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Evolution of entanglement between qubits ultra-strongly
coupling to a quantum oscillator∗
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We investigate the dynamics of two qubits coupled with a quantum oscillator by using the adiabatic approximation
method. We take account of the interaction between the qubits and show how the entanglement is affected by the interaction
parameter. The most interesting result is that we can prolong the entanglement time or improve the entanglement degree
by using an appropriate interaction parameter. As the generation and preservation of entanglement of qubits are crucial for
quantum information processing, our research will be useful.
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1. Introduction
A general understanding of entanglement with quantum

theory was first introduced by Schrödinger.[1] The behaviors
of few-state entangled quantum systems have been widely
used in quantum information processing (QIP).[2–4] It is now
attracting increasing interest in many areas of physics, such as
natural and artificial atoms for quantum computation,[5] quan-
tum simulators,[6] quantum phase transitions,[7] and quantum
magnets.[8] The generation and preservation of entanglement
of qubits are crucial for QIP. We could implement it by using
a continuous-variable (CV) physical system. The CV physical
system such as a harmonic oscillator and a light field, which
is defined in infinite-dimensional Hilbert space, has attracted
considerable attention as the entanglement could be controlled
by external agents. It is, thus, evident that the study of the en-
tanglement transfer from a CV system to a qubit system is of
primary importance.

The CV interaction can be treated using the Jaynes–
Cummings (JC) model.[9] The JC model is an exactly sol-
uble quantum mechanical model for the interaction between
two dissimilar quantum systems such as a single-mode ra-
diation field and a two-level atom. This model has ac-
quired further significance because it contains subtle features
of quantum entanglement[10] that are interaction strength de-
pendent. The JC model has been widely used in many phys-
ical fields, such as quantum optics,[11–13] condensed mater
physics,[14] mechanical oscillators,[15–18] and quantum infor-
mation protocols.[19] Superconducting circuits are the most
popular realization of the JC model in the last decade.[20–23]

There have been some previous theoretical discussions
that also use the JC model for related problems.[24–31] The
study by Son et al.[24] gave an example of the time-dependent

entanglement. Later studies showed that the field entangle-
ment in the JC cavity could be employed for transfer into
networks.[25–27] That work was extended by Lee et al.[28] and
zhou and wang.[29] The evolution of entanglement in a qubit–
field system was examined by Rendell and Rajagopal[30] and
Muhamm and Eberly.[31]

Though the JC model is sufficient to study how to control
the quantum qubits, it is an approximation of the Rabi model.
The JC model relies upon the rotating-wave approximation
(RWA). The RWA works well under the conditions of near
resonance and weak coupling between the qubits and the os-
cillator. The parameter regime in which the coupling strength
is strong enough to invalidate the RWA is called the ultrastrong
coupling regime. When the coupling between the qubits and
the oscillator becomes stronger and stronger, the RWA will
break down. The ultrastrong coupling is now increasingly im-
portant in fields such as the spontaneous emission[32] and the
quantum Zeno effect.[33,34] It also plays a significant role in
superconducting circuits,[35] semiconductor quantum dots,[36]

and the Bloch–Siegert shift.[37] Some experiments, such as the
one with a Cooper-pair box or superconducting loops cou-
pled to a superconducting transmission line, showed that the
JC model cannot be used to describe the system’s evolution
correctly under the strong coupling. Motivated by those ex-
perimental developments and the importance of understanding
the collective quantum behavior, another approximation was
investigated by Irish and Agarwal et al., called the adiabatic
approximation.[38–43] This approximation was shown to work
best at small qubit frequencies and high coupling strengths.
Those studies provided many interesting results for the Rabi
model, such as the two qubits’ entanglement death and revival
phenomena for an initial coherent state of an oscillator.
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Enlightened by those works, we will focus on the preser-
vation of the entanglement in the adiabatic approximation. In
this article, we extend Agarwal’s work[40] to consider the inter-
action between two qubits. The two qubits couple with a har-
monic oscillator, and they also couple with each other, which
is modeled as a spin–spin interaction.[44–48] Thus, we intro-
duce an interaction parameter. We show how the entanglement
is affected by the interaction parameter. The system analyzed
allows us to control the qubits’ entanglement quality and time.
Our approach differs further from that of most previous stud-
ies by focusing on the effects of (i) ultra-strong coupling and
(ii) entanglement time significantly longer than before; the in-
teraction parameter could not only control the entanglement
quality but also the entanglement time. This paper is divided
into two parts. In the first part, we use the adiabatic approxi-
mation to calculate the eigenvalues and eigenfunctions of the
Rabi Hamiltonian. In the second part, we discuss the evolution
of the entanglement between qubits by using the Rabi model.

2. Spectrum of Ĥ

The Rabi Hamiltonian is written as

HR =
h̄ω0

2
σ̂z + h̄ω â+â+ h̄ω

β

2
(â++ â)(σ̂++ σ̂−), (1)

where σ̂z and σ̂+ + σ̂− = σ̂x are the usual Pauli matrices in
the Hilbert space of the qubit, and â+ and â refer to the cre-
ation and the annihilation operators of an interacting mode of
a harmonic oscillator. In Ref. [40], Agarwal made a general-
ization of Eq. (1) in which the σ̂ operators are replaced by the
two-qubit counterparts

Ĥ = h̄ω0Ŝz + h̄ω â+â+ h̄ωβ (â+ â+)Ŝx, (2)

where

Ŝz =
1
2
(σ̂1

z + σ̂
2
z ), Ŝx =

1
2
(σ̂1

x + σ̂
2
x ). (3)

On this basis, we add an interaction term h̄ω0γσ̂1
z σ̂2

z , which
represents the inter-qubit coupling. We obtain

Ĥ = H0 +H1

= h̄ω â+â+ h̄ωβ (â+ â+)Ŝx

+h̄ω0Ŝz + h̄ω0γσ̂
1
z σ̂

2
z , (4)

where

Ĥ0 = h̄ω[â+â+β (â+ â+)Ŝx],

Ĥ1 = h̄ω0(Ŝz + γσ̂
1
z σ̂

2
z ),

and γ is the strength of the interaction between the two qubits.
The first task is to establish a new set of basis states. As

ω0� ω , we can neglect the self-energy of the two-level sys-
tem Ĥ1. Then we can find the eigenspectrum of Ĥ0

Ĥ0 |Φ〉 = E |Φ〉. (5)

The eigenstate form of |Φ〉 is |Φ〉=| j,m〉 | φm〉, where | j,m〉
denotes the eigenstate of Ŝx, and | φm〉 are the oscillator eigen-
states of Ĥ0 by replacing Ŝx to | j,m〉.[39,40]

As σ̂ i
z | e〉 =| e〉 and σ̂ i

z | g〉 = − | g〉, we can define the
states | j,m〉 as

| 1,1〉= 1
2
(| ee〉+ | eg〉+ | ge〉+ | gg〉),

| 1,0〉= 1√
2
(| ee〉− | gg〉),

| 0,0〉= 1√
2
(− | eg〉+ | ge〉),

| 1,−1〉= 1
2
(| ee〉− | eg〉− | ge〉+ | gg〉), (6)

with eigenvalue m; | φm〉 satisfy the eigenvalue equation

h̄ω[â+â+mβ (â+ â+)] | φm〉 = E | φm〉. (7)

Denoting mβ by βm and using the displacement operator
D̂(α) = exp[α(â+ − â)], we can obtain the state | ΦN

m 〉 =
D(−βm) | N〉 ≡| Nm〉, where N = 0,1, . . .. Thus, we obtain
the eigenstates of Ĥ0

|Φ〉 −→|Φ j,m,N〉=| j,m〉 | Nm〉, (8)

and eigenvalues

EN,m = h̄ω(N−β
2
m). (9)

These approximate eigenstates and energies constitute the dis-
placed oscillator basis, which will be used in the subsequent
calculations. This approximation has been used by Irish[39]

and Agarwal[40] to study similar problems.
Under the above consideration, we can use basis | 1,m〉⊗

| Nm〉 to obtain the block diagonal form of Hamiltonian Ĥ

Ĥ = h̄ω


H0 0 . . . 0 0 . . .
0 H1 . . . 0 0 . . .
. . . 0 . . . 0 0 . . .
0 0 . . . HN 0 . . .
. . . . . . . . . . . . . . . . . .

 . (10)

For each N, in the order of | 1,1〉 | N1〉, | 1,0〉 | N0〉, | 1,−1〉⊗
| N−1〉 for rows and columns, the Hamiltonian has the form

ĤN = h̄ω


N−β 2 ΩN Ω ′N

ΩN N +
ω0

ω
ΩN

Ω ′N ΩN N−β 2

 . (11)

The off-diagonal terms ΩN and Ω ′N are given by

ΩN =

√
1
2

ω0

ω
〈N1 | N0〉=

√
1
2

ω0

ω
e−β 2/2LN(β

2), (12)

Ω
′
N =

ω0

ω
γ〈N1 | N−1〉=

ω0

ω
γ e−2β 2

LN(2β
2), (13)
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where LN(x) is the Laguerre polynomial. This is in contrast
to ignoring the interaction between the two qubits case where
there is only one off-diagonal term in ĤN .[40] The normalized
eigenfunctions and eigenvalues of ĤN are

| E0
N〉=

1√
2

 1
0
−1

 , | E±N 〉=
1
l±

 1
y±
1

 ,

y± =
β 2 + γω0/ω−Ω ′N±

√
(β 2 + γω0/ω−Ω ′N)

2 +8Ω 2
N

2ΩN
,

l2
± = 2+ y2

±,

E0
N = h̄ω[N−β

2−Ω
′
N ],

E±N =
h̄ω

2

[
2N−β

2 + γ
ω0

ω
+Ω

′
N

±
√
(β 2 + γ

ω0

ω
−Ω ′N)

2 +8Ω 2
N

]
. (14)

We can see that off-diagonal term Ω ′N affects | E±N 〉, E0
N , and

E±N .

3. Entanglement dynamics
The evolution of entanglement between several qubits

coupled to a single mode or many oscillator modes has been
studied extensively. In some cases,[31,49–52] the interaction be-
tween the qubits and the oscillator mode(s) were treated within
the RWA. In other cases,[40,53,54] they were treated in regimes
where the RWA was invalid. However, in all those studies, the
qubits were noninteracting. In the case of interacting qubits,
new time scales and qualitatively new features arise, mandat-
ing an extension of the previous results. It may be important in
areas of quantum information processing, where the coherent
control of entanglement is vital.

We can begin the illustration with a configuration without
the correlation between the oscillator and the qubits. We pre-
pare the qubits in one of the σz Bell states and the oscillator in
an undisplaced coherent state | α〉

| ξ (0)〉 = 1√
2
(| e,e〉+ | g,g〉) | α〉

=
1√
2
(| 1,1〉+ | 1,−1〉) | α〉. (15)

When N� β , we can obtain

| N〉 ≈ D̂(∓β ) | N〉=| N±1〉. (16)

So equation (15) becomes

| ξ (0)〉 = 1√
2

∞

∑
N=0

e−|α|
2/2αN
√

N!
(| 1,1〉 | N1〉

+ | 1,−1〉 | N−1〉). (17)

According to Eq. (14), we have

| ξ (0)〉=
∞

∑
N=0

e−|α|
2/2αN

√
2
√

N!

(
2
l+
| E+

N 〉+
2
l−
| E−N 〉

)
. (18)

Using Eqs. (14) and (16), we can obtain

| ξ (t)〉

=
∞

∑
N=0

αN
√

2
√

N!
e−|α|

2/2

y+− y−

[(
−l+y−

2
e−iE+

N t/h̄

+
l−y+

2
e−iE−N t/h̄

)
(| 1,1〉+ | 1,−1〉)

+ (l+ e−iE+
N t/h̄− l− e−iE−N t/h̄) | 1,0〉

]
| N〉. (19)

Then we use the eigenbasis σz to compact in Eq. (20)

| ξ (t)〉

=
∞

∑
N=0

αN
√

2
√

N!
e−|α|

2/2

y+− y−

[(
(
√

2− y−)e−iE+
N t/h̄

+ (y+−
√

2)e−iE−N t/h̄
)
| ee〉+(−(y−+

√
2)e−iE+

N t/h̄

+(y++
√

2)e−iE−N t/h̄) | gg〉
]
| N〉. (20)

We will stay within the assumptions of β ∈ (0,0.25), ω0 ≤
0.25ω , and ΩN � β 2 [40] and further make the following as-
sumptions:

γ ∈ (−1,1), Ω
′
N � β

2. (21)

With the above assumptions, we can obtain the simplification
y± =±

√
2. So equation (20) simplifies to

| ξ (t)〉 = e−|α|
2/2

√
2

∞

∑
k=0

αN
√

N!
(e−iE+

N t/h̄ | e,e〉

+ e−iE−N t/h̄ | g,g〉) | N〉. (22)

The reduced density matrix for the qubits is obtained by trac-
ing out the oscillator states

ρ
1,2(t)

= ∑
N
〈N | ξ (t)〉〈ξ (t) | N〉

=
1
2
(| ee〉〈ee |+ | gg〉〈gg |)

+
1
2

(
∞

∑
N=0

S(t,2ω0,γ) | gg〉〈ee |+H.c.

)
, (23)

where

S(t,2ω0,γ) = ∑
N

pcoh cosω0(2〈N1 | N0〉+ γ〈N1 | N−1〉)t,

pcoh =
e−|α|

2 |α|2N

N!
. (24)

When t > 0, we can see that the reduced state of the qubits
becomes mixed. For two qubits that are in an arbitrary
mixed state, we can use the concurrence to quantify the
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entanglement.[55] The density matrix ρ1,2(t) is an example of
the so called X-matrix.[56] The concurrence for an X-matrix is

C(t) =

∣∣∣∣ ∞

∑
k=0

S(t,2ω0,γ)

∣∣∣∣. (25)

We evaluate the above sum approximately. If |α| is large, we
can replace the Poisson distribution pcoh with a Gaussian one

pcoh =
e−|α|

2 |α|2N

N!
−→ 1√

2π|α|2
e
− (N−|α|2)2

2|α|2 . (26)

Then if |αβ | � 1, we retain the first three terms of the La-
guerre polynomial in Eq. (24) to obtain

2ω0〈N1 | N0〉 ≈ 2ω0 e−x/2
(

1−Nx+
N(N−1)

4
x2
)
,

ω0γ〈N1 | N−1〉 ≈ γω0 e−2x (1−2Nx+N(N−1)x2) , (27)

where x = β 2. Substituting this approximation into Eq. (24)
yields

S(t,2ω0,γ)

= Re∑
N

pcoh exp
[

iτ
(

1−Nx+
N(N−1)

4
x2
)

+ iτ ′
(
1−2Nx+N(N−1)x2)], (28)

where τ = 2ω0t e−x/2 and τ ′ = γω0t e−2x. According to the
Poisson sum formula, we have

S(t,2ω0,γ)

= Re

[
∞

∑
k=−∞

S(t,2ω0,γ)+
1
2

pcoh(0)exp(τ + τ
′)

]
, (29)

where

S(t,2ω0,γ) =
∫

∞

0
dnpcoh e2iπkn

× exp
[

iτ
(

1−Nx+
N(N−1)

4
x2
)

+ iτ ′
(
1−2Nx+N(N−1)x2)]. (30)

Using the Gaussian integral (we extend the lower limit of the
integral to n =−∞ when |α|2� 1), we obtain

S(t,2ω0,γ) =
exp(ΦRe + iΦIm)

(1+(y f/2+2y′ f )2)1/4 , (31)

where

ΦRe =
|α|2

2(1+(y f/2+2y′ f )2)
[1−g2 +(y f +4y′ f )g]− |α|

2

2
,

(32)

ΦIm =
|α|2

2(1+(y f/2+2y′ f )2)

[
(1−g2)

(
y f
2

+2y′ f
)
−2g

]
− θ

2
+ τ + τ

′, (33)

and we have defined

y = τx, y′ = τ
′x, f = |α|2x,

θ = tan−1(y f/2+2y′ f )2,

g = y+2y′+ yx/4+ y′x−2πk. (34)

Using x� 1, we can obtain τ ′ = γτ/2 and y′ = γy/2. So
we can see that S(t,2ω0,γ) will be maximum when the time is
around y = 2kπ/(1+ γ). With this observation, we can sim-
plify the expression for ΦRe by neglecting the terms that are
of the order of yx, (y− 2πk) f 2, f 3, (y− 2πk)2 f and higher
powers of these terms to obtain

ΦRe = − |α|2

2(1+((1+2γ)πk f/(1+ γ))2)

×
[
(1+ γ)y−2πk

(
1+

1+2γ

2+2γ
f
)]2

. (35)

In the same way, we can obtain

ΦIm = − tan−1(πk f )2

2
+

1
x
[−y
[
1+ f (1+ γ)

]
+2πk f ]. (36)

Thus, the form of S(t,2ω0,γ) is

S(t,2ω0,γ) = exp
(

−((1+ γ)τ− τk)
2| α|2x2

2(1+((1+2γ)πk f/(1+ γ))2)
+ iΦIm

)
× 1

(1+((1+2γ)πk f/(1+ γ))2)1/4 , (37)

where

τk = 2πk
(

1+
1+2γ

2+2γ
f
)
/x. (38)

Obviously, the amplitude of S(t,2ω0,γ) is much larger than
pcoh(0). Thus, we can neglect the term pcoh(0)exp(i(τ +

τ ′))/2 in Eq. (29). We just need the positive time. So k ≥ 0 in
Eq. (29). Finally, we simplify the form of S(t,2ω0,γ) to

S(t,2ω0,γ) = Re

[
∞

∑
k=0

S(t,2ω0,γ)

]
. (39)

Thus, we can obtain the concurrence for ρ1,2(t) as

C(t) =
∞

∑
k=0

exp
(

−((1+ γ)τ− τk)
2| α|2x2

2(1+((1+2γ)πk f/(1+ γ))2)

)
× 1
(1+((1+2γ)πk f/(1+ γ))2)1/4 . (40)

Now, we discuss the effect of parameter γ on the con-
currence for ρ1,2(t). From Eqs. (37) and (39), we can see
that S(t,2ω0,γ) exhibits collapse and revival with S(t,2ω0,γ).
In other words, the entanglement between the qubits exhibits
collapse and revival. The revival time and the height of
S(t,2ω0,γ) are

trev
k =

πk
ω0β 2(1+ γ)

(
1+

1+2γ

2+2γ
|αβ |2

)
, (41)
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hk =
1

(1+(1+2γ/(1+ γ))2k2π2|αβ |4)1/4 . (42)

From Eq. (37), we can see that the width of the primary revival
(k = 0) is

δτ0 =
1
|α|β 2 , (43)

and the width of the k-th revival is

δτk = δτ0

√
1+
(

1+2γ

1+ γ

)2

k2π2|αβ |4. (44)

It is important to note that the k-th revival time becomes longer
with increasing γ when γ ∈ (0,1). When γ ∈ (−1,−0.5), the
smaller the parameter γ , the higher the height of the k-th con-
currence. These are evident in Fig. 1. The interaction between
two atoms affecting the entanglement was also discussed in
Ref. [57]. For the cavity initially in the coherent and ther-
mal equilibrium states, the entanglement exhibits collapse and
revival. The period of collapse–revival becomes long as the
qubit–qubit coupling and the average number of photons in-
crease. This is similar to our results. However, in Ref. [57], the
qubits frequencies equal to the oscillator frequency (ω0 = ω).
We are concerned here with the regime where the qubits are
quasi-degenerate, with frequencies much smaller than the os-
cillator frequency (ω0�ω). This is in contrast to the previous
work.

     


.

.

C
↼t
↽



.

.

C
↼t
↽



.

.

C
↼t
↽

     

     

γ/.

γ/−.

γ/

ωt/π

(a)

(b)

(c)

Fig. 1. (color online) The entanglement dynamics between the two
qubits for ω0 = 0.15ω , β = 0.16, α = 3. Here (a) γ = 0, (b) γ = 0.9,
and (c) γ =−0.55. The revival time and the height of concurrence can
be longer or higher respectively by changing parameter γ .

The above discussion can be applied in areas of quantum
information processing where the coherent control of entan-
glement is vital. We can choose an appropriate parameter γ ,
according to the actual requirements, to prolong the entangle-
ment time or improve the entanglement degree.

4. Brief discussion of K-qubit system and quan-
tum phase transitions

4.1. The K-qubit system

The above analysis is restricted to the two-qubit case. In
this section, we will give a brief discussion of K qubits in-
teracting with a high frequency oscillator. The Hamiltonian
governing the dynamics of the K-qubit system is

Ĥ = h̄ω0Ŝz + h̄ω â+â+ h̄ωβ (â+ â+)Ŝx

+ h̄ω0γ

k

∑
i6= j

σ̂
i
zσ̂

j
z , (45)

where

Ŝz =
1
2

k

∑
i=1

σ̂
i
z, Ŝx =

1
2

k

∑
i=1

σ̂
i
x. (46)

Following the same calculation as before, we can obtain the
eigenfunctions of Ĥ when ω0 = 0, which are | Φ〉 =| j,m〉⊗
| φm〉. For simplicity, we take K to be even, then we have
j = 0,1, . . . ,K/2, with m = − j, . . . , j. The eigenvalue of Ĥ
corresponding to state |Φ〉=| j,m〉 | φm〉 is the same as before,
EN,m = h̄ω(N−β 2

m), which is independent of K. The matrix
elements of the perturbation term, h̄ω0Ŝz and h̄ω0γ ∑

k
i6= j σ̂ i

zσ̂
j

z ,
in the |Φ〉=| j,m〉 | φm〉 basis are

h̄ω0〈 j,m |

(
Ŝz + γ

k

∑
i 6= j

σ̂
i
zσ̂

j
z

)
| j′,m′〉〈Nm | N′m′〉

= h̄ω0δ j, j′〈Nm | Nm′〉
[

1
2
(δm′+1,m

√
( j−m)( j+m+1)

+ δm′−1,m
√
( j+m)( j−m+1))

+
γ

2
(δm′+2,m

√
( j−m)( j+m+2)

+ δm′−2,m
√

( j+m)( j−m+2))
]
. (47)

Under the adiabatic approximation, for a given j, the Hamil-
tonian has a block diagonal form in the | Φ〉 =| j,m〉 | φm〉
basis, with each block corresponding to a particular value of
N. Then we can obtain the eigenvalues and the eigenfunctions
of each of these block diagonal matrices. This is only a brief
discussion of the K-qubit system; the detailed analysis and en-
tanglement dynamics of the K qubits may be our future work.

4.2. Quantum phase transitions

The interaction between two atoms also affects the quan-
tum phase transition.[58–61] Now we give a brief discussion
about quantum phase transitions. According to the above dis-
cussion of the K-qubit system, we can obtain the ground-state
energy’s second derivative (k = 4) and show it in Fig. 2. As
shown in Fig. 2, there is no second quantum phase transi-
tion in the system. When we decrease γ , the result does not
change, which differs to that in Ref. [58]. In Ref. [58], Chen
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et al. showed that the first-order and the second-order quan-
tum phase transitions may occur in finite systems, and both the
first-order and the second-order QPTs may occur at the same
point when the interactions increase. The difference in the in-
teraction form may be one of the reasons, which may also be
our future work.

 . . . .
−
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







 

 

γ/
γ/
γ/

β


E

/
  
β



Fig. 2. (color online) The ground-state energy’s second derivatives for
different atomic interactions (γ = 0, γ = 1, and γ = 3).

5. Conclusion
In this report, we extended the JC model for two qubits

interacting with an oscillator beyond the RWA limit to include
the interaction between the two qubits. We worked within
the adiabatic approximation introduced by Irish et al.[39] and
Agarwal’s et al.[40] We were able to compare the spectra of Ĥ.
Then, we concentrated on the qubit–qubit entanglement in this
study. We controlled the entanglement time by a novel choice
of parameter γ . This is very interesting and may have wide
applications in quantum information processing.
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