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New approach to solving master equations of density operator
for the Jaynes Cummings model with cavity damping
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By introducing thermo-entangled state representation |1), which can map master equations of density operator in
quantum statistics as state-vector evolution equations, and using “dissipative interaction picture” we solve the master equa-
tion of Jaynes—Cummings model with cavity damping. In addition we derive the Wigner function for density operator when
the atom is initially in the up state |1) and the cavity mode is in coherent state.
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1. Introduction

As is well known, decoherence dynamics and the vari-
ous methods of controlling this process is one of the important
topics in quantum optics and the theory of quantum open sys-
tems can help to better understand how quantum decoherence
is processed. In nature most quantum systems are immersed
in reservoir that these systems introduce open system!!?l and
the time evolution of an open quantum system interacting with
a memory-less environment can be expressed as a Lindblad
master equation as follows: >4

DO _ i stos s it
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1 e
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where p(t) is the density of the system, H is the Hamilto-
nian of the system, and L, is the so-called Lindblad operators
that are used to model the effect of the environment on the
system. Equation (1) describes the general case of a quantum
open system. Using some quantum-mechanical models for the
reservoir, one can find a differential equation for the time evo-
lution of reduced density operator of the system.

Now, we consider a two-level system interacting with
a resonant mode of the electromagnetic field, i.e., Jaynes—
Coumming model,>-% this model is described without the ro-
tating wave approximation by the Hamiltonian (A = 1)

H=wa'a+A@" +a)(6.+6). 2)
If damping is contained in J-C model, one needs to solve

dp N
P i [.p) + st p). ®

where x is the damping constant and L, [p] takes the form

PN

Ly [p] = (2apa’ —a'ap — pa‘a). )
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There is a newly developed method, introduced by Fan H'Y
and Fan Y,!”! from which we can map the density operator
by a vector of two-mode Fock space whose first mode is the
system mode and the second mode is a fictitious one, and con-
sequently the master equation appears as a Schrodinger-like
time evolution equation.

In the present paper, instead of using phase space repre-

891 we adopted thermo entangled

sentation of density operator!
state (TES) representation to treat time evolution of density
operator in the J-C model with cavity damping. The rest of
this paper is organized as follows. In Section 2, we review
the (TES) representation and in Section 3, we decouple the
equation of motion of the density operator. In Section 4, we
solve the master equation of J-C model by using “dissipative
interaction picture” in entangled representation. In Section 5
Wigner function is derived for a special initial condition. Sec-
tion 6 is devoted to the calculation. In the Appendix, we derive

a relation used in the text.

2. Brief review of the thermo-entangled state
representation

In this section, we first briefly review the TES and con-
struct the TES representation in the doubled Fock space in the
following form:10-13]

1 PR
[m) =exp (—2 ni*+na’—n b*+aTb*) 0.0).n € C.(5)

where (@,a") and (b,b") are the pairs of canonical annihila-
tion and creation operators which are the first (physical) and
the second (fictitious) mode respectively. Defining f) = 4 — b'
and é = 4+ b', one can recognize that equation (5) is eigen-
vector of

fin)=nin),
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Aty =n*n). (6)

Obviously, when n =0
=0 =exp(~3inF) 0.0 = Tnn. @
It is obtained that
aln=0)=>0"n =0),
a'In=0)=bin=0). ®)

By the technique (IWOP), one can prove that equation (8)
makes up a complete and orthonormal set

dZ
[ mymi=1, (') =28’ -n). O

It is convenient to introduce the state |p(¢))1*! for density op-
erator

Ip(1)) =p(t)[n =0). (10)

This means that we can uniquely represent any density
operator P(¢) of physical mode by vector |p(¢)) from the two-
mode Hilbert space. This vector contains all information about
the quantum state as the density operator.

3. Time evolution of density operator in the J-C
model

In order to describe Eq. (3) in the interaction picture,
which may be called rotational interaction picture, we use the
unitary operator

U(r) = exp(—iota’a). (11)
Therefore we have
U'pU=p, UTAU = A, (12)

Inserting Eq. (12) into Eq. (3) we derive the master equation
in the rotational interaction picture as follows:

dp (t . .
f(’h() — —i[a@ e yae 16, +6.),

e}

+ KLy [p). (13)

We write the density operator as

—_—

p= 5
_< 1P12>
1 P22
L[ po+ps pr— iﬁz)
= 14
2\ p1+ip2 Po—pP3 19
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Using the Pauli spin matrices 64 4+ 6_ = 61,6y, = 65,6, = 63
and the unit matrix 6y = 1, noting that

pii= (TP, P=(TPH),

P21 =PI, P= (PN, (15)
and
Po = P11+ P2, P1=P12+pPoi, (16)
p2=1i(p12—pP21), P3= P11 — P2,

according to the above equations, equation (13) can be split
into the following four equations:
po = =ik [(@" ' +ae™ ), p1| + KLu [po).
pr = —id [(dTei"”—&—&e’i“”),ﬁo} + KL [p1],
[52 _ _/'L{(AT iwt +de” 1a)t)p3_|_p3( Teia)t_|_af~efia)t)}
+ kLi: [p2],
ﬁ3 _ A{(&+eiwt —i—ﬁeiiwt)ﬁz—‘rﬁz(fﬁeiwt _,'_&efia)t)}
+ KL [ﬁﬂ . (17)
One can find that the first two equations and the last equation
are coupled, respectively. The first two equations can be de-
coupled as
pi=Fid[d'e @ tae T p.| 4 xLy[ps],  (18)
where we have introduced
P+ = pPoLp1. (19)

The other two equations can be decoupled. By taking

A

Pc = p3 +1ip2, (20)
obviously
pe = *ll{(&-elwt+de_iwt)ﬁc+ﬁc(&1'eiw’+de_i“”)}
[Pe] -

+ KLi; 21

It is seen that solving the equation of motion in Eq. (13) is
equivalent to solving Egs. (18) and (21).

4. Unraveling master equations through entan-
gled state representation

In this section, we unravel the master equations (18) and
(19) through (TES) representation. Therefore acting on both
sides of Eq. (18) by | = 0) and using Eq. (8), we can find a
Schrodinger-like time evolution equation

dlp+(1))

{¥1l {ae 1wt+AT it l;eiwt_@’refiwt}
dt

g(r)%ﬁ} Ip(1). @)
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where

—b'h). (23)

By using commutation relations [L,7)] = —7) and [L,77] =
—A" one can find that

[0+ 210000+ 12] 20 4

It is difficult to solve Eq. (22) therefore we define “dissipative
interaction picture” in entangled representation!!'*!13! for p. (1)
as follows:

P (1)) = e "2 |pi(r)). (25)

For new variable |p4 (¢)); we have

d[p+(1));
SN — gL (1) o+ (),
ghin) £ e, (1), (26)
where
gLt = e g (1)t
— ZFi)Leyt/2{ﬁe_iwt ﬁT 1cot}. (27)
Now we have
[84.(1),84.(")] = 0. (28)

Therefore we can integrate Eq. (26) and find

peo)—esof [ argl)fps0),. @9

To find more simplified form of Eq. (29) we write

t
{ / dr'gi (¢
Jo

where the time dependent parameter A4 (¢) is defined as

>}={xi<r>ﬁ*—ﬂ~;<r>ﬁ}, (30)

>

! . ! !
A (1) $il/ dil eior 12
0

2iA .
_ 3F72ia;+y{e7”/2+1“"—1}. 31)

Then substituting Eq. (30) into Eq. (29) yields

lp= (1)) =exp{As (A" = 2L(N)A} p£(0).  (32)

Using Eqgs. (8) and (10) one can decompose Eq. (32) as fol-
lows:

P (1)) = exp{A=(1)" — A%(1)7}p=(0)|n =0)
_ elﬂffljt&eflib+l;h7pi (0)|n =0)

_ ezid*—)qdpi(o) o~ (Axd’-21a) In =0)

= D(A+)p+(0)D' (A+) In = 0), (33)
where D(1) = ehrd’—2ta

first mode. To find density operator p (¢) in Schrédinger pic-

is defined as displaced operator of

ture we should return rotational interaction picture

lp=(1))

"2 pu (1)),
eyt{zaé—am—m}}/z 1p+(1)),

= "R TaINRD(2,)pL(0)D (Ax) In =0). (34)

To solve the above equation one can immediately understand
that this equation is similar in form to the master equation of
lossy channel (or cavity at zero temperature),!'®!7] therefore
we have

oo

pu(t) = e’”ﬁ"ﬁ/z{z

D(A+)p=(0 )DT(M)@T"}

% g~ a2, (35)

Consequently, density operator in Schrodinger picture is as
follows:

as o " _ a1 an s As
pi(r) = Z o (Toty/2idagn p(3,)ps (0)
n=0 """

x D (Ay)a™melio-v/2naa, (36)

Similarly, the explicit form of evolution of density operator p.
in Eq. (21) can be derived. Acting on both sides of Eq. (21)
with |11 = 0) we have

d|pC(I)> — Z(Zd@—cﬁﬁ—@”})—ll( 1a)t+a’r it
dr 2
el 4 57e o) b pu()
(Y,
= {ZL+a0} e, 37)
where
8c(t) = —iA{(a+b")e 1 +(a" +b)e'?}
= —ia{eior L Eelony, (38)
It is a simple task to check the following commutation rela-
tions:
zé} 3a—bt=2a+7 =M, [LM]=¢ )
L& =3b-at =2b-n" =R, [LN] =&

To solve Eq. (37) we define “dissipative interaction picture”
for p.(t) as follows:

Ipe(1))y = e M2 |pe (1)) . (40)
Therefore, we have
dlpe(t)) _
PO — g1(0) ety
al(r) = e M2 (1) e, (41)
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Making use of commutation relations (39) one can find
gL(t) = —ire MlL-]/2gEe—ion 4 gTgion

—il{ e i (5 cosh%t — Msinh g)

+ el (é*cosh%—ﬁlsinh%) } (42)

Because of [1(t),8L(¢')] # 0 we cannot integrate Eq. (40),
thus we define new operators A(r), B(r) as follows:

Ar) = —ilcoshg(ée*iw’—kgeiw’),
B(t) = iAsinh 7;( Sy Felor), (43)

Now by using the formula in appendix we can decompose
Eq. (41) and find

ey = e [ Boasfeso{ [ dsjas)
x exp{/(: ds./: ds’f(s,s’)} 106(0));, (44)

where
f(s7sl)
= [A(s),B(s")]
— —82%(cosh (gs) sinh (%s’) cos (@ (s — s’))) , (45)
and

/t ds/sf(s,s/)ds' =F(t). (46)
0 0

Therefore, we have

[Pe (1))

= efl) exp{ll/ smh

N\‘<

)( e—1w5+Neia)S)ds}

X exp{—ll/ cosh YE) (éeim+$Teim)ds}
X |pe(0))y
— oFO) M=t (t)N G ()ET—pui (1)€ 10¢(0))y, (47)

where

elwsds’

1) =—il /Ot cosh (Z)
1) = —id /(:sinh (l) e

To find the density operator p. () we decompose any of the op-
&[S and ek (M -tV

fos g, (48)

erators eH1(t as a product of two
operators: one is related to the physical mode and the other to

the fictitious mode, therefore we have

OO PR

— oM@ +b)—pf(a+b") 5 pe(0) | = 0)
= el Uil M p(0) I =0)
= M ka0 )eﬂl“* Hifn = 0)
= D()pe(0)D" (—u1) [n = 0), (49)
and
et 1 i (0S-1O" |p, (0)),

= M (M420) o1 (A7=26) (4 ) o (0)DT (— 1) |1 = 0)
= P T () pu(0)D (—pn)e 4 i =0)
— Q23 At d" by BT (IJI)PC( )D ( i)

x e 228" | —0)

— Q2MagHiatnad’ fy D(u1)pe(0)D *(f”l)e—mﬁ
x e Hed' Kl |y — 0). (50)
By means of eA*? = edeBe~A81/2 one can recast Eq. (50)
into
Ipe())y = " e2Hidetiaad by )p(0)DT (—p)
% efZLtza —pa’— 2a|n 0)
— oF)-2mf j2u5a eﬂzﬂﬂlztﬁ D(u1)pe(0)D (—py)
VAR T =0)

_ eF(t)—2\uzlze2uza 2u2a p3a+pa’

D(p11)pc(0)
X [)T(_.Ul)eﬂﬂza“ruza —H3d o —2ua" In=0)
2 ataA A 5 )
= Ol 498 D(115) (1) pe (0)D
< B (-m)e e g =)
_ eF(t)74\#2|2+“1“2*+'u1*“2 e4“§dD(,Ul +.u2)ﬁc(0)
% DY (—p = pa)e 7 [ = 0). Gb

where we have employed the following relations:

a*ﬁ)}b(aw),

(—m1)

N

Dle)D(B) = exp 5(ap" -
D'(@)D' (B) = exp{ 5B - a'B) } D' (a+ B).(52)

Now using the result of the master equation lossy channel,!!”!
we can find the density operator p.(¢) in the Schrédinger pic-

ture
pi(t) = F (8 H s+ o4l i Tine*(ler%)td'daAn
¢ n!
n=0
x 5D (1 + 102)pe (0)DT (—pu — )
« e~ 4ma’ gin g —(I-iw)ia‘a (53)

5. Wigner function for density operator P4

In this section, we find the Wigner function of density
operator (see Eq. (36)) for a given initial state. Suppose that
the atom is initially in the up state |1) and the cavity mode is
in a coherent state |ap), then the initial condition for density
operator will be

po = o) (el @ 1) (1. (54)
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Then substituting Eq. (54) into Egs. (19) and (20) yields
p+(0) = pc(0) = [ao) (- (55)
Noticing
e 1% o) (ap| e H ¢
= exp{|ao[* (") 1)} [e Han) (e Hap|, (56)
equation (36) becomes
pLU) = |e 10D gy 4 2))
x (e 0 (gp 4 1), (57)

Equation (57) shows that if the initial condition for density
operator p. (0) is the coherent state |ay), then at later times
it continues to retain the coherent state with a time dependent
complex parameter

oo () = e 1TV (g - 1), (58)

Now, by inserting Eq. (31) into Eq. (58), we arrive at

2iA : 2iA
— —(1(0+Y/2)t + . 5
¢2ia)+yjLe (ozo Zia)—i—y) (59)

0 (t)
The Wigner function for density operator is defined as
W (et,1) =Tr{o(e)p (1)}, (60)
where the Wigner operator Up () has the form
Uo(a) =2 :exp{—2(a—a)(a* —a")} :. (61)
Inserting Egs. (57) and (60) into Eq. (59) yields
W (a,1) = 2exp{—2|a — a(1) |’} (62)

Obviously, for y¢ > 1 one can find
B 2iA
T er s

ao(r)

which is independent of the initial state, and this means that
the system loses its memory. By the same method one can
find W (ct,7) for ps(z).

6. Conclusions

In this paper, we for the first time introduce a new type of
the interaction picture related to dissipative processes, dissipa-
tive interaction picture in entangled state representation, and
employ this picture to treat the time evolution of density op-
erators in the J-C model with cavity damping. This technical
method also provides us with a fresh view of solving master
equation in another problem. Moreover we derive the Wigner
function W, (a,t) of density operator for special initial con-
dition and we show that the system loses its memory when
yt> 1.

Appendix A
Here, we reproduce the proof of Eq. (44) given in Ref. [1].
Suppose that
L0 = A0 +BOYO), TO)=1, @D
where
[A(1),A(t")] = [B(1),B(r")] =0,
[A(0),B()] = 1(1.0). (A2)

It is difficult to solve Eq. (Al) because of commutation re-
lation [A(t)+B(t),A(t')+B(t')] # 0. In order to solve this
problem, we defined new operator U (¢) as follows:

00 =exp{- [ B)ar } V().
D (1) = exp { /0 té(t’)dt’} o). (A3)
Therefore we have

500 = 5 (el [ Be)ary) 700
+ exp{—/otl?(t')dt’} %V(;)

dt
~ e~ [ Bwyar } o0

+ exp{—/oté(t/)dt'} {A(t) +B(1) V(1)
t ~ A
_ exp{— /0 E(t’)dt’}A(t)V(t).
Substituting Eq. (A3) into Eq. (A4) yields
d 2 ! 2y ! n ! 2y ! 2
= exp{—/o B()dt }A(t)exp{/o B()di }U(r)
t

_ {A(r)— / [B(').A(1)] dr

0

(A4)

=
Py
=
=
I

1 /4 . R A
+§/0 [B(’/)7[B(l/),A(t)]]+...}U(t)
t
- {A(t)+/ f(t”')df/}ﬁ(t)- (AS)
0
Obviously, because of commutation relation

[A(r)+ /0 I fl,s)ds,A(r") + /0 t f(t’,s/)ds’} =0, (A6)

we can easily integrate Eq. (AS5) and find

V() = exp{/ot dsB(s)}exp{/Ot dsA(s)}
v exp{/ot ds/osf(s,s’)ds'}.

(A7)
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