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Generation of countless embedded trumpet-shaped chaotic attractors
in two opposite directions from a new three-dimensional system

with no equilibrium point∗
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A new three-dimensional (3D) continuous autonomous system with one parameter and three quadratic terms is pre-
sented firstly in this paper. Countless embedded trumpet-shaped chaotic attractors in two opposite directions are generated
from the system as time goes on. The basic dynamical behaviors of the strange chaotic system are investigated. Another
more complex 3D system with the same capability of generating countless embedded trumpet-shaped chaotic attractors is
also put forward.
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1. Introduction
With the development of natural science and technol-

ogy, some new research results on data-driven[1,2] and chaos
synchronization[3–6] have been obtained. Design approaches
of chaotic circuits[7,8] have been presented and improved grad-
ually. New theories and research fruits on chaos can be applied
to the engineering fields such as communications, signal pro-
cessing, and complex networks. Therefore, much attention has
been paid to generating and utilizing chaos instead of under-
standing and restraining chaos in the past.

So far, many strange chaotic attractors have been found
in three-dimensional (3D) or higher-dimensional continu-
ous autonomous systems, such as the Lorenz attractor,[9]

the Chen attractor,[10] the Lü attractor,[11] and the Chua
attractor.[12] There are various basic shapes for the chaotic
attractors. Two classes of representative shapes are wing
shapes and scroll shapes. Wing-shaped attractors in-
clude one-wing,[13,14] double-wing,[9–11] three-wing,[13,14]

four-wing,[15–18] n-wing,[19–22] and n×m-wing[19] attractors.
Scroll-shaped attractors include double-scroll,[12,23] three-
scroll,[24] and n-scroll[25–28] attractors. Most multi-wing or
multi-scroll chaotic attractors are generated by constructing a
piecewise function and employing a switching approach. Re-
cently, a new switching control approach of generating a com-
pound multi-scroll multi-wing chaotic attractor was put for-
ward and a circuit simulation was designed.[29] Other shapes
of known chaotic attractors include the basin shape,[30,31]

torus,[32] funnel shape,[33] rectangular,[34] umbrella shape, and
ball shape.[35] Hitherto, the quantity of wing-shaped or scroll-
shaped attractors generated from the discoverable or designed
chaotic systems is countable as time goes on.

The traditional approach to generating multi-wing or
multi-scroll chaotic attractors in a 3D continuous system re-
lies on constructing a piecewise function based on the discov-
erable 3D chaotic systems. The quantity of wing-shaped or
scroll-shaped attractors is countable. Moreover, the designed
chaotic systems have many equilibrium points.

In contrast to the aforementioned results, a new and im-
portant result is derived in this paper. A new 3D quadratic
polynomial continuous autonomous chaotic system with no
piecewise function is presented. The new system has a strong
capability of generating multiple embedded trumpet-shaped
chaotic attractors. The quantity of trumpet-shaped attractors is
countless as time goes on. Moreover, the new system does not
have any equilibrium point. To the best of my knowledge, the
novel attractors generated from the presented system are the
most complex in topological structure among all the discover-
able attractors generated from 3D quadratic polynomial con-
tinuous autonomous chaotic systems with no piecewise func-
tion up to this time.

In 1994, Sprott[36] presented 19 simple chaotic systems.
The first one is different from the rest. That is, the system
does not have any equilibrium point. The fact shows that a 3D
continuous autonomous system with no equilibrium point can
also generate chaos under the condition of particular parame-
ters. To the best of my knowledge, other chaotic systems with
no equilibrium point have been little reported so far.

In this paper, the new 3D continuous autonomous chaotic
system with one parameter and three quadratic terms is con-
structed. The chaotic system does not have any equilibrium
point. As time goes on, countless embedded trumpet-shaped
chaotic attractors in two opposite directions are generated
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from the system. Basic dynamical behaviors including sym-
metry and dissipation, system equilibria, impact of time, re-
sponse of the system, impact of the initial value, and varia-
tion of the parameter are investigated respectively. Trumpet-
shaped chaotic attractors can be generated from the system
within a wide range of parameters. Finally, another more com-
plex 3D system with the same capability of generating count-
less embedded trumpet-shaped chaotic attractors is also pre-
sented.

2. A new 3D system

Consider a new 3D continuous autonomous system with
one parameter and three quadratic terms

ẋ =−2x+3y,
ẏ =−18x+10yz,
ż = a−2y2 +3xy,

(1)

where a is a positive real parameter.
When a = 80 and the initial values are (x0,y0,z0) =

(1,1,1), system (1) can generate multiple embedded trumpet-
shaped chaotic attractors in two opposite directions within
t = 500 s (see Figs. 1–4).
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Fig. 1. (color online) Multiple embedded trumpet-shaped chaotic
attractors.

-400 -200 0 200 400
-1500

-1000

-500

0

500

1000

1500

x

y

Fig. 2. (color online) Projection of the chaotic attractors in the x–y
plane.
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Fig. 3. (color online) Projection of the chaotic attractors in the x–z
plane.
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Fig. 4. (color online) Projection of the chaotic attractors in the y–z
plane.

3. Analysis of the basic dynamical behaviors
The basic dynamical behaviors of system (1) are investi-

gated in detail by theoretical analysis and numerical simula-
tions in this section.

3.1. Symmetry and dissipation

System (1) exists in symmetry under the coordinate trans-
formation (x,y,z)→ (−x,−y,z). The divergence of system (1)
is defined as

∇V =
∂ ẋ
∂x

+
∂ ẏ
∂y

+
∂ ż
∂ z

=−2+10z. (2)

When z < 0.2, ∇V < 0, system (1) is dissipative.

3.2. System equilibria

By solving the equation ẋ = ẏ = ż = 0, i.e.,
−2x+3y = 0,
−18x+10yz = 0,
a−2y2 +3xy = 0,

(3)

an equation can be obtained as follows:

a+2.5y2 = 0. (4)

Because of a > 0, equation (4) does not have real solutions.
Therefore, system (1) does not have any equilibrium point.
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3.3. Impact of time

Take the parameter a = 80 and the initial values
(x0,y0,z0) = (1,1,1), as time goes on, the quantity of embed-
ded trumpet-shaped chaotic attractors increases (see Fig. 5).
Finally, countless embedded trumpet-shaped chaotic attractors
in two opposite directions will be generated from system (1).

3.4. Response of the system

Take the parameter a = 80 and the initial values
(x0,y0,z0) = (1,1,1), the state response of system (1) within
t = 500 s is shown in Fig. 6. It shows that the amplitude of
every state variable starting from a smaller value becomes rel-
atively larger.

3.5. Impact of the initial value

Let the initial value vary when the parameter is fixed at
a = 80, the variation of phase diagram of system (1) within
t = 30 s is shown in Fig. 7. When the initial values are taken
as (x0,y0,z0) = (0,0,z0), the solution of system (1) is x = x0 = 0,

y = y0 = 0,
z = at + z0.

(5)

Equation (5) shows that the orbit of system (1) will run verti-
cally from the starting point at speed a. Therefore, system (1)
cannot generate any chaotic attractor under the condition that
the starting point is (0,0,z0).
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Fig. 5. (color online) The variation of chaotic attractors in quantity: (a) t = 10 s, (b) t = 20 s, (c) t = 28 s, (d) t = 38 s, (e) t = 150 s, (f)
t = 200 s.
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Fig. 6. (color online) State response of system (1): (a) x, (b) y, (c) z.
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Fig. 7. (color online) The variation of phase diagram with different initial values: (a) (x0,y0,z0) = (1,0,0), (b) (x0,y0,z0) = (0,1,0), (c)
(x0,y0,z0) = (0,0,1).
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3.6. Variation of the parameter

Let the parameter a vary when the initial values are fixed at (x0,y0,z0) = (1,1,1). When 50≤ a≤ 100, multiple embedded
trumpet-shaped chaotic attractors can be generated from system (1) within t = 50 s, as shown in Fig. 8.
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Fig. 8. (color online) The variation with different parameter a: (a) a = 50, (b) a = 75, (c) a = 100.

4. Another more complex 3D system
In this section, the existence of similar embedded

trumpet-shaped chaotic attractors in other 3D systems is in-
vestigated. Compared to system (1), another more complex
3D system with the same capability of generating countless
embedded trumpet-shaped chaotic attractors is put forward as
follows: 

ẋ =−2x+3y+b,
ẏ =−18x+10yz+ cy+dz+ e,
ż = a−2y2 +3xy.

(6)

When a = 90, b = 2, c = 6, d = 3, e = −1, and the ini-
tial values are (x0,y0,z0) = (1,1,1), system (6) with no equi-
librium point can also generate multiple embedded trumpet-
shaped chaotic attractors in two opposite directions within
t = 100 s (see Figs. 9–12).
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Fig. 9. (color online) Multiple embedded trumpet-shaped chaotic attractors.
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Fig. 10. (color online) Projection of the chaotic attractors in the x–y plane.
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Fig. 11. (color online) Projection of the chaotic attractors in the x–z plane.
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Fig. 12. (color online) Projection of the chaotic attractors in the y–z plane.

5. Conclusions
In this paper, a new 3D chaotic system with one parame-

ter and three quadratic terms is constructed and countless em-
bedded trumpet-shaped chaotic attractors in two opposite di-
rections are generated from the system as time goes on. The
system does not have any equilibrium point and has a strong
capability of generating embedded trumpet-shaped chaotic at-
tractors within a wide range of parameters. The basic dynam-
ical behaviors of the system are investigated. Finally, another
more complex 3D system with the same capability of gener-
ating countless embedded trumpet-shaped chaotic attractors in
two opposite directions is also presented. Under the condition
that the amplitude is large and the attractors are countless as
time goes on, an important and challenging problem about the
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estimation of the boundary for the strange chaotic attractors is
worth investigation.
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