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Influence of a phonon bath in a quantum dot cavity QED system:
Dependence of the shape∗
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We present a systematic analysis on the role of the quantum dot (QD) shape in the influence of the phonon bath
on the dynamics of a QD cavity QED system. The spectral functions of the phonon bath in three representative QD
shapes: spherical, ellipsoidal, and disk, are calculated from the carrier wave functions subjected to the confinement potential
provided by the corresponding shape. The obtained spectral functions are used to calculate three main effects brought by
the phonon bath, i.e., the coupling renormalization, the off-resonance assisted feeding rate and the pure dephasing rate. It is
found that the spectral function of a disk QD has the widest distribution, hence the phonon bath in a disk QD can lead to the
smallest renormalization factor, the largest dephasing rate in the short time domains(≤ 2 ps), and the off-resonance assisted
feeding can support the widest detuning. Except for the pure dephasing rate in the long time domains, all the influences
brought by the phonon bath show serious shape dependence.
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1. Introduction
Quantum dots (QDs) are the most promising candi-

dates for a variety of applications in future optoelectronic
devices[1–4] ranging from single photon sources[5,6] to quan-
tum key encoding[7] and quantum information processing.[8,9]

One important issue in the study on QD systems is the influ-
ence from the phonon bath on the performance of a QD de-
vice. The so-called excitation-induced-dephasing (EID)[10–13]

recently found in the Rabi oscillation of a QD system indicates
that the phonon bath can bring some unexpected and important
influences. In the field of solid state cavity QED, the influ-
ence from the phonon bath on the dynamics of a QD micro-
cavity system has been being an interesting subject since the
new phenomena were observed in the photoluminescence (PL)
spectrum.[14] The intensive study in recent years shows there
are mainly three effects brought by the phonon bath: the cou-
pling renormalization, the off-resonance assisted feeding, and
the pure dephasing.[15–20] It is known that the influence of a
phonon bath can be entirely characterized by its spectral func-
tion in theoretical calculations.[21] For the sake of simplicity,
most of theoretical study used a spectral function for a QD
with spherical symmetry and ignoring the difference between
electrons and holes.[10–13,17–19] Nevertheless, it is well known
that a real QD is not always of sphere shape, but can be of el-
lipsoidal shape, disk shape, or other shapes.[1,2] Furthermore,
the localization length of the carriers inside a QD is directly
related to the effective mass and hence the difference between
electrons and holes is always not ignorable.[1,2,22–24] Accord-
ingly, it is reasonable to ask a simple question: how far is the

distance from a spherical QD (SQD) with no-difference be-
tween electrons and holes to a real QD used in the QD cav-
ity systems? The answer to this question is of critical im-
portance for the comparison between theoretical predictions
and experimental observations. In fact, it has been found that,
by considering the difference between electrons and holes,
the spectral function of a phonon bath can have some spe-
cial structure which leads to the concept of engineering the
phonon scattering.[15] The spectral function of an ellipsoidal
QD (EQD) has also been used in Ref. [15]. However, a sys-
tematic study on the shape dependence is still lacking and this
is the main interest of the present work.

In this paper, the spectral functions of three kinds QD,
i.e., the spherical QD, the ellipsoidal QD and the disk QD
(DQD), are calculated from the carrier wave functions sub-
ject to the confinement potential provided by the correspond-
ing QD shape. It is found that the spectral function is seri-
ously shape-dependent and a simple form can be only found
in a spherical QD with no difference between electrons and
holes. The spectral function of a disk QD has a much wider
distribution than others and is closer to that found by using the
so-called 8-band 𝑘 ·𝑝 wave function.[25] The obtained spec-
tral functions are used to calculate the influence brought by
the phonon bath mentioned above. It is seen that the cou-
pling renormalization factor (also called the Debye–Waller
factor[26]) 〈X〉 decays slowly in a spherical QD while it decays
fast in a disk QD with increasing temperature, a result indi-
cates that the phonon-induced Rabi frequency renormalization
will be more pronounced in a disk QD than in other QDs, es-
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pecially in high-temperature regions. The leading contribution
to the off resonance assisted feeding rate is found to be almost
independent of the QD shape in the cases of small detuning
(lower than 1 meV). However, the decay rate with the increas-
ing detuning shows great difference. For a positive detuning
of 5 meV, the feeding rate of a disk QD is about seven-order
larger than that of a spherical or ellipsoidal QD, from which
we conclude that, to support the off resonance feeding up to
a detuning of 5 meV as seen in the experiment,[25,27] a disk
QD is the best candidate. The de-phasing rate is also calcu-
lated and the result shows that, in low temperature region (say
T < 5 K), the shape only leads to the difference in very short
time domains (≤ 2 ps), while in the experimental observation
time domain, the de-phasing rate is almost independent of the
QD shape. The organization of the paper is as follows. The
definition and the calculation of the spectral function are pro-
vided in Section 2, the obtained spectral functions are used
to calculate the coupling renormalization factor, the off reso-
nance assisted feeding rate and de-phasing rate in Section 3.
Conclusion and discussion are given in Section 4.

2. Spectral function of the phonon bath in a QD
In the low excitation case, a QD can be considered as a

two-state system (TSS): the 1-exciton state |e〉 and the ground
state |g〉. Since the phonon energy quantum is much lower
than the energy gap of a QD (the latter is about three order
larger), the interaction between the QD TSS and the phonon
bath can be expressed as[17,18]

Ĥe−ph = σ̂ee ∑
𝑞

h̄λ𝑞(b̂𝑞 + b̂†
𝑞), (1)

where we define σ̂i j = |i〉〈 j|(i, j = e,g), b̂𝑞 (b̂†
𝑞) is the anni-

hilation (creation) operator for a phonon with wave vector 𝑞,
and λ𝑞 is the coupling parameter. For theoretical study on the
influence from the phonon bath, the key element is the spectral
function defined as[21]

J(ω) = ∑
𝑞

|λ𝑞|2δ (ω−ωq). (2)

In a real QD system, the coupling to the optical branch phonon
is always ignored in the low temperature regions due to its
large energy gap (∼37 meV) of excitation.[16] The contribu-
tion from TA phonons is much lower than the LA phonons and
hence is also ignored.[17,22,23] On the other hand, the piezo-
electric coupling by LA phonons is also neglected since its
contribution is much weaker than the deformation potential
coupling.[22] For a coupling to LA phonons by deformation
potential, the coupling parameter is given by[24]

λ𝑞 =
qD(𝑞)√
2ρ h̄ω𝑞V

, (3)

where ρ is the mass density, V is the volume, and D(𝑞) is the
form factor given by

D(𝑞) =
∫
(Dh|ψh(𝑟)|2−De|ψe(𝑟)|2)exp(−i𝑞 ·𝑟)d3r, (4)

with ψe(𝑟) and ψh(𝑟) being the wave functions of the elec-
trons and holes, respectively, and De,h are the correspond-
ing deformation potential. The confinement potential and the
boundary condition of electrons and holes inside a QD depend
on the shape of the QD, which leads to a shape-dependent
wave function. The shape-dependent wave functions will,
through the above equations, lead to shape-dependent λ𝑞 , and
hence a shape-dependent spectral function given by Eq. (2).
In the following, the spectral functions for three kinds of QD
shape, i.e., the spherical QD, the ellipsoidal QD and the disk
QD, will be found by using the wave functions subjected to
the confinement potential and boundary condition provided by
the corresponding QD shape.

It should be noted that the confinement potential used for
the calculation of wave function in a QD can be of different
types, say, the Gaussian potential,[23] the parabolic potential
(also called the harmonic potential),[24] or others.[1] Here we
shall take the harmonic potential since it is in agreement with
the observed spectrum.[2] For a spherical QD, the ground state
wave functions for the electron (i = e) and the hole (i = h) in
a harmonic confinement potential are[3]

ψS−i =

(
1

πl2
i

)3/4

exp
(
− r2

2l2
i

)
, (5)

where li =
√

h̄/m∗i ωi is the localization length. Substituting
the above wave function into Eq. (4), one can find the spectral
function of a spherical QD,

JS(ω) =
ω3

4π2h̄ρu5
L

(
D2

he−ω2l2
h/2u2

L +D2
ee−ω2l2

e /2u2
L

−2DeDh e−ω2(l2
e+l2

h )/4u2
L

)
, (6)

where uL is the longitudinal sound velocity. If we ignore the
difference between electrons and holes, i.e., taking le = lh = l,
the above spectrum function reduces to

JS(ω) = aω
3e−0.5(ω/ωc)

2
, (7)

where a=(Dh−De)
2 /(4π2h̄ρu5

L), and ωc = uL/l is the cutoff
frequency. Such a form of spectral function is commonly used
in the literature.[10–13,17–19] The coupling constant a depends
on the material properties of QD and the cutoff frequency ωc

is related to the carrier localization length. Both can be known
from the parameters of the QD materials as given in Table 1 for
GaAs-type QDs. Here for the sake of comparison, the spectral
function used in Ref. [17] with a = 0.06 ps2 and h̄ωc = 1 meV
will be used as a reference.

For a more realistic condition, the ellipsoidal QD is likely
to be found since the confinement potential in the growth di-
rection (setting as the z direction) will be different and usually
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stronger than the lateral direction.[2] By setting a different con-
finement length in the growth direction, the wave function in
an ellipsoidal QD can be found

ψE−i =

(
1

πL2

)1/4

exp
(
− z2

2L2

)
1√
πli

exp
(
− x2 + y2

2l2
i

)
, (8)

where L is the confinement length in the z direction. Accord-
ingly, the corresponding spectral function is given by

JE(ω) =
ω3

4π2h̄ρu5
L

[
D2

ee−ω2l2
e /2u2

L fe(2l2
e ,ω)

+D2
he−ω2l2

h/2u2
L fe(2l2

h ,ω)

−2DeDhe−ω2(l2
e+l2

h )/4u2
L fe(l2

e + l2
h ,ω)

]
, (9)

where

fe(x,ω) =
∫ 1

0
exp
[

ω2t2(x−2L2)

4u2
L

]
dt.

By setting le = lh = l, it can be seen that the leading term con-
tribution of the above spectrum function in the limit ω → 0
has the form given by Eq. (7).

For a disk shape QD, the confinement potential in the z di-
rection can be considered as an infinite depth potential well of
width L, while a harmonic confinement potential is assumed in
the lateral plane. In this way, the ground-state wave functions
for the electron (i = e) and the hole (i = h) are given by

ψD−i =

√
2
L

sin
(

πz
L

)
1√
πli

exp
(
− x2 + y2

2l2
i

)
, (10)

from which one can find the spectral function

JD(ω) =
4π2uL

h̄ρ
[D2

h fd
(
2l2

h ,ω
)
+D2

e fd
(
2l2

e ,ω
)

−2DeDh fd
(
l2
h + l2

e ,ω
)
]. (11)

Here we have defined a function

fd(x,ω) =
∫

π

0

ω3 sinθ [1− cos(ωLcosθ/uL)]

(ωLcosθ)6 +16π4u4
L(ωLcosθ)2−8π2u2

L(ωLcosθ)4 e−ω2xsin2 θ/4u2
L dθ .

When le = lh = l, we have

JD(ω) =
4π2uL(Dh−De)

2

h̄ρ
fd
(
2l2,ω

)
. (12)

It can be seen that, in the present case, the expression is more
complicated and an asymptotic function like Eq. (7) is not easy
to find.

Table 1. Material parameters for typical GaAs QDs used in our simula-
tions. Parameters which are given without an explicit source are taken
from Ref. [20].

Parameter Value
Mass density, ρ 5370 kg/m3

Longitudinal sound velocity, uL 5110 m/s
Deformation potential for electrons, De −14.6 eV
Deformation potential for holes, Dh −4.8 eV
Exciton–cavity coupling, h̄g 150 µeV
Confinement in z direction, L 4 nm
Confinement in lateral direction of electrons, le [16] 6.18 nm
Confinement in lateral direction of holes, lh [16] 4.48 nm

By using the parameters given in Table 1, the spectral
functions for QDs with different shapes (i.e., the spectral func-
tions given in Eqs. (6), (9), and (11)) can be found and the
obtained results are shown in Fig. 1, together with the refer-
ence spectral function given by Ref. [17]. As one can see from
Fig. 1, the disk-shape QD has the widest distribution and this
distribution is closer to the spectral function found by using the
so-called 8-band 𝑘 ·𝑝 wave function.[25] On the other hand, a
local minimum of the spectral function can only be found for
a spherical QD, which implies that the concept of engineer-
ing the phonon scattering[15] is only suitable for this kind of

QD. One can also see that the reference spectral function has
much larger peak amplitude, which indicates much stronger
electron–phonon interaction strength in the InAs QD than in
the GaAs QD.

0 2 4 6 8 10
0

2

4

6

8

10

SQD
DQD
EQD
Ref. [17]

T1/3

J
(ω

)/
1
0

1
0
 r

a
d
Ss

-
1

hω/meV

Fig. 1. (color online) Illustration for the obtained spectral functions for
different shape QDs by using the parameters given in Table 1. Here
SQD represents the spherical quantum dot, EQD and DQD are respec-
tively the ellipsoidal and the disk quantum dot. The reference spectral
function used by Ref. [17] is also plotted for comparison.

3. Influence of a phonon bath
In the following, the obtained spectral functions for dif-

ferent shape QDs will be used to calculate the influence from
the phonon bath in the corresponding QDs. As we have men-
tioned before, three representative effects, i.e., the coupling
renormalization, the off-resonance assisted feeding rate, and
the pure dephasing rate, will be our main interest.
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In a QD cavity QED system, the coupling to the phonon
bath will lead to the renormalization of the coupling strength
between the QD TSS and the cavity mode. Hence, the vacuum
Rabi splitting will be modified from Ω to 〈X〉Ω ,[16–18] where
〈X〉 is the renormalization factor (also known as the Debye–
Waller factor)[26]

〈X〉= exp
[
−1

2

∫
∞

0

J(ω)

ω2 coth
(

h̄ω

2kT

)
dω

]
. (13)

It is obvious that 0 < 〈X〉 ≤ 1 and larger 〈X〉 results in smaller
renormalization. Since the integrand is an increasing func-
tion of temperature, the renormalization factor decreases with
increasing temperature. By substituting the obtained spectral
functions into the above equation, renormalization factors for
different shape QD can be found and the obtained results are
shown in Fig. 2. It can be seen that the order of renormaliza-
tion is as follows: the disk, the ellipsoidal, and the spherical
shape QD. The decreasing rate with temperature is found to
be less shape-dependent. As one can seen from Fig. 2, the
renormalization factor calculated from the reference spectral
function is much lower than others, for example, at T = 60 K,
the renormalization factor of an ellipsoidal QD is about twice
the reference one, which means that the modification of the
observed vacuum Rabi splitting is about two folds in the later
system. This result indicates the importance of an appropriate
spectral function for a comparison between theoretical predic-
tion and the experimental observation. As we shall see below,
the renormalization factor can also play an important role in
the off-resonance assisted feeding rate.
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Fig. 2. (color online) Debye–Waller factor as a function of temperature
for different QDs. The notation used to specify different shape QDs is
the same as in Fig. 1.

We now proceed to study the role of the QD shape on
the off-resonance assisted feeding. With the coupling term
given by Eq. (1) and using the polaron transformation,[26] off-
resonance assisted feeding rate can be found by various meth-
ods as given in Ref. [18]. In fact, the total feeding rate can
be expressed as a series of contributions from phonon-assisted

processes involving different number of phonons. For exam-
ple, the leading term contribution comes from the process in-
volving 1-phonon, the second term is the contribution from
the processes involving 2-phonons, and so on. It is found that,
for the detuning lower than 5 meV and the temperature lower
than 60 K, the leading term contribution (i.e., the 1-phonon
process) makes main contribution to the total feeding rate, and
hence we shall take the leading term contribution as the exam-
ple to show the shape dependence. The leading term contribu-
tion from a phonon bath to the off-resonance assisted feeding
rate is given by[17,18]

Γ1 = 2π

(
g〈X〉

∆

)2

×

{
n̄(−∆)J(−∆), ∆ < 0,
(n̄(∆)+1)J(∆), ∆ > 0,

(14)

where g and ∆ are respectively the coupling strength and the
detuning between the QD TSS and the cavity mode, n̄(ω) is
the Bose–Einstein distribution

n̄(ω) =
1

exp(h̄ω/kT )−1

at temperature T , and k is the Boltzmann constant.
The obtained Γ1 for different shape QDs at two represen-

tative temperatures (T = 2 K and 20 K) are shown in Fig. 3.
As one can see from Fig. 3, in the cases of small detun-
ing when |∆ | ≤ 1 meV, Γ1 is almost independent of the QD
shape. Nevertheless, the deceasing rate of Γ1 with increas-
ing ∆ shows serious shape dependence. It can be seen that
the deceasing rate of a disk QD is much lower than the other
two QDs. When the detuning increases to about 5 meV, the
feeding rate of a disk QD is about seven order larger than that
of a spherical or ellipsoidal QD. This result indicates that the
QD shape plays an important role in the large detuning case,
and to support an off-resonance feeding up to 5 meV as seen
in the experiments,[25,27] the disk shape QD is the best candi-
date. It can also be seen that the quenching of phonon-induced
processes[15] only appears in a spherical QD as we have known
from the obtained spectral function shown in Fig. 1. One can
find that Γ1 shows serious temperature dependence in the neg-
ative detuning regime, while in the positive detuning regime,
Γ1 is less temperature-dependent.

To see the relation between the renormalization factor and
the off-resonance assisted feeding rate, the leading term con-
tribution Γ1 for an SQD and that calculated from the refer-
ence spectral function are shown in Fig. 4. The obtained result
shows that the peak value of the SQD is about two times larger
than the reference model. This is mainly due to the fact that
the renormalization factor of the reference model is about two
times lower than the SQD (see Fig. 2). It can also be seen
that the reference model can support a detuning about two
times larger than the SQD. It should be noted that, in a real
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experiment, the assisted feeding rate cannot be observed di-
rectly. Instead one can measure the spontaneous emission life-
time, which can be extracted from the assisted feeding rate by
quantum-kinetic simulations of the master equation.[28] Obvi-
ously, the difference between these two models can be seen in
the extracted lifetime and this result again indicates the impor-
tance of using an appropriate spectral function to understand
the experimental observation.
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Fig. 3. (color online) Leading term contribution of the off-resonance
assisted feeding rate for different shape QDs at two representative tem-
peratures: T = 2 K (red) and T = 20 K (blue). The notation used to
specify different shape QDs is the same as that in Fig. 1.
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Fig. 4. (color online) Comparison of the leading term off-resonance as-
sisted feeding rate between the SQD model (Eq. (6)) and the reference
model at temperature T = 60 K.

We now proceed to investigate the dependence of the QD
shape on phonon-induced pure dephasing rate. Since our main
interest is the QD cavity QED system, the EID-like dephas-
ing rate will not be calculated, instead the pure dephasing rate
based on the perturbation treatment will be used as the exam-
ple to see the shape dependence. In the case of resonance, the
phonon-induced pure dephasing rate is given by[16]

γph(t) =
∫ t

0
cos(2gτ)Re [D(τ)]dτ, (15)

where D(t) is the phonon bath correlation function

Re [D(t)] =
∫

∞

0
J(ω)cos(ωt)coth

(
h̄ω

2kT

)
dω. (16)

Solving Eqs. (15) and (16), the pure dephasing rate for
three different shape QDs at T = 4 K is plotted in Fig. 5.
We find that, in the low temperature region of T < 5 K, the
shape dependence can only be found in a very short time do-
main (≤ 2 ps), and at this time domain the disk QD has a
much higher pure dephasing rate than other QDs. As one
can see from Fig. 1, the disk QD has the widest distribution
of interaction frequency range, and at the beginning, γph(t)
is determined by the bare QD–phonon coupling with the full
phonon spectrum,[15] hence the dephasing rate in a short time
regime has the largest value. Interestingly, on the long time
scale, the pure dephasing rates of all the three different shape
QDs approach the same constant value, a result shows that,
in the experimental observation time domains, the dephas-
ing rate becomes shape-independent. As a matter of fact,
the dephasing rate calculated in this way mainly comes from
the contribution of the phonon modes in resonance with the
Rabi oscillation.[10] As one can see from Fig. 1, the spec-
tral functions for all three kinds of QDs are almost the same
in the regions of h̄ω < 1 meV. Since the Rabi oscillation
frequency is lower than 1 meV, the contribution of phonon
modes in resonance with the Rabi oscillation is almost shape-
independent. It should also be noted that, at higher temper-
ature (say T > 10 K), the dephasing rate will become shape-
dependent though the dependence is not very serious.
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Fig. 5. (color online) Time evolution of phonon-induced pure dephasing
rate for different shape QDs at T = 4 K. The notation used to specify
the different shape QDs is the same as that in Fig. 1.

4. Conclusion and discussion
We have presented a systematic analysis on the role of

the QD shape in the influence of the phonon bath on the dy-
namics of a QD cavity QED system. The spectral functions
of the phonon bath in three representative QD shapes, i.e.,
spherical, ellipsoidal, and disk shape, are calculated from the
carrier wave functions subjected to the confinement potential
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provided by the corresponding shape. The obtained spectral
functions are used to calculate three main effects brought by
the phonon bath, i.e., the coupling renormalization, the off-
resonance assisted feeding rate and the pure dephasing rate. It
is found that the spectral function of a disk QD has the widest
distribution, hence the phonon bath in a disk QD can lead to
the smallest renormalization factor, the largest dephasing rate
in the short time domains (≤ 2 ps), and the off-resonance as-
sisted feeding can support the widest detuning. Except for the
pure dephasing rate in the long time domains, all the influences
brought by the phonon bath show serious shape dependence.
The comparison with the reference spectral function indicates
the importance of using the appropriate spectral function to
understand the experimental observation. The present work
provides the exact way to calculate the spectral function of
the phonon bath in a QD on one hand, and on the other hand,
it also gives theoretical guides for engineering based on the
phonon scattering processes.
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