial distance, (b)
effective stress versus radial distance, (c) narrowing of elastic region
E,.
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Fig. 7. Effective plastic strain versus time for cylindrical converging
elastic—plastic waves.

Referring to Figs. 2(a) and 6(a), it is clear that the strength
of the elastic front pop is almost 0.7 GPa in all cases, which is
very close to critical loading pressure p.; denoted by Eq. (11).
From Refs. [5] and [6], if the state of stress across any shock
wave is elastic, then the discontinuity [w] is

[w] = 97, (18)
where [w] is
v
v (o7
w= | o, |, spherical, w= Gr , cylindrical, (19)
Op 0
O;

where 7 is a proportional factor which depends on the distance
along the shock wave, r° is right eigenvector!>¢!

"l -

r= | pcL s

[ peL® |

rl 2
_ | pcL . .

r= peLd | cylindrical, (20)

[ peL® |

spherical,

where ¢y, is elastic wave speed, @ is v/(1 —v), and v is Pois-
son’s ratio. Using Egs. (18)—(20), we can obtain
0g = 0,P, spherical, ©y = 0, = 0,P, cylindrical. (21)

According to Eq. (21) and 6 = Y, thus for both spherical and

cylindrical waves

Pcon = Pecr; (22)

which indicates that after yielding is initiated, the strength of
the elastic front is constant and equal to the critical loading

pressure.
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3.4. Reflecting at the axis

Calculation results are presented in Fig. 8. Two curves are
shown. The solid and dashed lines denote the spatial distribu-
tions of radial stress before and after reflecting, respectively. It
can be seen that for both spherical and cylindrical converging
waves, the strength is nearly doubled in the reflecting stage.
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&
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S ~
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0 0.005 0.010 0.015 0.020 0.025

Radial distance/m

Fig. 8. Spherical (a) and cylindrical (b) reflecting at the axis for
pPo = pcr/ 2.

4. Conclusion

Converging spherical and cylindrical elastic—plastic
waves in an isotropic work-hardening medium are investigated
in this paper. The small amplitude pressure is applied instan-
taneously and maintained on the outer surface of a spherical or
cylindrical medium. Four important features of the converging
wave structures are found.

1) For undercritical loading, the induced wave structure is
E| + P < E,, which means that an elastic front is followed in
turn by an expanding plastic region and an expanding elastic
region. The continuous elastic—plastic interface bounded by
Py, E, propagates at a slower speed than the elastic front.

2) For supercritical loading, the induced wave structure
is E1 < P, + E> + P, which means an elastic front is fol-
lowed in turn by an expanding plastic region, a narrowing
elastic region, and an expanding plastic region. The continu-
ous elastic—plastic interface bounded by Py, E, propagates at a
slower speed than the elastic front, while the interface bounded
by E,, P, propagates at a faster speed than the elastic front.

3) In all cases after yielding is initiated, the strength of the
elastic front is constant and equal to the critical loading pres-
sure. Along the continuous elastic—plastic interface bounded
by Py, E», both the radial stress and effective stress reach their
peak values.

4) The strength of the converging wave is nearly doubled
in the reflecting stage.
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