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New 3-mode bosonic operator realization of SU(2) Lie algebra:
From the point of view of squeezing∗
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We consider the quantum mechanical SU(2) transformation e2λJz J± e−2λJz = e±2λ J± as if the meaning of squeezing
with e±2λ being squeezing parameter. By studying SU(2) operators (J±,Jz) from the point of view of squeezing we find
that (J±,Jz) can also be realized in terms of 3-mode bosonic operators. Employing this realization, we find the natural
representation (the eigenvectors of J+ or J−) of the 3-mode squeezing operator e2λJz . The idea of considering quantum
SU(2) transformation as if squeezing is liable for us to obtain the new bosonic operator realization of SU(2) and new
squeezing operators.
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1. Introduction
In quantum optics theory, squeezing and squeezed states

are very important topics. However, how to find multi-mode
squeezing mechanism has been a tough task. In this paper we
provide a new approach for deriving new multi-mode squeez-
ing operators by trying to relate quantum mechanical SU(2)
transformation to squeezing transformation.

In history Schwinger ever pointed out that angular mo-
mentum operators (SU(2) generators) could be expressed by
virtue of two-mode bose operators[1] with [a j,a

†
i ] = δi, j

J+ = a†
1a2, J− = a†

2a1, Jz =
1
2

(
a†

1a1−a†
2a2

)
, (1)

which obey

[J+,J−] = 2Jz, [J±,Jz] =∓J±. (2)

By noticing
e2λJzJ± e−2λJz = e±2λ J±, (3)

and comparing with e iλ (XP+PX)X e−iλ (XP+PX) = e2λ X ,
e iλ (XP+PX)Pe−iλ (XP+PX) = e−2λ P, we may consider Eq. (3)
as if a squeezing transformation[2] for J± with the squeezing
parameter e±2λ , i.e., e2λJz is the squeezing operator for J±. In
this way we have found an alternate form of J±, Jz

[2]
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1
2
(
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2

)(
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)
,
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1
2
(
a1 +a†

2

)(
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1 +a2
)
,

Jz =
1
2
(
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1a†
2−a1a2

)
, (4)

which satisfy both Eqs. (2) and (3), for example,

eλ (a†
1a†

2−a1a2)
(
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)
e−λ (a†

1a†
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(
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eλ (a†
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1
2
(
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2

)(
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)

e−λ (a†
1a†

2−a1a2)

= e2λ 1
2
(
a1−a†

2

)(
a†

1−a2
)
, (5)

and

S2 = exp
{

λ
[
a†

1a†
2−a1a2

]}
= e2λJz (6)

is just the two-mode squeezing operator.[3,4] Noting that in this
case Jz is not hermite, and J+ is not the hermite conjuate of J−.

In this work, we demonstrate that the idea of studying the
quantum mechanical SU(2) transformation from the point of
view of squeezing is liable for us to obtain the new 3-mode
squeezing operator, and we shall derive new SU(2) realization
in terms of 3-mode bosonic operators and then employ it to ob-
tain the natural representation (the eigenvectors of J+ or J−)
of the 3-mode squeezing operator e2λJz .

2. New 3-mode bosonic operator realization of
SU(2) algebra and 3-mode squeezing operator

Recalling the single-mode squeezing operator[4,5] is

S1 = exp
[
λ
(
a2−a†2)] . (7)

Combining Eq. (6) and Eq. (7), we propose the 3-mode
squeezing operator as

S3 = exp
{

λ

3

[ 3

∑
i=1

(
a2

i −a†2
i

)
+a†

1a†
2 +a†

1a†
3 +a†

2a†
3

−a1a2−a1a3−a2a3

]}
. (8)
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Obviously, S−1
3 = S†

3. Using the Baker–Hausdorff formula, we
can deduce
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It then follows
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Thus

S3

(
a3+a†

3−a2−a†
2

)(
a2+a†

2+a3+a†
3−2a1−2a†

1

)
S−1

3

= e2λ

(
a3+a†

3−a2−a†
2

)(
a2+a†

2+a3+a†
3−2a1−2a†

1

)
, (12)
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Comparing Eqs. (12) and (13) with Eq. (3), we consider
Eqs. (12) and (13) as the 3-mode squeezing transformation,
and we find that the new 3-mode bosonic operator realization
of SU(2) generators are

e2λJz = S3, (14)

J+=
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4
√
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where we have used[6]

x j =
a j +a†

j√
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, ( j = 1,2,3) , (16)

and
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(p3−p2)(p2+p3−2p1) , (17)

where we have used[6]

p j =
a j−a†

j√
2i

, ( j = 1,2,3) , (18)

as well as

Jz =
1
6

[ 3

∑
i=1

(
a2

i −a†2
i
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+a†

1a†
2+a†
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3−a1a2−a1a3−a2a3
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=

i
12
[
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+3(x3−x2)(p3−p2)
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. (19)

While J± are Hermite operators, Jz is anti-hermite

J†
z =−Jz. (20)

3. The eigenvector of J± and the natural rep-
resentation of the 3-mode squeezing operator
e2λJz

Since J± both are Hermite operators, from
e2λJzJ± e−2λJz = e±2λ J±, we conclude that J− possesses its
eigenvector |ϕ〉

J− |ϕ〉= ϕ |ϕ〉 , (21)

where ϕ is real, |ϕ〉 is orthnormal and complete, then

e2λJz J− |ϕ〉 = e2λJzJ− e−2λJz e2λJz |ϕ〉

= e−2λ J− e2λJz |ϕ〉

= ϕ e2λJz |ϕ〉 , (22)

so

J− e2λJz |ϕ〉= ϕ e2λ e2λJz |ϕ〉 . (23)

Thus, e2λJz |ϕ〉 is the eigenvector of J− with the eigenvalue
being ϕ e2λ , which indicates

e2λJz |ϕ〉= A(λ )
∣∣∣ϕ e2λ

〉
, (24)

where A(λ ) is real and can be determined by the unitarity of
e2λJz , i.e., by using∫

|ϕ〉〈ϕ| dϕ = 1,〈ϕ| ϕ ′
〉
= δ

(
ϕ−ϕ

′) , (25)
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we have
e2λJz = A(λ )

∫ ∣∣∣ϕ e2λ

〉
〈ϕ| dϕ, (26)

then (
e2λJz

)†
= A(λ )

∫
|ϕ〉
〈

ϕ e2λ

∣∣∣ dϕ

= e−2λJz

= A(−λ )
∫ ∣∣∣ϕ e−2λ

〉
〈ϕ| dϕ

= A(−λ )
∫
|ϕ〉
〈

ϕ e2λ

∣∣∣ e2λ dϕ. (27)

Hence, A(λ ) = A(−λ ) e2λ , and

A(λ ) = eλ , (28)

then we have the natural representation of the 3-mode squeez-
ing operator e2λJz

e2λJz = eλ

∫
dϕ

∣∣∣ϕ e2λ

〉
〈ϕ| . (29)

Similarly, J+ possesses its eigenvector |ψ〉,

J+ |ψ〉= ψ |ψ〉 , (30)

e2λJz , as a squeezing operator, has a natural representation

e2λJz = e−λ

∫
dψ
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〉
〈ψ| . (31)

Finally, according to the method in Ref. [7] we may directly
write down the explicit form of |ϕ〉
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and

|ψ (p,s1,s2)〉

=
1√
6

π
−3/4 exp

{
−1

6

3

∑
j=1

(
a†2

j

)
− 1

12
(
2p2 + s2

1 +3s2
2
)

+
2
3

(
a†

1a†
2 +a†

1a†
3 +a†

2a†
3

)
+

√
2

3
i p
(

a†
1 +a†

2 +a†
3

)
+

√
2

6
s1

(
a†

2 +a†
3−2a†

1

)
+

√
2

2
s2

(
a†

3−a†
2

)}
|000〉 , (33)

where x, r1, r2, and p, s1, s2 are real pa-
rameters. Denoting |ϕ (x,r1,r2)〉 as |ϕ〉 and using

[
ai, : f

(
ai,a

†
i

)
:
]
= : ∂

∂a†
i

f
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†
i

)
: , we derive
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[√2

6
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1
3
(
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3
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[√2

6
(2x+r1 i)−

√
2

2
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1
3
(
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3
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a3 |ϕ〉=
[√2

6
(2x+ r1 i)+

√
2

2
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1
3
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2
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(34)

so we have

(x1 + x2 + x3) |ϕ〉= x |ϕ〉 ,

(p2 + p3−2p1) |ϕ〉= r1 |ϕ〉 ,

(p3− p2) |ϕ〉= r2 |ϕ〉 . (35)

Using Eqs. (17) and (35), we can straightforward check

J− |ϕ〉=
1

2
√

3
r1r2 |ϕ〉 . (36)

Using the similar method, we can also check

J+ |ψ〉=
1

2
√

3
s1s2 |ψ〉 . (37)

4. Conclusion

By considering the quantum mechanical transformation
e2λJzJ± e−2λJz = e±2λ J± as if the meaning of squeezing with
e±2λ being squeezing parameter. We have found that (J±,Jz)

can also be realized in terms of 3-mode bosonic operators
which leads to a 3-mode squeezing operator e2λJz . Employing
this realization we find the natural representation (the eigen-
vectors of J+ or J−) of e2λJz . The idea of studying quantum
SU(2) transformation from the point of view of squeezing is li-
able for us to obtain the new multi-mode squeezing operators
and corresponding multimode squeezed states.
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