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Hopf bifurcation and chaos of a nonlinear electromechanical coupling relative rotation system are studied in this pa-
per. Considering the energy in air-gap field of AC motor, the dynamical equation of nonlinear electromechanical coupling
relative rotation system is deduced by using the dissipation Lagrange equation. Choosing the electromagnetic stiffness as a
bifurcation parameter, the necessary and sufficient conditions of Hopf bifurcation are given, and the bifurcation characteris-
tics are studied. The mechanism and conditions of system parameters for chaotic motions are investigated rigorously based
on the Silnikov method, and the homoclinic orbit is found by using the undetermined coefficient method. Therefore, Smale
horseshoe chaos occurs when electromagnetic stiffness changes. Numerical simulations are also given, which confirm the

analytical results.
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1. Introduction

Relative rotation system is a widespread power transmis-
sion system in project. Since the theory of rotational relativis-
tic mechanics was first established by Carmeli in 1985.11-2]
Luo set up the theory of relativistic analytical mechanics of
the rotational systems in 1996,341 then rotational relativis-
tic system has been an active research topic. Various non-
linear factors are contained in relative rotation system, which
lead to the system complex dynamic behaviors such as bifur-
cation and chaos. Bifurcation and chaos are important parts
of nonlinear scientific field.>®! They have achieved rapid
development and extensive application in the fields of se-

[9-11

curity communication, I signal processing,!'>"14! and life

science.[13-181

Based on the relative rotation theory, a lot of research
achievements about bifurcation and chaos of relative rotation
system have been obtained in recent years. For two degrees
of freedom, the Hopf bifurcation of relative rotation system
was analyzed. The nonlinear and nonlinear time-delayed feed-
back control techniques were proposed to control the bifurca-
tion points and the stability of periodic solutions.'°!1 The
transfer concourse of primary resonance equation and topol-
ogy structure of bifurcation function were obtained by sin-
gularity theory.??] The bifurcation response equation of rela-
tive rotation system was deduced with the method of multiple
scales, and the bifurcation and chaotic motions under combi-
nation resonance were investigated.>>>#! The chaotic behav-
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iors of a relative rotation nonlinear dynamical system under
parametric excitation and its control were studied in Refs. [25]
and [26]. With research going deeper, the multi degrees of
freedom coupling nonlinear relative rotation system has at-
tracted more attention. The Hopf bifurcation of coupled sys-
tem was analyzed under the conditions of primary resonance
and internal resonance in Ref. [27]. The singularity stability
of bifurcation function of principal resonance was investigated
by singularity theory in Ref. [28]. A 4-dof torsional vibration
model of nonlinear coupling relative rotation system was es-
tablished, and the evolution process of period, period doubling
and chaotic motions was studied. [>%-30]

Ac motors have been widely used in relative rotation
transmission system in recent years. Above papers better
explained the mechanism of bifurcation and chaos from the
viewpoints of mechanical parameters. However, the effect of
electrical parameters were not taken into account. In this pa-
per, the nonlinear electromechanical coupling model of rela-
tive rotation system is established considering the coupling ef-
fect of electrical parameters and mechanical parameters. The
equilibrium and eignvalues of the equilibrium are analyzed.
Using a combination of analytical and numerical methods, the
mechanism and conditions of Hopf bifurcation and chaotic
motions are investigated rigorously.

The rest of the paper is organized as follows. The non-
linear electromechanical coupling relative rotation system is
presented in Section 2. The equilibrium and eigenvalues of
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equilibrium are analyzed in Section 3. The Hopf bifurcation
of nonlinear relative rotation system is analyzed in Section 4.
Section 5 analyzes the chaotic behavior of relative rotation
system based on the Silnikov method. Numerical simulations
are performed in Sections 3 and 4, and some concluding re-
marks are provided in Section 6.

2. Electromechanical coupling relative rotation
system

Considering a two masses relative rotation system driven
by an ac motor, the total kinetic and potential energy of the

system can be described as

| |
T =2Nhf+ 5593, (1
1 2
V=2K(p1— )" 2)
The dissipation function is
.. . L.
F=2C(¢1-¢2)" + 3Gt 3)
The air-gap magnetic field energy Wy, between the stator and
rotor is RL o
Wo="3 [ A (a,t)F? (1) dax, 4)
0

where J; (i = 1,2) is the moment of inertia; ¢; (i =1,2) and
¢; (i = 1,2) are angle of rotation and rotational speed, respec-
tively; K is the torsional stiffness of drive shaft; C is the shaft-
ing damping coefficient; C, is the electromagnetic damping
coefficient (generated by the rotor damper bar); R is the av-
erage radius of the rotor; and L is the effective length of the
rotor.

The air-gap permeance per unit area between the stator

and rotor is

1
A(a,t) = Ay [1 +5 (¥2+y?) +x cos o+ sinax
1
+3 (¥ —y?) cos2a +xy'sin2a|, 3)

where Ay = Lo/, 6 =ky 0o, Ho is the air magnetic permeabil-
ity, k, is the magnetic saturation, & is the equivalent air-gap,
x' and y’ are the synthetic eccentric, and « is the electric angle.
By the geometrical dimensions of air gap, one may yield

¥ =xo+x+&cos(wt+ @), (6)
Y =yo+y+&sin(wr+ ), (7)

where xo and yg are the static eccentric, & is the rotational
eccentric, x and y are the amplitudes of transverse vibration.
According to the electrical machine theory, the fundamental
synthetic magneto motive force (mmf) between the stator and

rator is

F(a,t) = Fpcos(t — &) + Fiy cos(@t + @ — & — Y1 — Ya),
®)

where Fy and Fjy, are three phase fundamental synthetic mmf
amplitudes of the stator and rotor, respectively. The phase an-
gle of the rotor mmf lags behind the stator mmf y; + y». Sub-
stituting the Lagrangian function L = T 4+ Wy, — V into dissi-

pation Lagrange equation

d dL JdL OF

ET@—T%"FT@:Qh (i=1,2) 9

yields

{Jl¢1+K((P1—<P2)+C(¢I—¢2)+Ce¢1=Me, (10)

Jr@r —K(@1 — @2) —C(¢1 — ¢2) = My,

where M. is the electromagnetic torque, and My is the load
torque. In the case of no eccentricity, M, = dWy,/d @) =
ko + k1@ +k2(p12 +k3(P?, where

ko = —RLAFymFym sin (w1 + y2)
ki = —RLAFymFymcos (W1 + v2),

1 .
ky = _En:RLAOijFsm sin (Y1 + ya),

1
ky = EERL/\OI*}mFsm cos (Y1 +yn).

It can be derived k% /a* +4k3/a* =1 (a = —TRLAFymFm)
and k3 = —k; /6 by the relationship of the trigonometric func-
tion. Thus, the nonlinear electromechanical coupling dynamic

equation of relative rotation system is

J161 +K(@1 — @) +C(¢1 — ¢2) + Ce
= ko+k1 @1 + k20 + k307, (11)

Jr@r —K(@1 — @) —C(¢1 — ¢2) = My,

where electromagnetic stiffness K is the coefficient of ¢; and
K. = k1. Equation (11) is rewritten as

J1$1 +K(@1 — ¢2) +C(¢1 — ¢2) + Ce 1 — Ke
= ko +ka @ + k397, (12)

J2@r —K(¢1 — @) — C(p1 — ¢2) = My.

Equation (12) is the nonlinear dynamic equation of two
masses relative rotation system considering both electrical pa-
rameters and mechanical parameters, which is the basis of dy-
namic behavior analysis of electromechanical coupling rela-
tive rotation system. In the process of motor running, K. is
influenced by the motor load, the power supply voltage, and
the current. Complex dynamic behaviors may occur with the
changeable K. for electromechanical coupling system. K. is
selected as a major parameter to analyze the system dynamic

characteristics in the following.
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3. Equilibrium point analysis

Let
. . K.—K
X1=01, =01, X3=02, X4=0¢, a1= I
C+C, K C k k3
1 7 s €1 7 1 7 1 7 2 7
K C K C
= —, b = —, = —-—, d d = ——,
CEp TR @ J ane @ J
Then system (12) can be expressed as
X=f(x,Ke). 13)

The equilibrium points of system (13) can be transferred into
the origin of coordinates by a simple linear transformation, and
it has universal significance to study the dynamic characteris-
tics of system equilibrium point at the origin. Considering the
equilibrium point at the origin of coordinates, equation (12)
can be reduced order for first-order equation as follows:

X =x2,
Xy =aix; +bixo +cixz+dixs + llx% + lzx?, (14)
X3 = X4,

X4 = apxy + byxy + crx3 +dyxy.

The Jacobian matrix of system (14) at xo = (0,0,0,0) can be
expressed as

0100
Alxo.Ke) = | ) ’6‘ o dll (15)
ar by ¢y dy
The characteristic equation is
A pIAP 4 paA? + psd +py =0, (16)

where py = —dy — by, pr = —c2 +bidy —bydy — a1, p3 =
b]Cz — b2c1+a1d2 — azdl, and p4 = aicy —ascy.
It is not difficult to verify. Equation (16) is equivalent to

P+ 8r0+P2—4P2 Piro— P
o SRR, L Anen )
Q/8r0+P12_4P2
(17)

where

_ pip3—4ps P}
p= P3P P2

4 12’
g = +8paps —3pipsa—3p3 n »
24 54°
Moreover, let
p1+14/8ro+p}—4ps
m) = 5
2

Pirg— P
n=rob DA = m] —dn,
\/8r0+P12—4P2
p1—/8ro+pt —4p>
my = ) )
Pirg— P
ny) =ry— 170 3 , A2:m374n2.

T

8ro+ P, 12 —4p,
Therefore, equation (17) can be written as two equations

A24miA+n; =0, (18)

and

A2+ma) +ny = 0. (19)

When K. changes, there are two important situations for
the eignvalues of Eq. (16).

Situation 1 When A; <0, m; >0, mp =0, and np > 0,
equation (18) has a pair of conjugate complex roots with neg-
ative real parts, and equation (19) has a pair of pure imaginary
roots. Whenm; =0, n; >0, A, <0, and my > 0, equation (18)
has a pair of pure imaginary roots, and equation (19) has a
pair of conjugate complex roots with negative real parts. In a
word, the above two conditions all show that the characteristic
equation (16) has a pair of pure imaginary roots and a pair of
conjugate complex roots with negative real parts.

Situation 2 When n; < 0, Ay < 0, and my > 0, equa-
tion (18) has a pair of conjugate complex roots with negative
real parts, and equation (19) has two real roots of opposite
sign. When A; < 0, m; > 0, and ny < 0, equation (18) has
two real roots of opposite sign, and equation (19) has a pair of
conjugate complex roots with negative real parts. In a word,
the above two conditions all show that the characteristic equa-
tion (16) has a pair of conjugate complex roots with negative
real parts and two real roots of opposite sign.

In both situations, complicated dynamic behaviors may
occur. Without loss of generality, we only consider A; < 0,
m; >0,m=0,n,>0,and ny <0, Ay <0, my > 0. The
discussion on the other two kinds of conditions are similar to

these two.

4. Hopf bifurcation analysis

When the conditions in Situation 1 are satisfied, charac-
teristic equation (16) has a pair of pure imaginary roots and a
pair of conjugate complex roots with negative real parts. Hopf

bifurcation may occur.

Let
pt 10O
Al =pi, A£=‘Z; Z;) . Ay=|p3 p2 p1
0 ps p3

094501-3



Chin. Phys. B Vol. 23, No. 9 (2014) 094501

A! is Hurwitz determinant. Selecting K. = K¢ as a Hopf bifur-

cation point, the conditions of Hopf bifurcation are
0

=0, (20)
)

Take by = —02, ci=1,d1 =04, ap =1, bp =04,
cp=—1,d, =—-0.1,1; =0.5, and I, = —0.2. Hopf bifurcation
occurs when K = —1.1582, and m; =0.6 >0,A;=—8.4 <0,
my =0, np =0.43 > 0 at this time, which satisfy the conditions

in Situation 1.

. b 0 8f(xer) *
S WWW?" = % ((ax (((9)/) 8 W) W) W ) Ke=K3

The stability of bifurcating periodic solutions is decided
by the positive or negative of p. It obtained by calculation
p =0.0051 > 0, bifurcating periodic solutions are asymptoti-
cal stable, and limit cycles are stable. The results show that it is
a supercritical bifurcation point. For supercritical bifurcation,
when K, = —1.85 < K, equilibrium point is asymptotically
stable (see Fig. 1); when K, = —1.15 > K7, equilibrium point
of the system is unstable and generate stable limit circles near
it (see Fig. 2).

t/s

(b)

dz,/dt
=)

—0.05¢

—0.10}

—0.15}

—0.2
—-0.2

—-0.1 0 0.1 0.2

Fig. 1. Asymptotic stability of the equilibrium point: (a) time history
and (b) phase diagram.

Suppose that the pure imaginary roots are £api, U and
W are left and right normalized characteristic vectors of ayi,

respectively.
UA=wyiU, AW =wiW, UW = 1. 21
Let

p = Re(—Ufecex WWW?* +2U £ WA (0) f WW*
+U LW < [A(0) = 2ianI] ! faWW),

where W* is conjugate complex of W.

A(O) = A(XU,Ke) |[(e:[(e* .

e X=X0

(a)

Zq

0 50 100 150 200
t/s

dz,/dt

Fig. 2. Stable limit cycle: (a) time history and (b) phase diagram.

S. Silnikov chaos of the system

When the parameters satisfy the conditions in Situation
2 with the changeable K., x¢ is a saddle. Using the Silnikov
method, considering the four-dimensional autonomous ordi-
nary differential equation (14), we suppose that it has a homo-
clinic orbit connecting a hyperbolic equilibrium point to itself,
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and the Jacobian matrix at the equilibrium point has the form
(in appropriate local coordinates)

—-p—o 0 0
o —p 0 0
0 Op -1 0 |’ (22)
0 0 0w

where p, A >0, ® #0, v > 0 and satisfies v > p >0, A £ v.
Then the Smale horseshoe chaos occurs.

Using the undetermined coefficient method, 33?1 a ho-
moclinic orbit connecting x¢ to itself will be found. In the
case of t > 0, we assume that

Z ex eko‘t
k=1
X1 (t) E fk eko‘l
x2 (1) k=1
50 | 7| 5 geter || =
k€
x4 (1) k=1 §
Z hk eko‘t
k=1

where ey, fi, g, and hy are undetermined coefficients, and ¢
is a decaying exponent.
Substituting Eq. (23) into Eq. (14) and equating the co-

efficients of like powers of e’

, it yields a set of algebraic
equations with the undetermined coefficients.

For k =1, we have

€1 0
il _|O

(oI —A(xp)) a |~ lol 24)
hy 0

Assume (eq, f1,81,h1) # 0, otherwise we can inductively con-

clude that (e, fx, gk, ) =0 forall k > 1. ey, f1, g1, h1 can be

determined with a free parameter & when det(cl — A) = 0.

If xo is a saddle, there exists a unique negative ¢ such that

det(o6I — A) = 0. Meanwhile, the expressions of ej, fi, g1,

and £ in terms of parameter £ can be obtained by Eq. (24).
For k = 2, we have

(5] 0
2

(261 — A (x0)) g = llgl . (25)
ha 0

Note that det (261 — A) # 0, so e, f2, g2, and d» have been
uniquely determined by Eq. (25).
Inductively, for k > 3, we have

€ 0
fi h Y eejth Y eepe,
(koI — A(xg)) o | = i+j=k I+m-+n=k
k 0
(26)

As a result of det(kal — A) #0(k>1), so e, fi, g and
hy have been uniquely determined by Eq. (26). Therefore, for
t>0,x1(t), x2(t), x3(t), and x4 (t) have been uniquely deter-
mined.

For the reverse time-asymptotic trajectories, we use the
transformation T = —¢ with t > 0. Then equation (14) becomes

da
:
2
dr _ —aix) — b1X2 — (X3 — d2)C4 — llx% — lzx?
dxs —X4
dt
dxy —axx) — baxy — cax3 — daxy
dt
27)
Completely similar to the case of > 0, we assume that
> /
Z e;{ e—ko T
k=1
xq (1) ! —ko'T
Y 1€
X2 (t) _ | k=1 (28)
X3 (l) i g;{e—kc’r ’
X4 (l‘) k=1
Z h;(e—kcr'r
k=1

By comparing the coefficients of like powers of e k' we
obtain a set of algebraic equations with the undetermined co-
efficients e}, f], g, and & and the decaying exponent ¢’. For

k=1, we have

A i

_ 67— k —

(—o'I-A) o 0 (29)
", 0

Therefore, 6 = ¢’, the other coefficients e}, f/, g,/ can also
be uniquely determined with a free parameter 1. Let n=&, we
have

e (8,0,8) = e (S,—0,8),
fi(8,0,8) = fi(S,—0,§),
8 (8,0,8) =g (S,—0,&),
i (S,6,8) = (S,—0,8), (30)

where S ={ay,by,c1,d1,az,b3,¢2,dy} is the set of system pa-
rameters, and the continuity of x; (¢), x; (t), x3 (¢), and x4 (¢)
will determine the value of &.

According to the above analysis, the expressions of the
homoclinic orbit connecting the equilibrium point xq to that of
system (14) are obtained as follows:

Y e (s,0,8) ek (1> 0),

X1 (t) = o§=1
Y ei(s,—0,E) e k9% (r < 0);
k=1
Y fi(s,0.&) ek (1> 0),
0()=q &
P (s,—0,8) e %" (t < 0);
¥ gi(5,0.8) e (1> 0),
X3 (l‘) = oic:l
k);l gk (s,—0,E) e %07 (t < 0);

Y i (s,0,E) ek (1> 0),
xy (1) =4 & 31
Z hk (S7_0-7§) e—kGT(t < 0)’
k=1

where ey, fr, gk, and h; are given by Egs. (24)—-(26), o by
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det(6I — A) =0, and & by
iek(s,c,é) = iek(&—cvg)-
k=1 k=1

The results are obtained according to the silnikov method.
Theorem 1 If ny <0, A <0, my > 0, v/A; > p1, and
my # 0, then system (14) has a homoclinic orbit joining the
initial equilibrium point xg to itself with Eq. (31). The Smale

(32)

horseshoe chaos occurs.

From the expression of K., we know that K. is decided
by the value of Fyy, Finm, and the phase difference y1 + 5.
Three phase fundamental synthetic mmf amplitudes of the sta-
tor and rotor Fyy, = (3/2) x 0.9IS%KC|1KP1 (Fim = (3/2) x
0.95 %Kdlel), where W, p, Ky, and K;,; are all constant.
Suppose that the Y + v, is a fixed value, K, can be changed by
adjusting the stator current /5 and the rotor current /;. System
parameters can be taken as by = —0.22, c; = 0.11, d; = 0.05,
a, = —10.28, b, = 0.05, ¢ = —0.11, d, = —0.05. Let K¢
change in a wide range. The bifurcation diagram and the
maximum Lyapunov exponent of relative rotation system (14)
are shown in Figs. 3 and 4. It can be seen that with the in-
crease in K., periodic motion and chaotic motion appear alter-
nately. Phase trajectory, Poincare map, and power spectrum
are shown in Fig. 5 under different K.. When K. = 3, system
response is a stable periodic motion. It can be seen from panels
(al)—(a3) in Fig. 5 that the phase trajectory for closed curves,
the poincare map for a finite number of fixed points, and the
power spectrum are three obvious peak values. When K. =7,
system (14) has a homoclinic orbit joining the initial equilib-
rium point to itself, and satisfy the parameter conditions in
Theorem 1. The system is chaotic. From Fig. 4, the maximum
Lyapunov exponent is greater than zero under K.=7, it can be
convince of occurrence of chaotic motion. We can also see

that the phase trajectory repeatedly winding in enclosed area
but not closed, Poincare section has a obvious fractal struc-
ture, and power spectrum is continuous (see panels (b1)—(b3)
in Fig. 5).

W~

Ty

\ ]

ol S

Fig. 3. Bifurcation diagram of system (14): K. is varied from 1 to 15.

0.15

max

< 0.05}

(=]

—0.05

10 15
K,

Fig. 4. The maximum Lyapunov exponent corresponding to Fig. 1.

6 0.5
e (a2) (a3)
4 0.4
3 3 2 Z 03
E 0 _:j 0 g
- © < 0.2
_92 .
=5 ) 0.1
6 0
6 -6 —4 -2 0 2 4 0 1 2 3 4 5
T Frequency/Hz
10 0.5
(b2) . (b3)
]
B . % o 0-4
o . .t e
- = . " . 203
< z . . = 0.
E 5o 4 I g
- el (4 . g8 : < 0.2
. o
. ¢ N J
. had 0.1
-l V\/VWM’W\‘M\«A_.
—1 0
6 -8 —6 —4 -2 O 2 4 6 0 1 2 3 4 5
T1 Frequency/Hz

Fig. 5. Phase trajectory (al, bl), Poincare map (a2, b2), and power spectrum (a3, b3) for different K. (al)—(a3) K. = 3; (b1)—(b3) K. =7.
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6. Conclusion

In this paper, the dynamic equation of nonlinear reltive
rotation system with electromagnetic stiffness and electromag-
netic damping is deduced according to the Lagrange—-Maxwell
equation. The Hopf bifurcation and chaotic motions of the
system are studied under different electromagnetic stiffness.
Numerical simulation results show that bifurcation and chaos
can be controlled by reasonable selection on electromagnetic
stiffness. Electromagnetic stiffness is influenced by the volt-
age and current of the motor in engineering. The system bi-
furcation and chaotic motions can be controlled effectively
by adjusting voltage and current. These results have an im-
portant theoretical significance on reducing the vibration of
electromechanical coupling relative rotation system. In addi-
tion, the research in our paper provides a reference for further
studying complex nonlinear dynamics behaviors of large ro-

tary machinery.
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