Chin. Phys. B Vol. 23, No. 9 (2014) 090306

Comments on “Distillability sudden death in qutrit—qutrit
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In a recent paper (2012 Chin. Phys. B 21 084205), the authors studied the problem of distillability sudden death. We
find that their equation of motion is incorrect and consequently the rest of the paper is wrong. Even apart from starting
with a wrong equation of motion, their description of the phenomenon of distillability sudden death is totally misleading
and needs to be rectified. To this aim, we show that certain initially prepared free-entangled states become bound-entangled
in a finite time under thermal reservoirs. Moreover, in contrast with zero-temperature reservoirs, simple local unitary
transformations cannot completely avoid distillability sudden death.
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1. Introduction

It was shown that certain free-entangled states of qutrit—
qutrit systems become non-distillable in a finite time under
the influence of either multi-local decoherence!!! and/or under
the combination of collective and local dephasing processes. !
Such behavior has been named distillability sudden death
(DSD).! This phenomenon was later also studied for qutrit—
qutrit systems interacting with zero-temperature reservoirs!>!
and under depolarizing noise.[*! Recently, this problem was
attempted for qutrit—qutrit systems interacting with thermal
reservoirs, !> however, we find that the authors studied this
problem in an unfortunate way. Not only is their basic equa-
tion of motion wrong but they also employ the concept in a
totally misleading way. The purpose of this paper is to rectify
this misconception, not only for the authors but also for other
readers. We find that the distillability sudden death may occur
in this type of open system as well and simple local unitary
transformations cannot avoid this phenomenon. Even a small
amount of temperature is sufficient to bring NPT-entangled
states into PPT-states whose entanglement may not always be
detectable.

2. Model and results

We take a three-level atom in the V configuration with |e),
and |u) as the two excited states and a ground state |g). Let 7,
and 7, be the spontaneous decay rates. There exists quantum
interference defined as

Ye_')/u
= = 1
P Yo+ Yu M

This expression shows that maximum interference is expected
when the level |u) is metastable. Details can be found in
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Ref. [3] and the references therein. For a system of two three-
level atoms A and B such that they are separated by a distance
which is much larger than the wavelength of radiation. The
master equation describing the dissipative part of dynamics is

given as!®
dp
L =A 2
a AP 2
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where my and np are the mean photon numbers for qutrits A
and B, respectively. At this stage, please compare Eq. (3) with
the incorrect Eq. (2) of Ref. [5]. For concreteness, we have
provided the detailed derivation of this equation in the ap-
pendix. For my = ng = 0, we have vaccum reservoirs, which
have already been studied.[?! The atomic operators are defined
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as
oj=0,0L, o) =L®0y, ij=euzg. 4)

For the sake of greater simplicity, we take 7' = ¥5 = y,,
¥4 = v8 = v,, and my = ng = m in the rest of this paper. The
atomic transition operator o;; = |i)(j| takes an atom from its
state | j) to state |i). We prefer to work with basis {|e, e), |e,u),
le.8). [ue), |uu), |u.g). |g.€). |g,u). |g,8)}. The general so-
lution of the master equation (2) is quite lengthy and is not
worth providing here.

Bound-entangled states have positive partial transpose
(PPT) and therefore are non-distillable. In general, there is not
a unique criterion to detect all bound-entangled states, How-
ever, one can use the realignment criterion!”-8! to detect certain
bound-entangled states. The realignment of a given density
matrix is obtained as (pR); ikl = Pik,ji- For a separable state
p, realignment criterion implies that ||p%|| < 1. For a PPT-
state, the positive value of the quantity ||p®|| — 1 can prove
the bound-entangled state. Distillability sudden death corre-
sponds to a situation where free-entangled states become non-
distillable (PPT-entangled) in a finite time under the influence
of decoherence.!!'=3! For an example, consider quantum states
given as

Ga:%|‘P+><‘P+|+%G++STaG,, ®)
where 2 < a < 5, |¥.) = (|0,1) +|1,0) +|2,2))/V/3,
oy = (|0,0)(0,0] + |1,2)(1,2] +|2,1)(2,1])/3, and o_ =
(J1, 1)(1, 1] + [2,0)(2,0] +10,2)(0,2|) /3. Tt is known!®! that
Oq 1s separable for 2 < ¢ < 3, bound-entangled for 3 < o < 4,
and free-entangled for4 < a < 5. We take 4 < o0 < 5. We need
to determine the time evolution of an appropriate measure of
entanglement for qutrit—qutrit systems. One appropriate mea-
sure for free-entangled states (NPT-states) is negativity, %]
which is a measure of a state having negative partial trans-
pose. Negativity N(p) is equal to the absolute value of the
sum of negative eigenvalues of partial transpose of a state p.
Once negativity becomes zero, we can easily study time evo-
lution of realignment criterion to determine the existence of
bound-entangled states.

The partial transpose of time evolved density matrix
Oq(t) can have three possible negative eigenvalues. How-
ever, expressions for possible negative eigenvalues are quite
involved, therefore, we do not write them. Negativity for these
states can be defined as

N(0¢(t)) = max[0, —m] + max([0, —m2] + max[0, —1s], (6)

where 7; are the possible negative eigenvalues. Let us now
demonstrate that the time evolved density matrix oy (¢) does
undergo DSD. This could be most easily demonstrated by
checking the entanglement of o4(¢) after it becomes PPT.

Let us fix the interference parameter 8 such that y, = 0.5},
throughout this paper. We set the parameter m = 0.01. The
relation between negativity and the realignment criterion is
plotted in Fig. 1 against decay parameter 7}, and for a spe-
cific choice of the parameter o = 4.2. Figure 1 shows that an
initial free-entangled state becomes bound-entangled at a time
tY. =~ 0.175. We call this point Ity where negativity becomes
zero. Entanglement of the PPT-state is verified by the posi-
tive value of |6 (¢)|| — 1 in the range of 0.175 < 1y, < 0.292.
However, realignment criterion fails to detect possible entan-
glement after time #7, ~ 0.292. We call this point I 7z, shown
in Fig. 1. Hence, we have demonstrated that free-entangled
states exhibit DSD under thermal reservoirs. In comparison,
the authors of Ref. [5] have only plotted ||o®(¢)|| — 1 (al-
though an incorrect value due to the incorrect equation of mo-
tion) without even worrying about the NPT-property of time
evolved states, for example, Figs. 1-3 of Ref. [5]. They as-
sume that as they have taken an initial NPT state, so vanishing
of ||6®(t)|| — 1 means DSD, which is obviously misleading
and meaningless.
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Fig. 1. (color online) Negativity (solid line) and realignment criterion
(dashed line) are plotted against decay parameter ¢7,.

Figure 2 depicts the time evolution of negativity and re-
alignment criterion for an initial quantum state oy (Eq. (5))
with & = 4.5. For this particular case, negativity becomes zero
at ty, = I'ty = 0.614, however, realignment criterion fails to
detect entangled states after time ¢y, = I'tg ~ 0.292. As there
exists no criterion to detect the entanglement of quantum states
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Fig. 2. (color online) Negativity (solid line) and realignment criterion
(dashed line) are plotted against decay parameter ¢7,.
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in dimension > 6, therefore, we cannot comment on the en-
tanglement of state o () after 1y, ~ 0.614. Therefore, we are
not sure whether DSD has occurred or not. This example also
shows the insensitivity of realignment criterion on parameter
. We have seen that although the initial NPT-states (free-
entangled) become PPT after a finite time, however we cannot
conclude their separability/entanglement immediately.
Consider the p, obtained from Eq. (5) by applying uni-
tary operation J = I3 ® k, with x = |0)(1| 4 |1)(0] 4 |2)(2] as
S5—a .
Tc—7 (7
where &, = (|0,1)(0,1| +1,2)(1,2|+ [2,0)(2,0])/3, 6_ =
(11,0)(1,0]+[2,1)(2,1|+10,2)(0,2])/3, and |¥}) = (|0,0) +
|1,1) +12,2))/+/3. The possible negative eigenvalues of the
partial transpose of time evolved density matrix py(t) are

2=\ 03 o
po = J0al" = F 1) (H |+ =61 +

again quite involved, therefore we do not write them here.
In Fig. 3, we have plotted negativity and ||p®(¢)|| — 1 against
parameter t7, for specific choices of o = 4.5 and m = 0.01.
We observe that realignment criterion fails to detect entan-
glement after 17, ~ 0.281 whereas negativity becomes zero at
tY. ~ 1.72, which is sufficiently large as compared with Fig. 1.
This implies that the state pg(¢) becomes PPT at finite time.
This observation is in contrast with zero-temperature reser-
voirs where for the same state py (¢), negativity is always non-
zero in the range 4 < o < 5.1 Hence, even a small amount of
the mean number of photons is sufficient to bring NPT states to
the PPT region. Hence we have seen that simple local unitary
transformations cannot completely avoid DSD under thermal

reservoirs.
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Fig. 3. (color online) N negativity (solid line) and realignment criterion
(dashed line) are plotted against decay parameter 17y,. The state py(t)
becomes PPT at a finite time of 1}, ~ 1.72.

3. Summary

In summary, we have pointed out errors in a published
paper. We have also added some new results. We have found
that certain free-entangled qutrit—qutrit states become bound-
entangled under thermal reservoirs. We have observed that
local unitary transformations cannot avoid this phenomenon
under thermal reservoirs.

Appendix A: Derivation of Eq. (3)

We consider a system “S” interacting with a reservoir
“R”. The combined density operator is given as psg. The re-
duced density matrix pg for a system alone can be obtained
by taking a trace over the reservoir degrees of freedom, that
is, ps = Trg(psg). In the interaction picture, the equation of
motion is given as

ihpSR = [“//,pSR(t)]. (A1)
After integrating this equation, we get
i t
pse(t) = pse(ti) — = [ [V(t),psr(t')]dr’". (A2)

nls

Substituting Eq. (A2) back into Eq. (A1), we obtain

. i

Psr(t) = *g[”f/(f)aPSR(fi)]

1 !
— = [ OO pselN)ar a3

As the interaction between system and the reservoir is weak,
therefore we look at the solution of the form pgg(t) =
ps(t) ® pr(t;) + pc(t), where for consistency we demand that
Trr(pc(2)) = 0. Substituting this form into Eq. (A3) and re-
taining terms upto order ¥, we get

Ps.(t)
= LT[ (1), ps(t) @ pr(1)]

~ 2 IR /, t [V (0),[V ("), ps(t") @ pr(1)]]de’. (A4)

Under Markovian assumption, the system density operator
ps(t') can be replaced by ps(t).
comes

Hence, equation (A4) be-

Ps(7)
i
= —Trr[V (1), ps(ti) ® pr(ti)]
1 t
= T [ [70.17().ps(0) 2 pr(w])ar'. (a5)
5
We consider the radiative decay of three level atom with
le) and |u) as non-degenerate excited states and |g) as the
ground state, which is damped by a reservoir with annihila-
tion and creation operators a; and az with density frequencies
V¢ = ck. The Hamiltonian of the system in the interaction pic-
ture and rotating wave approximation is given as

V(1) = n Y[V ajogee (@)
k

I gliug)altcgue*i(wurvk)’] +H.c, (A6)

where H.c represents hermitian conjugate. This Hamiltonian
can be written as

V() = V) (1) + v (1), (A7)
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where
oy (eg) (t) = hzgl(:’g) [aZGgee’i(w“g"’kﬁ
X
+ Opgage! (P M1), (A8)
7/(“8) (t) — hzgliué’) [azcguefi(cougka)z
k
+ Oygape! (@], (A9)

Substituting this Hamiltonian in Eq. (A4), we obtain

1281(

dt Zg gk,
b kK

X {[Oge Ogeps(t') — 2046 ps(t') Oge + s (t') Oge O]
« efi(wpgka)tfi(wegka/)t’ <aZaZ,>

(wegka)t

ps(l‘) = ak Gge7pS(tl)}

+ [Ogeps(t') — Oegps (1) Oge]
Xe_1<a)cg—vk)t+l(weg_vk/) <aTak/>

+ [O'eepS(t/) - GgepS( )O'eg]
X ei(wegfv;c)t—i(weg*"k’)'/ <ak“Z'>} +H.c.

- iZg,E”g) (af)[Ogu, ps 1) e ()"

g

4 kK
X {[GgucgupS(t/) - chupS( /)Ggu + pS(t/)GguGgu}

> efi(wugka)tfi(wugka/) < Ta ;{,>

+ [Oggps (') — Ougps(t') Ogul
« e~ i (Og—vi)rt+i(wg— vt <aTak/>
+[O-uup5( /)_O-gupS( )Gug]

« ei(@ug=Vi)r—i(@ug—vy)r' <Clkak/>}+HC (A10)

For the thermal reservoir, the density operator is the
multi-mode extension of the thermal operator, that is

. th thaZak
o223,

where kg is the Boltzmann constant and 7' is the temperature.

It can be easily shown that

() = (a}) =0,

(afay) = iy,

(axal,) = (e + 1),

(map) = (aja,) =0, (A12)

where the mean thermal boson number is

1
. — (A13)

th
ex
PUksT
Substituting various expectation values from Eq. (A12) into
Eq. (A10), we obtain

plr) = - tdt’2<g§g>>2{[cggp<ﬂ>  Gup (1)

t k

% efi(ﬂ)egfwc)(l‘f[’)ﬁk 4 [Geep(t/) _ Ggep(t,)ceg]

x el(@evi)t=1) (g, 4 1)} +H.c.

[ Y6l [op(@) - aup ()0
i k
X e_i(wzlg_vk)<t_t Ooup (t/)Gug]

(A14)

l>ﬁk + [Guup (t,) -

% ei((ﬂug*Vk)(tft’)(flk 4 1)} +Hec.

We have dropped the subscript “S” with no confusion to de-
scribe the density operator of our three level atom. Finally, one
can carry out the standard procedure of the Weisskopf—Wigner
theory of spontaneous emission to solve the above equation
and obtain

-
<
N\%V

“[0ggP (1) — Ougp (1) e

—( +1)%

[0gep (1) —

— (1) 2 [oup (1) -

[Geep (t) — Ogep (I)Geg] +H.c.

N

CugP (1) Ogu)

N\‘<

OgupP(t)oue] +Hec. (AlS)

Hence we have completed our derivation with an obvious ex-
tension for two atoms, as described in Eq. (3).
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